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TRANSLATOR'S 



PREFACE. 



J During the period of my Undergradi 

Cambridge, I felt, in common with the grea 
my fellow -students, the want of a copious 

_ collection of examples to the various subject: 

the elementary parts of Algebra. The work which I 
have now translated from the German of Meyer Hirsch, 
supplies the deficiency I theii so strongly felt. It is not 
only far more extensive than some of those attempts 
which have been recently made, but arranged with 
much taste, and with suitable regard to the natural pro- 
gress of the student ; and, with the exception of equations 
of the higher orders, embraces all those topics which are 
usually considered as proper to "be treated of by Algebra, 
Buch as the Indeterminate Analysis, the Diaphantine 
'Analysis, Annuiues, Chances, &c. 

The author, Meyer Hibsch, is not only one of the 



lateship at 
Icr part of 
and varied 
; treated in 



\ 



I 
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ablest of the continental mathematicians, but one of the -*-oR^« 

ccessful teachers of our time. Of the value of 
his book no higher testimony needs, or can be given, than 
the great number of editions the original has run through 
in the course of a few years. 
ll^esticell Vic'iruife, Kcnl, 
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PREFACE. 



JL hat I have discovered the general solution of equa- 
tions, my readers may very probably know already, from 
the announcement which I have ordered to be put In 
the public papers^ for such a discovery deserves the 
utmost publicity. A complete history of the unsuc- 
^cessful endeavours of my predecessors for the same 
purpose, would appear like a panegyric on myself, and 
therefore I shall only relate wh^* exactly belongs to the 
matter. 

In the tenth part of the " Memorie di Matematica e di 
Fisica delta Socteta lialiana della Sctentia" p. 1 (1803), a 
celebrated Analyst, M. Ruffini, gave a proof of the im- 
possibility of such a solution : no very elaborate discussions 
are required to show its insufficiency. Head his proof, and 
compare it with my solution, audit will be found that M. 
Ruffini, in recounting the possible cases, has never thought 
of this mode of solution. M. Ruffini tries to depress the 
equation for the assumed function, by taking as many 
equal formulae as are proper for his purpose. I do just 
the contrary : with me the assumed functions^ with the 

Vol. II. b 
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exception of a single condition^ are always arbitrary : all 
their forms may be diflPerent, and the depression will be 
produced by making them dependent upon resolvable 
equations, the coefficients of which depend on other 
resolvable equations, the coefficients of which depend 
again on other resolvable equations, &c. As, for instance^ 
with me the assumed function for the equation of the 
fifth degree originally depends on an equation of the 
120th degree : this I reduce, first to a double equa- 
tion of the fifth degree; its coefficient, which is still 
depending on an equation of the 24th degree, I make 
depending on an equation of the fourth degree, the coeffi- 
cients of which only still depend on equations of the sixth 
degree. I reduce these equations again to equations of 
the third degree, the coefficients of which, lastly, depend 
on equations of the second degree. Of all this process, 
there is, with the exception of the reduction to the 
double equation, not the slightest indication in the proof 
of M. Ruffini. Moreover, this Analyst has only shown 
that none of the methods he was acquainted with could 
succeed, and in this respect his proof is, no doubt, very 
masterly. His error can be no reflection on his well- 
deserved reputation, for he has shown to his successors 
the paths they must avoid, and has thus put them on the 
right course of investigation. 

M. Lagrange gave, in the third volume of the new 
Memoirs of the Berlin Academy of Sciences, an incom- 
parable analysis of the methods of Tschimhausen, Euler, 
and Bezout, which I have adopted in the sixth chapter^ 
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with a few alterations suitable to my purpose. He showed, 
that when /li is a prime number,''^ all these methods 
lead at last to a reduced equation, the coefficients of 

which are those functions of the roots a/, j/^, txf^^ x^'*^, 

which change when you change only the /u— 2 last roots 
among each other, but leave both the first in. their places, 
and that, therefore, the coefficients depend on equations 

of the 1 . 2 . 3 \x second degree; and consequently 

an equation of the fifth degree, on an equation of the sixth 
degree. For the explanation of his method, he takes the 
equation of the fifth degree as an example, and shows how 
to begins to form the reduced equation. He denotes the 
roots of the reduced equations by «/, 7sf\ z'^'^ zf^^ z^y s% 
and finds the value of them in* j;^, j/^, x''^ x^^ a^. 
From this he calculates the first coefficients, and says 
that you can find the other coefficients in a similar way. 
H^ concludes by saying ^* but we will no( enter into the 
execution of this calculation, which, with all its im- 
mense labour, would not afford any clue to the. resolution 
of equations of the fifth degree; for as the reduced 
equation tar z i&o( the sixth degree, it is not resolvable, 
unless it is to be brought to a lower degree than the fifth. 
But this seems to me to be almost impossible, according 
to the fijrm of the roots z^, z^\ &c." 

But from these very forms, I affirm that the solution of 
the reduced equation is possible. For the functions jb^^, z^^^ 

* fxin with him, what n is with me. 

* Pftges 432 and 433 of £uler'.i Introduction, tiaailated bjr 
Mtehelsen. 

b 2 



i/'', s^^ z^^ aire derived from r, as M. Lagrange observed 
himself, when you change the roots x^-^^, xf^j tsF^ among 
each other. According to my notation^ therefore, the 
^bots of thd reduced equation admit of being presented by 
/: (12345), /: (12453), /: (12534), /: (12435), 
jf! (12354), and /: (12543), and with these notations 
the functions «^, jb^, z^\ zf^^ z^\ jef, correspond according 
to the oi^er in which they are here put. The three 
former formute /: (12345), /: (12453), /: (12534), 
jform evidently a cyclical period of the three last roots, 
as well as the formulse f: (12435), fi (12S54>, 
y*: (12543). If we therefore combine the three func- 
tions zf^ z^^y ^^^ in one equation of the third degree, the 
coefficients of them can only have besides their value 
another one, namely, that which the change of tx/'^ with 
x^ gives. These coefficients, therefore, have no more 
than two unequal values, and cbnse^uently they depend 
only on equations of the second degree, or, what is the 
same, the reduced equation of the sixth degree can be 
divided into two equations of the third degree, the one of 
which has the roots 2^, 2^, ^^^ the other the roots 
z'^^j ^\ z^. That this simple observation escaped the 
keen penetration of a Lagrange, looks indeed like a 
miracle. I am not the inventor, it is he ; but he did 
not know it. Whether I should have found the solution 
without him, rbay be doubted. 

I come now to my method of solution : it is very 
simple, uniform for all degrees, and as general as could be 
desired. It gives^ not one solution, but as many as we 
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please; for the functious I mark with ^ are quite 
arbitrary. However, the actual calculation is very trouble- 
some, and even in the sixth degree is scarcely practicable 
without resorting to particular artifices. We cannot 
escape the difficulties of calculation, when the degree of 
an equation is a prime number. When, however, it is a 
Qompound number, we have, no doubt, a method, which 
leads more rapidly to the result : it will be reserved for 
the third volume, in which I shall give also the soluti(m 
of the equations of the 5tb, 6th, and 7th degree. The 
Combinatorial Analysis is here of great service; and 
with its help I shall perhaps be able at once to exhibit the 
reduced equation with little more trouble than the mere 
combinatorial operations. 

A brief sketch of the contents of this volume wUl not 
be here improper. I begin with the Symmetrical Func- 
tions ; they are the foundation of all others* The two 
first chapters treat of them ; the first gives the recurred 
solution, the second the independent one. Generality 
was the object I aimed at. The third chapter treats of 
the Non-symmetrical Functions. They are derived alto- 
gether firom certain equations, which I call transformed 
equations. It is shown how to find the equal formulae of 
these functions, when their nature is given by certain 
properties ; and how to form a transformed equation of 
the unequal formulss. The numberless references to it 
require particular observation. The utility of some of 
these propositions will appear in the sequeL The fourth 
chapter treats of Elimination. I was not obliged to be 
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80 minute as Bezout in his Theorie gSnSrale des Eqtiattons 
Algebraiquesy who confines himself exclusively to this 
subject. My work would have become too voluminous. 
Should my readers wish for further details, this may be 
done in an jappendix. The fifth chapter treats of . the 
properties of the roots of the equation x^— 1 = 0. Waring 
and Euler were my conductors. The labours of Lagrange, 
in the Memoirs of the Berlin Academy, gave me the 
materials for the sixth chapter. I desire my readers to 
bestow particular attention on the seventh chapter ; its 
value will be shown in the third volume of this work. 
The eighth chapter treats of the General Solution of 
equations, but must be regarded only as a sketdi. 

My reader is no longer the same whom I thought of in 
the Collection, the continuation of which I now give 
him : he has gone much further in the sciences. The 
Combinatorial Analysis is no longer strange to him : he has 
also made already considerable progress in the Difierential 
Calculus. Provided with this knowledge, he will, I 
trust, find my book not entirely useless. He will not 
remain where I have remained : he will look fiirther. I 
do not lead him through an unfertile, but, for want of 
labour, an uncultivated field. For since the Difierential 
and Integral Calculation employed the Analysts, Algebra 
has been little thought of. 

The next part will contain, besides the deeper researches 
about the general solution of equations, a great many 
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Other subjects, and amongst them the important, almost 
inexhaustible, one, of the Analysis of Equations. I 
shall constantly, as far as my leisure hours permit, labour 
on the Third Part to hasten its appearance as much 
as possible. But if on all these subjects the same pains 
be bestowed, some time must elapse before its appear- 
ance. However, not to let my readers wait for what 
belongs to equations in particular too long, I am inclined 
to prepare tor the n&Ltfair a Hipplemenl of about four or 
five sheets on this subject, and in it to communicate the 
complete solution of the general equations of the fifth, 
sixth, and seventh d^ree. 

Berlin, Ociober, 1808. 



TRANSLATOR'S 

PREFACE. 



biNCE the puhlication of Waring's Meditatwnes 
Algebraica: there has not appeared, either in this country 
or on the continent, so elaborate and able a treatise on the 
theory of Equations as that of Meter Hihsch. Its 
merit has long been recognized, and the work held in the 
highest esteem by those who were able to read it ; a small 
number, undoubtedly in this country, where the German 
language is so rarely understood by those who devote 
themselves to these studies. 

As a treatise on equations of the higher orders, it is 
not less admirable for the clear and simple manner in 
which the theories are laid down, than for the numerous 
and apt examples by which they are elucidated. 

It is necessary to remind the reader, however, that 
the Solution of the General Equation on the imagined 
discover)' of which Meyer Hirsch so warmly congratulates 
himself in his preface, turns out, on examination, like all 
the other attempts of the same kind, to be a failure. 
What he has written on the subject, I have, nevertheless, 
permitted to remain ; because, in the first place, these 
speculations occupy only a small space; next, because 
they are highly curious and interesting; and finally, 
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translator's preface. 



because I did not think myself at liberty to mutilate a 
work which I undertook only to translate. 

J. A. ROSS. 

JFestwell'Ficarage, Kent, 



January 



larage, 
, 1827. 



Extract fr<nn Mtjftr HirscKs Preface to hU 

Integral Tables. 

^' At the end of this preface I must observe, that I 
was mistaken when I maintained, in my collection of 
Problems on the Theory of Equations, that the general 
solution of equations was not only practicable, but even 
thought I had found it. The eighth chapter of the 
above-mentioned work must, therefore, be read with 
mistrust. It is true that I have found the solution of a 
number of very remarkable equations, that do not admit 
of being analysed, but by no means their general solution, 
in the sense in which Euler, Lagrange, and other great 
Analysts take these words (general solution); for I am now 
convinced of the impossibility of effecting it. The 
mistake arose from haste, and is so readily discovered, that 
every person who reads so iar, will easily perceive it.^ 
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I. — On the roots of equations, the sums of 

THEIR POWERS, AND THE PRODUCTS OF THESE 
POWERS, AND SYMMETRICAL FUNCTIONS IN 



GENERAL. 



SECTION I. 



XN all good elementary books on Algebra it is shewn, 
that the first part of an equation of the undetermined 

«th degree (;//) 

«» + ^^"' 4- BaT-^ + Car-^ -f ... + Pj: + Q = o 
may always be considered as a product of n simple 
factors of the form ^— a, «— J, x— c^ a?— d, &c., and 
that then a, b^ c, d, &c. are all the values of the unknown 
magnitude jt, which verify the equation (;//). If we 
actually multiply these factors, and compare the pro- 
duct resulting from this multiplication with the polynomial 
in the first part of the equation, then we have the follow- 
ing relations between the coefficients Ay B^ C, X>, &c. of 
the equation, and its roots a, b; c, d, &c. : 

— >4=:a + 6 + c + d + &c. 

B=iab + ac '\' ad + bc + bd + cd-^&c. 

— C = ahc + abd -^acd + Jed -f &c. 



± Q = abed &c. 

B 



Thus the first coefficient -4, with the sign changed, is 
always the sura of all the roots ; the second coefficient B, 
with its own sign, is the sum of all the products of 
every two of these roots ; the third coefficient C, with 
the sign changed, is the sum of ,all the products of 
every three of these roots ; and generally the undeter- 
mined mth coefficient, with its sign changed or not, 
according as m is an odd or even number, is the sum of 
all the products which arise from the combination of 
all the roots^ taken m and m together ; finally, the last 
term Q, (which may also be considered as the coeffi- 
cient of .t",) with its sign changed or not, according as n 
is an odd or even number, is merely the product of all 
the roots. 

The coefficients Ay -B, C, Z), &c., are consequently no 
other than the aggregates of the combinations of the 
roots a, J, c, d, &c.^ taken singly (one by one), two and 
two, three and three, four and four, &c., or, to express 
Dtiyself more precisely according to Hindenburg, the 
aggregates of the combinations without repetitions of the 
first, second, third, &c. class. How these combinations 
may be easily represented, will be shown under the head 
of combinations, which are here supposed to be known 
only in their first principles. 

SECTION II. 

In the following pages, certain notations are frequently 
used, which, in fact, are already known to the greater part 
of my readers ; the meaning (^ these notations, however, 
in order to prevent mistakes and confusion, I shall give 
in this place. 



1. When determinate or indeterminate magnitudes 
are spoken of, aU algebraical expressions, in which these 
two kinds of magnitudes are in any way involved, are called 
functions. We then use the formula : ^^ This or that 
expression is a function of these or those magnitudes''* — 
because we only mention the indeterminate magnitudes, 
omitting the determinate. 

On account of the particular use which we shall make 
of functions in this Work, I wish it to be remembered, 
once for all, that here (when the contrary is not expressly 
mentioned), only such functions are meant, as may imme- 
diately be determined by means of the six arithmetical 
operations of Addition, Subtraction, Multiplication, 
Division, Involution and Evolution, so soon as the 
magnitudes contained in these functions are known, and 
when they do not contain a magnitude considered as 
indeterminate either as the exponent of powers, or the 
index of roots. 

2. A rational function is one in which either there are 
no irrational ma^itudes, or one in which at least those 
magnitudes whidi are considered as indeterminate are not 
under the radical sign ; in the omtrary case the function 
is an irraticmal one. 

3. An integral function is one in which either there is 
no denominator, or in which, at least, those magnitudes 
which are considered as indeterminate, are not found in 
the denominator; in the contrary case it is called a 
fractional function. 

■ 

The coefficients A^ 5, C, &c. of the equation {yp) in 



§ I«, are consequently integral and rational func- 
tions of the roots a, b^ c, d^ &c., so long as these magni- 
tudes are considered as indetierminate. Here no reference 
is made to the particular properties of the magnitudes a, 
by c, dy &c. themselves; consequently these may be 
rational or irrational, integral or fractional, and, generally, 
may have every possible form, or they may even be 
fimctions of other magnitudes. 

4. Those functions which are here called symnoetrlcal, 
are those in which the indeterminate magnitudes are so 
combined, that, independently of the particular values of 
these magnitudes, no change takes place in the value of 
the function, however these magnitudes are substituted 
for one another. 

The coefficients -4, JS, C, X>, &c. of the equation (;//) 
in § I., are .'. symmetrical functions of the roots 
a, by c, d, &c. ; thus they remain the same when a is 
substituted for &, or j^ for c, or a for c, and b for dy and 
so in like manner of other substitutions. 

From this definition it immediately follows, that the 
sums, remainders, products, quotients, powers and roots 
of symmetrical functions, are again symmetrical func- 
tions, provided the functions, which are combined together 
by addition, subtraction, multiplication and division, 
contain all the same indeterminate magnitudes, and in 
the same number. Thus the expression 

(aJ -f ac + ic)*" + abc 

SJ (abc ^ a -^ b "^ c) 
is a symmetrical function of a, i, r, because ab-^ac + bcy 



(Ac, a + & + c, are functions of this kind. Generally, every 
Amotion of one or more symmetrical functions is always 
again a symmetrical function, when these last contain the 
same indeterminate magnitudes and in the same number. 
Now it may be shown that every rational, integral, or 
fractional function of the roots of an equation, however 
constituted, may always be expressed rationally by the 
coefficients of this equation. This highly important 
relation between the coefficients and the roots, has thrown 
more light on the theory of equations than any other ; 
and should human genius ever succeed in fully discovering 
the secret of its solution, so far as this is possible, it 
will probably be by, such inquiries as are exactly founded 
on this very property. 

SECTION III. 

Fob the sake of brevity and perspicuity, I shall use 
the following symbols : 

Let the fium of all the roots of an equation, their 
squares, their cubes, their biquadrates, and, in general, 
the sum of their jmih powers, be represented by (l), (2), 

(3), (4) (fi), so that only the exponents, but 

not the roots, are indicated, because the latter are not 
considered in the present case. Therefore^ 

(1) = a + J + c + d + e + &c. 

(2) 3= a2 + i^ + c2 + £p + c2 + &c. 

(3) = a^ + i3 + c^ + d3 + c3 + &c. 



(fx) =0^* + fr* + c^ + d** + e^ + &c. 
If the roots cr, i, c, d, &c, taken two and two^ be com- 
bined in all possible ways, and in each such combina- 
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tion every alternate root raised to the power a, the other 
to the power /9, then the sum of all the products thus 
obtained may be represented by (a0). Consequently, 
when only four roots are assumed, the equation (i//), in 
§ I,, is of the fourth d^ee, 

In a similar manner (ajSy) denotes the sum of all the 
products which arise from the combination of all the 
roots, taken three and three, and in each such combina- 
tion raising one root to the power a, another to the 
power 0, and the third to the power y, and this in as 
many ways as possible. When again only four roots are 
assumed, we . * . have 

(o^y) = 

a'^c^dr + o'cfycP + aFcf*dr + aPcrct* + a^cf^dP + a^c^* + 

In general, (afiyS k), when m is the number of the 

letters a, 0, y, S, k, denotes a sum of the pro^ 

ducts which arise from the combination of all the roots to 
the mth class, and in each class one root is raised to the 
power a, another to the power 0, a third to the power y, 
and so on, in as many ways as possible. 

In order •% to represent actually the expression (aj?yS 

fc), find all the combinations of the roots a, &, c, d, 

&c. taken m and m together, give the roots in each such 
combination the exponents a, g, y, , jc, and then 



permute the exponents in all possible ways. By this 
method we get 

a»fi^c'^d* + a'^b^c^d* + + a^iVd** + 

a'^Vc'^f^ + d^hPc^e + + a^b'^c^e + 

&c. 

a«i'*c**d^c^ + a'^JfcPd'^eF + ... + a^bPd'd'e -f 
a'^b'^ed^J^ + a»6«c^rf«/^ 4- ... + d'h^ed^f'^ + 

&c. 

In order to render this notation more convenient, it 
would be better to use the repeating exponents in those 
terms where an exponent occurs more than once ; thus, 
for instance, [a^^J instead of [aaagjg], and \o?&'f\ 
instead of [a^xj^/Syy]. 

By § I.^ the relation between the coefficients and the 
roots of an equation may be thus represented : 
- ^ = [1], B = [11] = [1^, - C = [111] = [i^], 
D = [nil], = [1^], - £ = [J nil], = [1*], &c. 

From the construction of the function [ajSyS k], 

it follows, that it belongs to symmetrical functions, because 
it undergoes no cha^^^ge when the roots a, &, c, <?, &c. are 
substituted for one another. 

The function [a/S78...ic], or more generally \o?'^'f^ 
...K^], I also sometimes call a numerical expression. 
The exponents a, g, y, 8, ... k, are called radical expo- 
nentSy in order to distinguish them from the repeating 
exponents a, &, c, d, ... k. 

The radical exponents may also be negative, and then 
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[-1] = a-' + i-' + c-' + &c. x= -+4-+ - + &C. 

a b c 

[-2] = o-» + 6-» + C-* + &c. = i +2+^+&c. 

a* 0* c* 



[-/«] = a-" + *-" + c-" + &c. = 1 + 1+1 +&C. 

tf'* or" C^ 

and in the same manner 

= — + --H h &c.. 

a« i° a° c» 



and in a similar way it obtains with the numerical expres- 
sions, in which more than one negative radical exponent 
occur. 

SECTION IV. 

Fbob. To find the number of terms of which the Nu- 
merical expression [aj3yS k\ consists. 

Solution 1. Let the number of the roots a, &, c, cf, &c. 
== n, and the number of the radical exponents a, /?, y, S, 

2. The terms which compose the numerical expression 

[aj^yS fc] may be found by combining the n roots 

ay b, c, d, &c. to the mth class, and by permuting in each 
such combination the m radical exponents a, /?, y, S, ... ic 
(§ III.) The number of these terms is consequently 
equal to the product of the number of combinations of n 
things to the mth clasS) and the number of permutations 
of VI different things. 



8. But the number of combinations of n things, taken 
m and m, is 

11 • It-" 1 • 11—21 •••••• It— JH+2 • It— iii-}"J 

i • 2 • 3 m — 1 • m ,^ 

and the number of permutations of m things is 
= 1 • 2 • 3 •• HI-— 1 • in. 

4. Hence the number of the terms of the numerical 
expression [ajS y 8 k] 

n , It— 1 . It— 2 V It— m+ 1 

= :; ^ ' o -^ X ^ . 2 . S ... Ill 

1*2.3 4 m 

= It . It— 1 . It— 2 n— m + 2 . it— iii+ 1 

SECTION V. 

PftOB. To find the number of the terms of the nume- 
rical expression [afl^y^S^ i^J. 

Solution 1. Let the number of all the roots a, i, c, d, 
&c.=ii / let the number of the radical exponents, without 
reference to their equality or difference, or, which is die 
same in this case, let the sum of the repeating exponents 
a-|-6+f+lf+ +*, &c.=iii. 

% Silice each term of [o^^'/S^ ic^] contains m of 

the roots a, (, c, dy &c., in order to find the; number of 
terms, we must here, as in the preceding sectiop, multiply 
the number of combinations of it roots taken m and m by 
ilie number of permutations of their m radical exponents. 

3. But the former 

__ It . It— 1 . It— 2 It— m-f 2 . It— m-fl 

""1.2 . 3 Ill— 1 . m 

+- c 
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The second will be obtained by finding how often the 

letters »y Pj y^S^ , k, can be transposed in a series 

of elements ofi0^y^S^ ictt, in which one letter occurs 

n times^4inother i, a third t, and so on. The number 
of these transpositions, however, is (as may be seen from 
the rule of combinations) 

1.2.3.4 m—l . m 

1 •Z...AX1 • <«.*«Q X 1 • ^.'.^X ••• X 1 •^•••K 

4. If.*, these two numbers are multiplied together, 
we obtain the number of the terms of [a^g^y**^ k*] 

_^ n .71 — 1 . n— 2 n — m + 2 , n— m+1 

"" 1 . 2...axl . 2...%xl . 2. ..ex X 1 . 2 ...fc 

Corollary* If the m radical exponents are all different 
from one another, then, by the preceding section, the num- 
ber of terms = n . w—l . n—2..,n—m-^2 . n— m+1. 
Hence it follows, that in the numerical expression 

[a^^y^S^ ic*], the number of terms is less by 

1 . 2...a X 1 • 2...i X 1 . 2...t X X 1 . 2...& than 

when the radical exponents are different. 

ExAMPL£. For the expression [a* jS^ y*], when the 
equation to which it relates is of the twelfth degree, we 
have n = 12, a = 4, i = 3, t = 2 ; .•. wi = 9. The 
number of terms, of which this expression consists, is con- 
sequently 

12 . 11 . 10 . 9 . 8 . 7 . 6. 5 . 4 



3.4x1.2.3x1.2 



= 277200 
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SECTION VI. 

Frob. Let S denote the sum of all the combinations 
T^ithout repetitions of n letters a, &, c, d, &c. of themtfa 
class ; further, let 2^ be the sum of all the combinations 
of this class, which do not contain a ; 2^^ the sum of all 
those which do not contain b ; 2^^^ the sum of all those 
which do not contain c, and so on ; find the relation be- 
tween S^ + S''^ + S^^^ + &c. and S. 

Solution 1. If in S^ S^^ S^^-^, &c. all the combina- 
tions are completed, or if S=S^=S^^= S^^^ss &c. then 
S/ + S//+S^^/ + &c.=nS. But since in these some of 
the combinations are wanting, consequently their sum 
must be less than n 2. 

% But it is evident, that each distinct combination 
contained in 2 must be wanting in the sum 2^ + 2^^ + 
2^^^+&c. exactly as many times as it contains elements* 
Then supposing the different combinations in 2 consist 
of four letters, then, for instance, the combination abed 
fcils once in 2^, 2^^ 2^^^ 2'''. 

■ 

S. If • '., in general^ m is the number of elements con- 
tained in each combination, then the sum of all the com- 
binations which feil in 2^ + 2^^ + 2^^^ + &c. is wi 2. 

4. Hence and from 1. it follows, that 

2' + 2^' + 2^// + &c. = («-m) 2. 

Corollary. Therefore 2^ + 2^^ + 2^^^ + &c. for the 
first class = (n— 1) 2 ; for the second x= (n— S) 2 ; for 
the third = (n — 3) 2 ; and so on. 
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Example. Let 2 be the sum of all the combinations, 
taken three and three, of five elements Oy by c, d^ e ; then 
S = abc + abd + abe + acd -i- ace + ade + bed + bee 
+ bde -f- cdcy S^ = bed + ice + Jdc + cde, 1/^ = acd+ 
ace + ade + cde, S^^'' = aftd + abe -{■ ode + Mc, S'*" = 
abc -{• abe + ace + Ace, S^ = oAc + aM + acd + bcd^ 
and S^ + S^/ + 2^^^ + S"^ + S'' = 2 S = (5 - 8) S, 
as was required. 

SECTION vix. 

Pbob. There are two equations, 

ar-^ + A^sT-^+Bar^^C^xr^ + &c. = o 

of which the second has the same number of roots as the 
first, except a : find the relation between the coefficients 
of these two equations. 

Solution. The second equation may be obtained from 
the first, by dividing the latter by ^— a. By actually 
peribnning this division, we obtain 

a:*-^ + (a + A) oT-^ + (a« + aii + B) i^ + 
{€? + a»^ + a5 + C) j*-^ + &c. = o. 
Hence now it follows, that ii^=a + ^, fi''=c?+ai< + J?, 
C^=a'-|-a*-4 + ai5+ C &c. and, in general, 

J^ = tf-'" + a^^A + cT-^B + a^^C + +^ 



m m 



When A and A^ denote the mth coefficients in the first 
and second equations. 

SECTION VIII. 

Prob. From a given equation to find the sums of the 
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squares, cubes, biquadrates, aDd, generally, the sum of any 
power of its roots, without knowing these roots^ assuming 
that the exponent of this power is a whole positive numbei^. 

Solution 1. Let 
x» + AoT-^ + BsT^ + O^-* + ...... + jRr + Q = o 

be the given equation, whose roots are a, 6, c, d, &€. 
Further, let 
jT-i + A'aT^ + B^jT-^ + CaT^ + &c. = o 
jT-' + A^^oT-^ + B^^oT^ + C^/^* -h &c. = o 

ar-^ + A^'jiT'^ + ^///ar-3 + C"'oi^ + &c. = o 

&c. 
be the n equations, which arise from dividing the given 
equation by x— a, x— i, *— c, &c. successively. 

2. Then the coefficients A^ By C, 2>, &c. are the posi- 
tive or negative sums of the letters, taken singly, two and 
two, three and three, four and four, and so on, of n roots 
a, J, c, ^, &c. ; the coefficients A\ B'^ C\ D'^ &c., the 
sums of the letters, taken singly, two and two, three and 
three, four and four, and so on, of the n— 1 roots, &, c, d^ 
c, &c. ; the coefficknts A"^ B'\ C'^ Df'^ &c. ; the posi- 
tive or negative sums of the n— 1 roots, a, c, d, e, &c. 
taken singly, two and two, three and three, four and four. 
Then (§ VI.) 

A' + A^f + A*f + &e. = Cn-l) A 
B' + fi// + fi/// + *c = <n-2) « 
C^ + O' + C^'/ + kc. = (n-3) C 
&c. 

3. But from the precedkig § 
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If we use the symbols in § III., we consequently have 

A' + A" + A" + &c. = (1) + nA 
Since further (foregoing §) 

JB^ = (J? + Oil + JB, ^/^ = 4« + J^ + JB, 
Bill = c2 + ij^ + B, &c. 
4hen we have 

B' + -«// + B'l' + &c. = (2) -h -4 (1) + n5 
In like manner we find 

a + C" + C/'^' + &c. = (3) + il (2) + B (1) + nC 

&c. 

4. From S. and 3. we obtain the following equa- 
tions: 

(1) + nil = (n-1) 4 

(2) + A (1) + nB = (n-2) jB 

(3) + u< (2) + -« (1) + nC = (n-S) C 

&c. 
or 

(1) + ^ = o 

(2) + -4(1) + 2jB = o 

(3) + ui (2) + ^ (1) + S C = o 
and in general 

(m)+^ (m— l) + jB(m-2) + — +^(l)+ml=o 

where A^ Aj denote the (m— l)th and the mth coeffi- 
dents when, m < n. But if m = or > n, then the con- 
clusions which have been drawn no longer obtain, because^ 
in this case^ the sixth section, on which they are founded, 
ceases to be applicable. We can, however, for this case 
find a simSar equation by another method. 
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6. Thus, if we multiply the given equation by j^*^, 
we obtain 

«« + Jx-^« + Bx"^ + -h iV^+i + Qar- = o 

and if we substitute in this equation a, b^ c, d succes- 
sively for X, we have 

rf" + AaT-^ + jBa"*-2 + + PdT^^ + Qa-^ = o 

c"* + AiT-^ + jBc^-s + 4. Pc*-**-' + Qc"^ = a 



If we add these equations together^-we obtain 

(m) + A (m— 1) -h B(»i— 2) + + P(m-n + l) 

6. If in this equation we put m = n, then, because 
(0) = a* + A** + c** + d* + &c. = n we have 

(n) + ^(n-l) + B(«^2)+ + P(l) + nQ=o 

7. By means of the equations found in 4. 6. and 6. we 
are now enabled to express the sum of every higher power 
by the sums of all the lower; .and consequently, when 
these last are fbund^ we are enabled to find the former. On 
account of the firequent use which is made of them in the 
following pages, I shall here arrange them together. 

(1) + ^ = o 

(2) + J (1) + 2^ = o 

(S) + ^ (2) + 5 (1) + 3C = o 

(4) + ^ (3) + 5 (2) + C (1) + 4jD = o 
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(n-l)+A(n-i) + B(n-8)+...+M(l)+0*-l)P=o 
(n) + Jin-l) + BCn-i) +...+ P(l) + «Q=o 
(n+l)+A(n) + S(n-l) +...+ P(2) + Q(l) = o 
(n + 2)+^ (n+1) +5 (n) +...+ P(8) + Q(2) = o 

(wi) + -i(m-l) + i?(m— 2) + H- P(tii— n+1) 

+ Q (m— n) = • 



/ 



8. From these equations we successively obtain 

(1) = - ^ 

(2) =i ^ -- 2J? 

(3) = - ^3 + 3JB - SC 

(4) = ^4 - 4^*5 + 2B» + 4^C - 42> 

(5) = - ^5 + 5^«* - 5^fi« - 5A^C + 5i?C + 

5-.f(i — 5E 

(6) = !^«-6^*S+9^25« -2> + 6^3c+l2^fiC 

+ 3C2 - 6^2/) ^ 6BD + 6AE - 6F 

&c. 

and consequently the sum of the powers of the roots are 
expressed directly by the coefficients of the given equa- 
tion. 

ExAMPiiE. When the equation x^^sfi^ iQx^ + 49a: 
-30=0, ^=-1,5=- 19, C=49, 2>=-30. By 
substituting these values in the equations in 8. we obtain 
(1)=:1, (2) = 39, (3)= -89, (4) = 723, (5)= -2849, 
(6)= 16419, &c. Any person may easily convince him- 
self of the truth of these results, by substituting in the 
first equation 1, 2, 3, — 5 for x. 
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Remark. The formuls in 8. are known by the name 
of the Newtonian Theorem, because Newton is supposed 
to be the first who has mentioned it. Other proo& of 
this theorem, and also much information relating to 
the subject itself, may be found amongst other matter in 
Eastner^s Principles of Finite Analytical Magnitudes, 
third edition, p. 538, &c. also in ElUgers Mathematicd 
Dictionary, part first, p. iiGS^ &c. Art. Combination. 

SECTION IX. 

PaoB. The sums of the powers of the roots of an 
equation, or the expressions (l), (2), (3), &c« are given : 
find the coefficients of this equation. 

Solution. From the equations in 7« of the foregoing 
section, we obtain by transposition 

r- -g (0 + ^ (g) + (3) 
c 

n- C(l) + B(i) + Ai8)+ (4) 

&c. 

By means of these equations we are enabled to determine 
sacoessively the coeffidents Ay B, C, D, &c. vhen the 
numerical expressions (1), (2), (8), (4), &c. are given, as 
they are assumed to be in the problem. 

SECTION X. 

Pkob. From a given equation 

xT + Asf^^ + Bof^ + .... + JM«» + JVi» + Px+Q^o 
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whose unknown roots are called a^ b^ c, d, &c. find 

another, whose roots are -r, — , — , — , &c. 

abed 

SolutuM. Substitute —for x, and then multiply the 

y 

whole equation by y ; we then get 
or 

and this is the required equation. For since a: = — ^ 

then ^=—9 and since a, b^ c, d, &c. are the values of x, 

then — , — , —, --, &c. are the values of v. 
abed 
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Corollary. The roots — -, —, — , --, &c. in reference to 

a b $ a 
the roots of the given equation, we term reciprocal roots. 

Therefore, if of ^ Jx^^ + JEfcr^« + + Mx^ + 

Nofi + Pjp + Q=o be any equation, and 3f + A^af^ + 

B^oT^-^Ox^-^ + JP^^+Q^=:o, be the equation 

for its reciprocal roots ; we then have 

SECTION XI. 

PftOB. Find the sup:^ of ^ power of roots^ when the 
e^panent of thiai power is a. whole negative number. 



r 
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Solution, Let 

ar"+^jp""' + + Mx^ + Nx'-\' Pa?+ Q = o 

be the given equation, and 

0^ + A^af^^ + B^ar-^ + Car^^ + +I^^ + Qfszo 

the equation for its redprocal roots (foregoing sectioni) 
Th^ according to § VIII, when the numerical ex- 
pressions (1)9 (2), (3), &c are taken in reference to the 
second equation, 

(1) + ^^ = 

(2) + A'0)+ gjB^sso 

(8) -h J^ (2) + B^ (1) + se = o 

2. But (1), (2), (3), in reference to the second 
equation, are precisely what (—1), (—2), (— S),&c. are 
in reference to the first equation ; we have . * ., when for 

P N M 

A'^ B'^ C'y &c. their values — , — , ^, &c., are substituted 

'c V Vt 

(foregoing section) 

(-0 + 1=0 

&c« 
from which we can determine successively the sums of 
powers for negative exponents. 

Example. When the equation «* — jc' — 19^^^ 4- A^ 
— 30 = 0, we have Q cs — 30, P =£ + 49, iV = — 19, 

Jtf= ~l: we have .-. (-1) =i2,(^2)=i^, 

^ / 30 ^ ' 900 
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(—3)= ^. Any one may readily be convinced of 

^ ^ 27000 ^ ^ ^ 

the accuracy of these results ; for the roots of the given 

equation are 1, 2, 3y —5, consequently (—1)= 1 + 

|.+ i_i = *9(_,)^,^l^l^l .1261 



2 ' 3 ' 5 30'^ ^ ' 4 ' 9 ' 25 900 

(—3) = 1 + — H = ^, &c 

^ ^ 8 27 125 27000 



SECTION XII. 

Pbob. Express the symmetrical function (a/?) by the 
sums of powers. 

Solution. For the sake of greater perspicuity, I shall 
assume that there are only four roots, because this does 
not affect the general principle. Then 

(a) = a« + ^ + c« + d* 
(jg) = 0^ + y + c? + di». 

If we multiply these equations together, we then obtain 

(a) (jS) = a«+^ + b^+P + c**-^ + rf«+^ + 

af*b^ + a^i« + af*(fi + aPcf* + «* * + (^d* + 

ft«c? + i^c* + i** + 6^d« + c«* + c^d«. 

The first rbw of the second part of this equation = (a + j3), 

and the remaining two rows = (ajS); consequently we 

have 

(X) (a)i0)=:{a + 0)(a0) 

and .'. 

(ajS) = (a) (0) - (a + P). 
It is easily seen, that these conclusions obtain, let the 
XHimber of the roots be what it may. Since then (a), (/?), 



\ 
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(a -f 0)i are only the sums of powers, what was required 
is now done. 

The radical exponents a, /?, may besides be dither 
positive or native. For example, if a be native, 
then we have 



and when a and ff are both n^ative, 

Corollary. Since we are always enabled to express the 
sums of powers, either for positive or negative exponents, 
by the coefficients of the given equation, in like manner 
we can always find the values of the expressions of the 

form a«y + a^fr» + a'^i^ + a^c« + &c., — + -r- + — + 

(H" h^ ig* 

u &c.^ — H H + h &c. from 

these coefficients, without knowing the roots. 

SECTION XIII. 

Pbob. Reduce the numerical expi^ession (ajSy), which 
contains three radical exponents, to a numerical expression 
containing no more than two radical exponents. 

Solution. For the sake of perspicuity, I shall only 
begin with three roots a, 6, c. If we multiply the 
equation 

(ai3) = a«6^ + a?b* + o!*c? + «^c* + i*c^ + Vcf* 
by 

(y) = ar + 6>' ^- c^, 
we then obtain 
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2. Now since the first row in the second part of this 

equations (a + 7^)9 ^e 6ecc»id:=:(|3-{-Ya), and the third 
= (aPy), we consequently have 

W) (7) («e) = (a + yg) + (pT^a) + (a^y) 

and hence further 



iaPy) ^ (y)(ae) - (a + y 0) + (g + y a) 
The functions (a^y) is reduced to three others (aj?), 

(fi + y&\ (i3 + ya), each of which contains only two 
radical exponents, as required. 

3. But since in this case only three roots a, 6, c, were 
assumed, there may be a doubt as to the general appli- 
cation of the result so found. The following proof will 
remove this doubt. 

4. In the first phice, it is evident, that there are no 
equal terms in the product (7) (a0). Xal^e any term, 
for instance i^+'^d" of this product. This term can 
arise in no other way than by the multiplication of b^ in 
(7) by i^ d* in (ajS). If this tenn occurred more than once 
in the evolution of (7) (ag), then Vdf^ must also occur 
more than once in (afS), which is impossible. But in 

the aggregate (a + 7JS) + (g + 7a) + («lSy), which 
constitutes the second term of the equation ()//), there arc 
not even two equal terms ; this immediately appears from 
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the construction of the numerical expression, of which 
this aggregate consists. 

5. But when the number of roots = n, the numerical 
expression (aB) consists of n . n — 1 terms (§ IV), 
and consequently the product (y) (ajS), of fi? . n — 1 
terms^ The number of terms, which the sums («+7|S), 
(g-f ya), {ctPy) contain, are for each of the two first 
=n . n— 1, and for the last = n.n— 1 .» — 2; con- 
sequently for the aggregate (a + y0) -{' (P + yot)+ 
(a^y) =2n.ii— 1 +n.n— l.« — 2=an*.ii— 1. 
This aggregate .* . contains exactly as matiy terms as the 
product (y) (ajS). 



6. Further I affinuj that in the aggregate (<x+70) + 

iP-hyct^+Caffy^ there can be no term, which is not 
also in (y) (a0): for if, for instance, the terms t^^'^ + dP, 
VcPef^ are not in (y) (ajS), then likewise the terms c"d^, 
cP€^ are not in (a0) ; which is impossible. 

7. From these conclusions it follows : first, that the 

terms of each of the two functions (7) (ajS), (a+yjS) + 

(j9 + 7«) + (tf^y) are different from one another; 
secondly, that the number of t^ms in the one is the same 
as in the other ; thirdly, that there can be no term in the 
second, which is not also contained in the first Hence 
it evidently follows, that they must be the same, and 
d:)at consequently the equation (;p) is true for every 
number of roots. 



1 
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SECTION XIV. 

pAOB. Reduce the numerical expression {affyS)^ with 
four radical exponents, to another, in which there at 
most only three radical exponents. 

Solution 1. If we examine the equations (x) and {\p) 
§ XII and XIII, we are justified by analogy in making 
the following hypothesis : 

(8) (^gy) = 

{a -f Spy) + (g + Say) + (7 + Saff) + (affyS). 
In order to prove that this hypothesis is allowable, we can 
proceed in the same way as in the foregoing Section. 

2. In the first place it may be proved, that in the 
function (8) (^gy), no term can occur more than once. 
For if, for instance, the term i"+*+ c*^/^, or «" c^ (? c* is 
oftener contained in this function, then also must b'^c'^f^j 
or a'^c^iPf be oftener found in (a/Sy), which is impos- 
sible. But firom the nature of the function (a + 8/97) + 

(j9 + Say) + (7 + Sap) + (^apyS) it can contain no 
term more than once. Consequently the terms of both 
functions are all different from one another. 

8. The number of terms in (^a0y)=in • w— 1 . n— 2 
(§ IV), consequently those in the function (8) ia0y) 
= n*. n — 1 . « — 2. The number of terms in the 

function (a + Spy) + (g + Say) + (7 + Sa0) + 
(aSy^ = S x» . n— 1 • n-^^ + n . n — l . n— 2 . n^S 
=n* . »— 1 . n— 2. Both functions ••. have the same 
number of terms. 
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4. Further, in the function [a -♦- 8|9y] + [P -\- Say] 

+ [y + Sa0].-\' [a/SyS], there can be no term which 
is not contained also in the function [S] [aPy']. For if, 
for instance, the term 6"rf^e^"*"*, or a'^ft^c*'/^ in the first 
function, be not also contained in the second, . ' . also 
6"8^c^, of cTb^e"^ is not in [a/Sy] ; which is impossible. 

5. From 2, 3, 4, it may be inferred, as in the fore- 
going section, that the two assumed functions must be 
equal, and that consequently the assumed equation is 
correct. 

6. But from this equation we obtain 
[«i378]= 

[S] [c^Py] - (cTTlPy] - [f+^ccy] - [y + Sa0] 
which verifies the problem, because in the second part of 
this equation, besides [3], there are only numerical expres- 
sions with three radical exponents. 

SECTION XV. 

Fbob. Reduce the general numerical expression 

[apyS cfcX] with m radical exponents, to others, 

which contain at most m — 1 radical exponents. 

Solution I. From §| XII, XIII and XIV, we have 
sufficient reasons for assuming the foilowifig equations : 

[X] [aPyS ...ik] = 

[a + XjSyS ... ik] + [0 + XayS ik] + [y + X^ ... ik] 
+ + [*c + \a0yS...i] + [aPyS...iKX]; 

the accuracy of whidh may very easily be proved. 

•4- E 
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2. For, in the first place, it may be proved by a similar 
manner as that used in §§ XIII and XIV, that both the 
function in the first part, and that in the second part of 
this equation, contain terms widely different from one 
another, and that for each term in the second of these two 
functions, there must be one equal to it in the first. 

3. Further, since all numerical expressions in the 
equation contain *m — • 1 radical exponents, [X] and 
[affyS ... ikX\ excepted, of which the last contains m 
radical exponents; •*• by § IV, the number of the terms 
in the function of the first part of this equation 

= n X n.n — l.n — 2 .n -^ m + 2 

and in the fiinction of the second part 

= m— 1 X n . n — 1 . n— 2 n— i?i + 2 + . 

n . n— 1 • n— 2 n-^m+Z * n — m + 1 

= n .X n . n- 1 . n— 2 «— m +2, 

These two functions consequently consist of the $ame 
number of terms. 

4. From S and 3 we may infer, in the same 
manner as in §§ XIII and XIV the accuracy of the 
assumed equation. From this equation^ however, we 
obtain 

(0) [ajSyg... ifcX] = [X] la$yS...iK] 

- [a+\gyB ... ik] ~ [0 + \ayS...iK] 

— - [ic + XajSyg ... i] 

which answers the condition of the problem. 

Remark. The formula (0) obtains both for positive 
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and negative radical exponents, because the conclusions 
remain the same when the signs are changed. By means 
of this formula we are enabled to reduce any numerical 
expression [a|9yS...X] to others, which contain one 
radical exponent less ; and if we continue the operation 
with this diminished radical exponent, we at length arrive 
at sums of powers only, which^ whether the exponents be 
positive or negative, may again be always expressed, by 
§§ VIII and XI, by the coefficients of the equation, to 
which the numerical expression refers. 

SECTION XVI. 

Hitherto it has been assumed, that the radical expo- 
nents in the numerical expression {jxfiyS ...\] are all 
diffisrent from one another. If this be not the case, and 
the expression is consequently of the form [a^^'^...ic*], 
then the preceding formulse, if we wish to apply them 
further, must undergo some modifications. It has already 
been shewn in § V, that if two numerical expressions 
[fl^^7^8^..-ic*]i [agyS... ?], the first with, and the 
other without repeating exponents, contain the same 
number of radical exponents, the number of terms in the 
first is less than those in the second by 1 • 2 ... a x 1.2 

...ixl .^...cx xl.2...it. The reason of this is 

only to be accounted for in this way, that in the case of 
equal radical exponents, there are exactly the same number 
of terms, whidi are equal to one another in the numerical 
expression [a^^S ••• ^] for each combination of the roots 
a, b, c, dy &C., of which terms, . only one is retained in 
[fl^^yCgn ^^^ j^itj^ ^ ^g already know from the rule of com- 
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iMDatians. Hence, bolrever, it follows, in <ffder to adapt 
the fonnuls already fiMind to this case, that eadi eaqprea^- 
sioa i^the tona [efifiy^^ ... ic^] must be multiplied hj 

the Bumber 1 • S •.. a x 1 • 9 — i X 1 • 8 ...t x x 

1 • 2,..&, &c whose magnitude depends upon theiepeating 
«xpcHients H, i, c, H, &c. For dioirtness' sake, in die 
course of the oatculation, I shall denote thia &ctor or 
ooefficient by ic^ and when there are moie, by k, i/, 1/^9 
Ac. 

SECTION XVII. 

P&OB. To reduce the numerical expression [cfl]^ with 
a equal radical exponents, to others, which contain only 
a — 1 radical exponents. 

Sobuion 1. Assume that the numerical expresaion 
[a0yS...£KX] in the equation (0), § XV contains a 
radical exponents, and that a = 0=:y=:£s= ...^X; 
then this expression is changed to [oF] ; fiirther^ the pro* 

duct [X] [a/37 S ... ^^] ^ M C^'^]' ^^^ ^ ^ ncmain- 
ing a — 1 numerical expressions in the second part dP this 

equation to [2aa^'~^. F<Hr the reasons given in the ftce- 
going ^ if the coefficients k, i/, Kf\ are pr^bced to the 
numerical expressicms, we then obtain, 

r . [^] = ,/ , [a] [^-^ ] - [a ^ 1 ] K^^ [5^ a«-T 

2, But ic=i . 2 . 3 ... a, i/=:l .2.3... a-*-l, i/^= 
1.2. 3. ..a— 2. By substituting these Yalues, and 
then dividing by 1 . 2 . 3 ... a— 1, we then get 

a [«^ = [a] [cfi"'] - [i^o?-^]. 
Consequently by this equati<m [cfiJl is reduced to the 
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numerical expressions [ot^"'], [2a «^^, each of which 
contains only a— 1 radical exponents. 

SECTION XVIIT. 

Paob. Reduce the numerical expression [ofi^^l^ with 
a+ib radical exponents, to others, which contain one radi- 
cal exponent less. 

Solution 1. From the equation (0), § XV, when we 
put a of the radical exponents ^ a, and the Ik remaining 
ones = j3, we obtain 

2. But (§ XVI) 

K =1.2. 3., .a Xl.2.3... ft 

Iff z= 1 . 2 . 3 ...a— 1 X I . 2 . 3 .,.ft 
i/^ = 1 • 2 . 3 ... a— 2 X 1 . 2 . 8 ... ft 
i/^^= 1 . 2 . 3 ...a-1 X 1 . 2 , 3...ft— X 
If we substitute these values, and then divide by 
1.2.3... a— 1 X 1 , 12 . 3 ... J, we obtain 

which was required. 



SECTION XIX. 



Prob. Reduce the numerical expression l<fi^j% 
with a + ft + ( radical exponents, to othi^rs, which contain 
one radical exponent less. 
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Solution 1. From the equation (O)^ § XV., when 
we put a of the radical exponents = a, ib of them = fij 
and the remaining ones ( = 7, we get 

2. But 
K =1.2.3 axl . 2 . 3 ibxl . 2 .3...( 

1/ =s 1 .2 . 3...II— 1 xl . 2 . 3 6x1 . 2 .3...C 

1/'' =1.2 .3...a-2xl . 2 . 3 6x1 • 2 .3...^ 

1/''^ = 1 . 2 • 3...a— 1 X 1 • 2 . 3..6-1 X 1 . 2 • 3...t 
K^ =1,2. 3,..a— 1 X 1 . 2 . 3 6x1 . 2 . 3...t— 1. 

If we substitute these values, and then divide by 
1.2. 3...a — 1 xl . 2 . 3...6xl • 2 • 3... ( we obtain 

a [a«^ /] = [a] [a*-^^/] - [2I««-«^y^] 
as required. 

SECTION XX. 

P&OB. Reduce the general numerical expression 
[a«|SbyC^,..KJ^XI], witha + 6 + t + lf + ... + It + I 
radical exponents, . to others, which contain one radical 
exponent less. 

Solution 1. If we compare the operation in §§ XVIII, 
XIX, XX., we shall, with very little trouble, obtain from 
it the following general equation : 
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(C) a[a«iSbyf8Jl..,K»XI] = 

[a] [tf«-*a*yf9>...icttX0 - \2^cfl-^0^y^» ... k*XI] 



-[a -^^ KC^'^y^Stf...i^^\l] 



- [a + Xa«-»/St»7^»>...icltXl-»] 
in which each of the numerical expressions in the second 

part contains no more than a + ft + < + lif+ + it 

+ 1 — 1 radical exponents. ^ 

The formula thus found obtains, as also the one in 
§ XV, whether the radical exponents, a, /?, y, &c. 
be positive or negative^ because in this case the conclu- 
sions remain the same* 

For the particular case, in which a = 1, this formula 
ceases to be applicable, because the repeating exponents 
Ji — 1, a— 2, which are contained in it, then become and 
-^ 1, which is impossible. In this case we must make 
use of the following formula : 
[ajSt»7^8&...ic»XI] = 

[a] [^/gH... u^Xl] - [7T7/3^'/»>...ic»XI] 
- l^^TJ^y^'^ ... K^Xq - 

- [7TX0^y^S^ ... K^^'] 

which may be derived from the same sources as the pre- 
ceding. 

Remark. By means of the equation ( d ) we are now 
enabled to reduce every numerical expression of the form 
[fl^jS^7^8^...ic^iXJ], by a certain reduction of the repeating 
exponents, to another numerical expression of the form 
[affyS ...kX]; and since this last, by means of the 
equation (0) in § XV, may always be reduced merely 
to the sums of powers, and . * • may at length be expressed 
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by the coefficients of the given equation ; consequently 
we are always enabled to express any numerical expression 
of the form [ofl0by^9^ ... k^X^] by the coefficients of the 
given equation* 

Moreover, the equation ( ([ ) is always true, so long as 
we assign no determinate values to the radical exponents 
^ 09 79 ^9 ^^- ^^^ determinate values, it may happen 
that radical exponents are equal to one another, which 
in the general expression were considered as different: 
thus, for instance, when in the equation ( d ) 2a = 0, 
or a + /? = 7. In such cases as these, we shall do well, 
in order to avoid mistakes, to add the following equation 
derived from (0), § XV : 

fc . [a«|3t»7^»> ... K»X1] = 1/ .[a] [a«-^^/8t» ... ic»Xq 

&c. 

in which the coefficients, k, isf^ ^'^ ^"^ ^c-j have the 
values given in § XVI. 

Every integral or fractional rational symmetrical func- 
tion of the roots a, i, c, (2, &c., however constituted, must 
necessarily be composed of numerical expressions of the 
form [a*|Si7^...X^]. Now since these last, as we have 
already seen^ can always be expressed rationally by the 
coefficients of the equation to which they relate, conse- 
quently also the former cam always be expressed rationally 
by these coeffici^its ; to prove whidi was the aim of the 
present chapter. 

Since, however, the rule of symmetrical functions 
is of the greatest importance in the theory of equa-;' 
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tions, it is often requisite to express these functions by 
the coefficients of the given equation, I have . * . subjoined 
three tables, in which all numerical expressionsi in which 
the sum of the radical exponents does not exceed the 
number 10, are fully calculated. Thus Table I''^ con- 
tains, in six small tables, the values of all numerical 
expressions for the Nos. 2, 3, 4, 5, 6, 7 ; Table II, 
those for the Nos. 8 and 9; and Table III, those for 
the No. 10. The arrangement of these tables is evident 
at first sight. The letters A, B, C, D, &c. are the 
coefficients of the equation or* — Ao(^^ + Bs^—Co^ 
-h Dsf^-^Ejf^^ + &c. = 0, which is the basis of the 
numerical expressions, and these last, for the sake of 
fiunlitating the calculation, are assumed with alternate 
signs. In the horizontal lines, the numerical expres- 
sions themselves are found in a combination series ; in 
the first upper horizontal series, are the difierent terms 
of their values, and in the vertical columns under them 
the numerical coefficients belonging to each term, accord-^ 
ing to the difiSerence of the numerical expressions. Where 
there are terms wanting, or the numerical coefficients = 0, 
asterisks are placed. Thus, for instance, in Table III 
[124^ = BW -S ABCD +3 CW +3 ^2>2-3 BIfi 
-^AB^E +2 A^CE +BCE -8 ADE+5l?+A^BF 
^BT -3 ACF +9 OF --6 A^G +17 ABG -15 
CG +6 Am— 11 BH --6 AI +15 K. 

These tables were calculated by means of the equa- 
tions (0) and ( D ) in § XV. and § XX. For the 
more easy application of these tables, it is, h^wevor, 
necessaary that the calculation be made successively, and 

* iVo^tf.— These tables are to be found at the end. TVanalator. 
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that, in order to find the numerical ezpressioBS for 
determinate sum of theadical exponents, ne should fint 
know all those for lower sums. Likewise the sama of 
powers must be preriously calculated bj means of the 
equations in 8, § VIII, which equations, on aooonnt of 
the change of the signs in the assumed equation, hsve 
the following values : 

(1) = ^ 

(2) = ^* - 2fi 

(3) = ^ -- SJB + SC 

(4) = ^* - 4A^B + 4JC + 22P - 4l> 

&c. 
Thus, for the successive calculation of the numerical 
expressions. Table III, we have the fidlowing equations: 

(10) =(io) _ 

(19) =(1)(9)-(10) 

(28) =(2) (8) -(10) 

(37) =(3) (7) -(10) 

(46) =(4) (6) -(10) 

2 (**) = (5) (5) - (10) 
S (1«8) = (1) (18) - (28) - (19) 
(127) = (1) (27) — (37) - (28) 
(186) = (I) (36) - (46) - (87) 
(145) = (1) (45) - 2 (5«) - (46) 
2 (2»6) = (2) (26) - (46) - (28) 
The numerical expressions in the first part of the e^a- 
tions, depend here, as is easily seen, either on the fore* 
'g(nng» or on such numerical expressions as have a lesa 
sum of radical exponents, which, when these last are 
already found, may successively be determined. 
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II. — Complete solution of the svmmetrical 

FUNCTIONS OF THE ROOTS OF AN EQUATION. 



SECTION XXII. 



TO solve a symmetrical function, here means no more 
than to find an expression for it, which contains only 
sums of powers. 

A compound radical exponent implies one, which is 
compounded of more than one compound one, as a + 0+ 
y + 8+ &c. in (a+|94-y+8+&c.)» or (aa+ijS+cy + dS 
4-&C.) in (ao4-A|3+cy4-<i8 + &c.) The terms of the 
first are a, |3, 7, S, &c. ; the terms of the latter are 
aa, &j3, cy, efS, &c. In the opposite case, a and aa, in 
(a)» iaa\ are simple radical exponents. 

In order to show, that a numerical expression, viz. (a), 
can be raised to any power ju, I shall merely write (ay*. 
We must then very careiuUy transform (a)^ into (a**) ; 
for (ay = (a) (a) (a) (a) ... ; on the other hand, 
(af*)::^{a aa ...). So in like manner (3a+ 2j3)^ denotes 
the juth power of (3a + 2jS), and (oa 4- ijS + cy + <i8 + &c.y 
the juth power of (oa + i^ + cy + dS + &c.) 



SECTION XXIII. 



Fbob. Represent the numerical expressions (a0), 
fiy), (a^yS), &c. fiiUy developed. 
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Sotution 1. From § XII we iminedlately have 
(ag) = (5) (a) - (|S + a) 

S. From § XIII we at first obtain 



Ca0y) = (y) (ajS) - (y + o0) - (y + 0a). 
But from 1 we have, when first y+a is put fin: a, and 
Afterwards y4-0 for 0, 



(y + ap) = (0) (y + a) - (y + + o) 

(y + ga) = (y + 0) (a) - (y + 0+ o) 
If these values, together with the value of (a0) fimn 1, 
be substituted in the fiire^ing equation, we then obtun 

<«iSy) = (y) (|S) (a) - (y) (|3+a) - (y+0)(a) 
- (y+o) (0) +1.8 (y+0 + o) 

3. From § XIV, we have 



(agy 8)=(8) (ggy) - (g^ggy) - (8 + gay) 

— (8 + yaiS) 



In order to find the numerical expressions (S + a$y), 

C8 + goy), (8 + y«0)> we need only successively sub-' 
stitute 8 + o for a, afterwards 8 + for g ; and lastly 8 + y 
for y in the last equation in 2. If, after this, we substitute 
the values thus obtuned, together with the value of 
(ogy), we obtain 

(a|Sy8) = 
• (S) (y) (IS) («) - (8>(y) (i3+«) - (8) (y +)S) («) 

~(8) (y + a) (g)+ 1 . 2 (8) (y+g+a) - (8+y) ((3) (o) 
-(8+0) (y) (a) - (8+ a) (y) (0) + (8 + y) (0+a) 
+ 1.2(8+0+o)(y) + 1.2(8 + y + 0)(a) + (8+a)(y+|S) 
+ 1.2(8 + y + o)(g)+(8+0)(y+o)-1.2.S(8+y+g+a). 
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4. So, iu like manner, from § XV, we have 

(a/Sy^O = (f) (0IS78) - (s+oj5y8) -• (T+J^yB) 

- (THhyagS) - (7+^afiy). 
We get the values of (e + a gy 8), (tTFoy 8), (e+yag 8), 

(£+8aj3y)c5ompletely devdoped from the last equation 
in 3, by substituting in it successively c + a for a, 
c + g forjS, £+7 for y, and €+8 for 8. The substitution 
of these values, together with that of (a^yS) in the 
foregoing equation, gives the solution required. 

5. In this way we could proceed further, since we 
always go from one solution to another, and thus find the 
solutions of the numerical expressions, which contain six, 
seven, eight, &c. radical exponents. 

6. Generally, if we have already found the solution 
of a numerical expression (a0yS...fc), and wish bom 
hence to derive the solution of another (a j3y S ... k X), 
which contains X more radical exponents, we must, in the 
first place, multiply merely the solution of (a^y S ... k) 
by (X), then in this solution substitute throughout, 
first X+a for a, then X+jS for j9, X+y for y, &c. and 
change the signs of the results and the former product. 

SECTION XXIV. 

FrOb. Find the law, by which the terms in the 
solutions of (a0)f (ajSy), (ajSyS), &c. are formed, 
when the coefficients and the signs are left out. 

Solution 1. If in the solutions of the above numerical 
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expressions in the finregoing §, we omit the brackets and 
the signs, and separate the radical exponents, which 
belong to the different numerical expressions in each 
term, hj a comma, and all thie terms by a semicolon, we 
then, by means of (a), find the followmg : 

I. a 

II. /S, a;/3+a 

III. y, |S, a; 7, /3 + a; y + ft o; y + a, 0; y + |3 + a 

IV. 8, y, j3, a; 8, y, 0+a; 8, y + |S, a; 8, y-fa, /9 
8, y + jS+a; 8+y, fta; 8+j3, y, a; 8+a, y, /9 
8+y, /S+a; 8+/S+a, y; 8+y + e, a; 8+a, y + /8 
8 + y + a, ^; 8+1?, y + a; 84y + /S + a 

&c. 

V 

3. Hence we may perceive at first sight and firom 
6 in the foregoing ^ the law of the successive formation 
<>f the terms. Thus, in order to derive the tentts of a 
solution from the terms of the immediately preceding one, 
we must 

(a) put before each of all the terms of the preceding 
solution, the radical exponent which is now to be 
added; 

(b) we must connect this by the sign + with each 
radical exponent of every term, while, at the same 
time, we add the remaining radical exponents of the 
same term without any change. 

Thus, for instance, if we wish to derive IV firom III, 
by the rule (a) we get 
^>y>fta;8,y,|S+a; S,y + ftxi; 8,y + o,g; 8,y+iS.+a 
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and by the rule (b) from the first term in III 

8 + y, jS, a ; 8 + j3, y, o; 8 + a, y, ^; 
from the second term In III 

8 + y,|S + a; 8 + ff + a, y; 
from the^third term in III 

8 + y + jS, a; 8 + a,y + /3; 
from the fourth term in III 

8 + y + a, |9; 8 + j3, y + a; 
lastly from the fifth term in III 

8 + y + j3 + a. 
The foundation of this method is so evident from the 
foregoing §, that it requires no frirther explanation. 

■ 

S. But since this mode of representation possesses this 
disadvantage, that in finding the following solutions, we 
must first add the foregoing, we can .*. with great ad- 
vantage make use of the Hindenburgian method of 
involution, which is already known to my readers from the 
first principles of the rule of combination. Here follows this 
involution, whose construction is immediately deducible 
from 2 : 



s 


r 


e 1 


a 


s 


1 


/3 + 


a 


a 


rH 


-ft 


a 


s 


y + «^ 


/3 


s 


7 + ^ + 


a 



8p 



8+y, ft 


a 


S + ft 7, 


a 


S + a, 7, 





8 + y, ft 


+ « 


8 + ^ + a, 


y 


8 + y + ft 


a 



40 

8 + a, y + fi 
8 + r + d, 
8 + g, y + a 

8 + 7 + g + a 
&c. 
It is not necessary, in the first place, to remind my 
readers, that this mode of representation, besides the 
advantage that it immediately gives what is sought, 
possesses also this one, that each solution includes all the 
foregoing, as the brackets denote, and this follows of 
course from the very nature of involution. 

Remabk. The involution which is here given, in- 
cludes, besides, as may easily be observed, all possible 
combinations of the radical exponents a, /?, y, S, &c. both 
simple and compound, consequently can be used with 
advantage in many other cases, in which it is required to 
find all the possible combinations of this kind in a given 
number of things. 

SECTION XXV. 

Paob. Find the law of the coefficients and the signs 
in the solution of the numerical expression ( a^y S ... X). 

Soluti<m 1. From the method in § XXIII, by 
which the solutions are derived from one another, and 
from the results themselves, it may, with some reason, be 
presumed, that the coefficients of the terms and their signs 
are subject to the following laws : 

(a) That each numerical expression of a simple radical 
exponent has unity for its ooefficientj 
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(b) That each numerical expression of a compound 
radical exponent of m terms has the coefficient 1.2. 
3 m— 1 ; 

(c) That the sign — or -f may he given to every 
numerical expression whatever, according as the 
number of the terms of its radical exponent is odd 
or even. 

Thus if these rules be correct, the term (a) (^ + 7) 
(8 + 6 + (*? + ^ + * + 'c) ^as the coefficient 1 x 1 x 
1.2 X 1 . 2 . 3, or merely 1.2 x 1.2.3, with the sign 
+9 because it has two radical exponents of an even, and 
two of an odd, number of terms. 

That these rules are correct for (ajS), (oj^y), (0^78), 
one can be readily convinced of by inspection. It only 
remains now, by a very common method in mathematics, 
to prove the rule, that when they obtain for any solution, 
they likewise necessarily obtain for the following one. 

3. For instance, let 

CA) (a + g + y + ... + k) (X + M + v... + \P) 

be any term in the solution of (aj3y xfj^. The 

radical exponent of the first numerical expression in (^) 
contains m terms, that of the second n terms. Con- 
sequently the coefficient of the product, according to the 
hypothesis = 1 .2 .3 m — 1x1.2.3 n — I. 

4. Now let (apy.,.\pb)) be another numerical expres- 
sion, which contains more radical exponents than the 
preceding by w. For its solution, the term (-4) by 6, 
§ XXIII gives the three following terms : 

G 
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(o)) (a + |9 + y + ... + k) (X + /i + V + ... + 1^) 

— (a + |S + 7 + .-. + »c +w) (X + /Lt + V + ... + ^) 

— (a + + 7+ ... +ic)(X + /Lt + v+... + Tp + w) 

5. The first of these terms is obtained firom the term 
(yf), by multiplying the latter by (w), and consequently 
it has the same coefficient and the same sign ; which 
agrees with the hypothesis. 

6. The second term in 4 arises from the substitu- 
tion of w+a, w + jS, 01 + 7 to 4- k for a, |S, 7, K9 

(6. § XXIII) and occurs m times. In like manner 
the third term arises from the substitution of o) + X9 a; +fc» 

w + Vf .., to + xfj for X, fij Vj ^I^f and .* . occurs n 

times. Consequently the second term must contain m, 
and the third tiy more coefficients than the term (^). 

7. Hence it follows, that the coefficient of the second 3 
term in 4. =1.2.3 .... m x 1 • 2 . 3 ... n — 1, and 
the coefficient of the third term = 1.2.3 .... m — • 1 x 

1 . 2 . 3 ..•• 91. Likewise these terms have a different 
sign, from that of the term QA). 

8. Since this agrees with the hypothesis, so it may 
be cmicluded, that, when the hypothesis is true for the 
term (^), it is necessarily true for the terras derived from 
it in the following solution. 

9. Although here the term (^) has only been assumed 
as a product of two numerical expressions, it is suffi- 
ciently evident from the manner in which the proof has 
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been managed, that It may be extended to any other 
number of factors, 

f^ 10. If .' . the solution of [aPy ... ;//] be subject to 
the assumed rules, so likewise is that of [aj3y ... i/zcd] 
which follows it. But they obtain for the first solutions, 
they . * . also obtain for all those which &llow. 

Corollary, In order • ' . to exhibit a numerical expres- 
sion of the form [a$y,,,\], in which all the radical expo- 
nents are different, completely solved, we only require to 
perform the involution given in ^ XXIV, and affix to each 
term the coefficient determined from 1 of this § with its 
sign. The following example will serve as an illustration. 

Example. The complete solution of [ajSySc], when 
the brackets are omitted in the terms^ is as follows : 

—2, £ + 8, y + ^ + a 
— 6, €+7 + |9 + a, 8 
+ 2, € + 8+7, |S, * 
+ 1, c+ft 8 + y, a 
+ 1, £ + «, 8 + y, 
+ 2, c + 8 + lS, y, a 
+ 1, 6 + y, 8 + ^, a 
+ 1, c + a, 8+fty 
+ 2, € + 8+a, 7, ff 
+ 1, E+7,8+a,i3 
+ 1, £ + ft 8 + «,7 
-2, £ + 8 + 7, ^ + « 
-2, £ + /S+a, 8+7 
g2 



+1, « 


87 


$\* 


-1,€ 


§7 


|S+« 


-1,* 


87 


+ft « 


-1,6 


8y+«,|5 


+ 2, s 
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^1, c+S, y, ft a -6, c + 8+|5+«, r 

-1, € + 7, 8, ft a -2, £ + 7, 8 + |S+a 

-1, £+ft 8, 7, « -6, € + 8 + 7 + ft « 

-1, £ + a, 8, 7, ^ -2, £ + «, 8 + 7 + 

+ 1,8 + 8, 7,0 + « -2, € + 8+a, 7 + 

+ l,c + 7, 8, 0+a — 2, € + 7 + ft 8 + a 

+ 2, £ + /S + a, 8, 7 -6, £ + 8+7 + a, 

+ 1, £ + 8, 7 + ft a -2, £ + ft 8+7 + a 

+ 2, £+7 + ft 8, a -2, £ + 8 + ft 7 + a 

+ 1, £ + «, 8, 7 + -2, £ + 7 + a, 8 + 

+ l,£ + 8, 7 + a, +24, £ + 8+7 + + a 

We have .-. [a078£] = [b] [8] [7] [0] [a] - 

W [8] M [l3 + «]-W [8] [7 + l3]«-&c. 

SECTION XXVI. 

If there are more radiqal exponents equal to one another 

in the numerical expression {affy X], or if it takes 

the form [«*0^7^ k^], the solution admits of reduc- 
tion, because in this case more terms than one are equal 
to one another. B7 the application of the rules (a) and 
(b) in ^, § XXIV, we have only to take care that no 
term occurs more than once, and with this view it is only 
necessary in performing the involution, always to revert 
to the combinations already found, and to omit all those 
which occurred once before. Thus we find the involution 
for the terms of [a^0^] to be as follows : 
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iS 

e 

B 

& 

13 
iS 

e 

B 
B 
B 
B 



B 

B 

B 

B 
B 
B 
B 



a 

a 



a\» 



Sa 



B + », a, a 

B+»t Sa 

B+Za, « 
B+3a 



2B, et, a, a 
2B, »y So 

2|S+«,«, « 

iB-\-»i^» 
B+Zct,B+» 

2B+^<*t * 
ZB+3ec 



ZB,B+») »,<* 

2B, /3+0, Za 

SB, B+S», « 
ZB,B+Scc 

o pf tty ciy n 
30, ay 2 a 
3ft 3a 

3p'\'ay a, a 
j3+a, 2i9+a, a 
e + a,0+a,p^a 

jS + 2a, 2jS+a 
2|S + 2a, j3 + a 
3jS+2a, a 
Sj5+3a 



This involution contains every possible analysis of 
3*^ + 3^. In the same manner we obtain generally by the 

involution for \cfl0^y^ ic^] every possible analysis o^ 

aa+6jS4-ty+...+Sic. Itmay .'. be used with advantage 
in all those cases where it is required to represent analysis 
of this kind, with facility and without the danger of 
omission. In the numerical expression [cP], the opera- 
tion is merely reduced to a numerical analysis, respecting 
which information is given in the rule of combinations. 

But as to the coefficients of the terms, it is easily con-* 
ceived, that the rules (a) and (J), in 1, § XXV, in 
the case where the numerical expression [aPy,..X] is 
changed to [ofl0iy^...K^]y must undergo many modifi- 
cations, and first, for this reason, because in this case 
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more terms than one of the solution vanish, secondly, for 
the reason given in § XVI. But in order that we may 
not be obliged in the sequel, to break the thread of the 
inquiry by extraneous matter, we shall premise with the 
following auxiliary rules. 

SECTION XXVII. 

L— AUXILIARY RULE. 

Paob. Find in how many ways a given number of 
things may be placed in a determinate number of divi- 
sions, in such a way, that in each of these divisions there 
is a given number of these things, 

1. Solution for two divisions. 

Let A be the number of all the things, a the number 
of these things which are to enter into the first of these 
divisions ; •* • ^— a the number in the second. 

It is evident, that this is merely to find the number of 
combinations of the ath class in A things. Now this is 

_ }A . A'-'l .A-2 A'-a 4- 1 

""1.2. S a ' 

or if we multiply numerator and denominator by 1 . 2 . 
S^.^A-^ay and then in the denominator substitute of for 
A'-a: 

1 .2.3. 4> A — 1 . ^ 

1 . « . 3 axl . 2 . S...a^ 

in which a and of denote the numbers contained in the 
two divisions. 

2. Solution for three divisions. 

Again, let A be the number of things ; further, a, a^. 
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d^y the number In the first, second and third division, 

But in the first division the number a may enter in as 
many different ways as there are combinations of the ath 
dass in A things ; the number of these ways is 

_ A . ^— 1 A—a^\ 

"" 1 . 2.... a 

So in like manner the number of ways, in which the 
remaining A-^a things may be arranged in the second 
division in the number d 

__ A—a . ^— g— 1 A-^a^d-k-l • 

■" 1 . 2 d 

Each of these last combinations may be associated with 
each of the first, and the number of combinations which 
18 thus obtained is .'• the product of those two numbers. 
The number of ways, in which A things may be 
ttnmged in the first, second and third divisions, in the 
nanibers a, a/ a^' is consequently 

_ A . A—l . J — 2 ^^g— gZ-H 

""1.2. 3 a X 1 . 2 . 3 d * 

or, when the numerator and denominator are multiplied 

by l,2...a^^=l . 2 A-a—d, 

_ 1 . 2 . 3 . 4 A-^l . A 

"" 1 . 2 a ^ 1 . 2......d X 1 . 2 d^ ' 

8. SoltUion for four divisions. 

Again, let il be the number of all the things, &ai 
Of a/ a// aj" the numbers which are separately con- 
tamed in the first, second, third and fourth division, 
.•; a -f- a' 4- d' + d" = A. The number of cases, in. 
whii^ A thmgs may be arranged in the number d, 
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A .il-'l..>. A -■ a+ 1 

■~1 . 2 a 

The number of cases, .in which the remabing A— a 
things may be arranged in the number a' 

A-^a • A — a — 1 A— 'a — a'+ 1 

— 1 .2 a^ ' 

consequently the number of cases in which A things 
may be arranged, first in the number a, and then a^ 

A . il — 1 J — g -- g^ + 1 

""l . 2 .....g X 1 . 2 g^ ' 

The number of cases in which the number a^^ may, 
in the third division, be arranged firom the remaining 
A—a-^a' things 

A — g — g^ . A^a — g' 1 A — a — a^ — g'^+ 1 



a'' 



Each of these cases may be combined with each of the 
preceding, .*. the number of cases, in which the A things 
are arranged in the four divisions 

A . if — 1 j<— g-g^ — g^^4-l 

"" 1 . 2 ... g X 1 . 2 g^ X 1 . 2 g^' ' 

or, when we multiply numerator and denominator by 

1 . 2 g^//=l . 2 , A—a—a^—a^^ 

1.2.3.4 A 



III * 



1 . 2 ... g X 1 . 2...g' X 1 . 2....g^^ x 1 . 2....g 



4. Oeneral Solution. 

The conclusions drawn in 1, 2, 3, may easily be 
extended to any number of divisions. The number of 
ways in which A things may be arranged in n divisions, 
so that the first may contain the number g, the second 
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the number a'y the third the numbtt a^^, &c. ; lastly, the 
nth division the number a ^""'^ of these things, is • * • 

_ 1 .2.3 A—\ . A 

ExAHPLB. Place l6 balls in four divisions of 6, 5, 3, 
and S: in how many ways can this be done? — Here 
jisslGf a=6f a^=6, a^^=S, a^''^=2; consequently the 
required nmnber 

_ 1. 2. 3. 4. 5. 6. 7. 8. 9 10* 11 -12* 13. 14>. 15. 16 
""1.2. 3. 4. 5. 6x1 .2. 3. 4. 5X1. 2. 3x1. 2 
= 20180160. 

SECTION XXVin. 

//. — Auxiliary Ruk. 

pROB. The numbers Ay B, C, &c. of different kinds of 

tilings are given : find in how many different ways these 

/ numbers may be arranged in a given number, when in 

taA determinate division there shall be a given number 

of things of each kind. 

Solution 1. For the sake of perspieuity, I shall assume 
. the particular case, that there are only three numbers of 
a different kind given, which are to be arranged in four 
' divisions^ so that in the first division there are a things 
of the first, b things of the second, and c things of the 
third kind ; and that a^ V, d ; al'^ V, d' ; a!f'^ V'\ d'^^ 
dciniDte the same for the second, third, and fourth divisions, 
ftff 0,6,0, do for the first, r.a-Ya^-^af^+af^^stAyl^ 
y+J^^+y/^rrSjC+c^+c^^+c^/^rrC. FurtheT, let 

H 
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^ 1 .2.3 J — 1 . ^ 

"" 1 • 2...0 X 1 . 2 ... a^ X 1 . 2.-o^^ x 1 . 2 ... a!^^ 

y_ l .2.3 J? — 1 . g 

■"l, 2...i X 1 .2 ...J^ X 1 .2 ...i^^ X 1 . 2 ... b^^^ 

X//-. ^ « 2 . 3 C — 1 . C 



S. Then, from the preceding §, X is the number of ways 
in which A can be arranged in four divisions of a, a\ af^j 
a!^^ things^ X^ the number of ways in which B things can 
be arranged in four divisions of 6, V^ V\ 6^^^ things, and 
X^^ the number of ways in which C thin^ can be arranged 
in four divisions of c, c\ d'^ d"* 

3. But it is evident, that each of these divisions may 
be combined with each of the other two divisions in all 
possible ways* Now, since the number of these combina- 
tions is equal to the product X X^ X^^, in like maimer the 
number which arises as often as the numbers Ay B^ C» 
agreeably to die proposed conditions, are combined together 
=XVV^ 

4» Whafe has been here proved for three nimibers and 
four divisionsj, can,, in a similar way, be proved for every 
other number- If .-. X^ X^ X^''^ X'% X'', &c. are 
similar expressions isx the numbers J?, C, 2>, jE7, JP, && 
as X is for the number A^ then the required number is 
always «X X' X^^ V'^ X"^ X% &c. 

£xAMP]^E. There are 40 balls of four . colours, 
viz. 10 red^ 14 bhe, 9 green, and 7 whijte: show 
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in how many different ways these 40 balls may be 
arranged in three divisions, so that in the first division 
there may be 7 red, 5 blue, 3 green, and 2 white ; in the 
%0cxiDd division 2 red, 6 blue, 4 green, and 1 white ; and 
i& Ae third 1 red, 3 blue, 2 green, and 4 white. 

Here il = 10, £=14, C=9, 2>=7; a=7, ft-5, 
€=3, d=2; a^=32, J^=r6, (/=:4, d^ =s 1 ; a''=: 1, 

1 _ 1>2. 3. 4. 5. 6. 7.8. 9. 10 _ ^ 
"" 1.2.S,4.5.6.7xl.2xl "" 

y _. 1.2.3.4.5.6.7.8.9.10,11 '^^'^^'^^ — Igfllfig 

"" 1.2.3.4.5.6x1.23.4.5x1.2.3"" 

X^^ ^ ^'g'^^' ^6-7. 8. 9 ^ 
1.2.3.4x1.2.3x1.2 

\/// _. ^»^'3.4.5.6.7 ^ iQc 
1.2.3. 4x1 .2x1" 

The required number of possible divisions is . • . 

= XX'^X^^X^'^ = 8009505504000. 



SECTION XXIX. 

///. — Auxiliary Ruk, 

Fbob. Let there be more numbers y^, i?, C, &c. of 
tiling of different kinds. It is required to arrange these 
dungs in ju+/M^+/L£^^ + /i^^^+&c. rows, so that in each of 
llie /u rows there may be a things of the number A^ 
> b things of the number i?, c things of the number C, and 
80 on ; in each of the fi' rows, a^ things of the number A^ 
V things of the number B, d things of the number C, 
and so on ; in eadi of the \i!^ rows, J^ things of the num- 
ber Ay V things of the number .9, d^ things of the 



52 

number C, and so on. Find the number of all the pos- 
sible divisions. * 

Solution 1. If all the rows were different from one 
another, as, for instance, when they are represented by 
different numbers, then we could have applied the formulae 
of the foregoing ^to this case. Then 

. _ 1.2.3 A "• I .A 

"" (1 . 2...a>*x(l . St...a^yx (1 . ^...d^y x &c. 

V_ 1 ■ g - 3 g— 1 . g 

(1 . 2...i>*x(l . ^...Vyy.(l . 2..M0'^'' X &c. 

V/_ 1 » 2 - 3 C — 1 . C 

"" (1 . 2...c)'*x (1 . 2...(/)^'xCl . 2...c^0'*"x&c. 

&c. 
and the number of all the possible divisions, as in the 
preceding §, = XX^ X^^ X^^'' &c. 

2, But since the problem only requires in general, that 
the ft rows should be arranged with the combina- 
tions of a, b, c, &e, things, the fx^ others with the combi- 
nations of a', i^ {/, &c. we must .*., as we know from 
the rule of combinations, multiply the number just found 
by 1 . 2 ... jtc X 1 . 2 ,.. ju^ X 1 .2.., f/^ X 1.2 ... [j/^^ 

X &c. 

3. The required number of all the possible divisions, 
according to the conditions of the problem, is . ' . 

XVV^V^^&c. 

^ 1 . 2...jLt X 1 .2 ...jj/ X I . 2 .../i^^ X &c.' 
Remark. Any one of the numbers a, i, c, &c. a\ b\ c/, 
&c., &c. may be = 0. This happens, for instance, when 
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ifi a certain row, or in more rows at the same time, one 
(ir other of the different kinds of things is altogether 
wanting. In this case, it is only necessary, for self- 
evident reasons, to omit from the denominators of X, X^, 
X'^^'&c. those of the products 1 . 2 ... a, 1 • 2 ... 6, &c. 
Wbidh^^i^r to the deficient numbers. 

SECTION XXX. 

]Pkob, Find the coefficients and the signs of the terms 
m the solution of [o^^y^ ... ic&]. 

SqbUion 1. If in the numerical expression [a0'yS...o>] 
more radical exponents than one are equal to one another, 
eopsequently, wh^i this expression assumes the form 
[efi0^y^ ... ic^], then the terms of the solution have the 
knowing general form : 

(aa + bp -f cy + ... + fZj 
X (a^« + l/p-^(/y + ... + I'X) 



[^ 



&c. 



2. Since in each term of the solution of [a^yS ... cu], 
all the letters a, j9, y, ... o) are divided into simple and 
compound radical exponents (Remark, ^ 34) ; then, like- 
vrise, in the case when this numerical expression assumes 
the form [cfi0^y^ ... ic*], in each term (yp) 

a + af + a^' + &c. = a, J + ^ + i^^ + &c. = 6, 

c + c' + (// + &c. = (, &c 
m^ in other words, the radical exponents of the numerical 
txpr^ions, which occur in each term as factors, are no 
other than the divisions of Ha -^ h0 + ty + ... + &fc, 

^ H 3 
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as was already observed in § XXVI. We must now, in 
the first place, find how many terms of the solution of 

[a0y (o] must be combined to form a term of this 

kind. 

3. If we consider those radical exponents in [aPy.^.w] 
which = a, as things of one kind, whose number = A ; 
those which are = 0, as things of a second kind, whose 
number = h ; those which are = y, as things of a third 
kind, whose number = fif, and so on ; the question 
merely becomes, to find how many terms of the solution 
of [ajSy...w] are to be combined with the term (\p) ; in 
how many ways the numbers a, 6, r, ..., it of things of 
different kinds may be arranged in divisions or rows of the 
respective numbers a, i, c, f; dyV^d^ V ; 

4. Since this is exactly the problem in § XXVIII, 
when we put A = a^ 5 = i&5 C = r, &c. we obtain, 
when N denotes the number of the terms of [a^y ... o>], 
which are to be combined with (^) 

j^^_ l .2.3 a— 1 . a 

1 . 2. ..a X 1 . 2...d^ X I . 2...a''^ x &c. ^ 

1 .2 .3 i-^ 1 .i 

1 . 2...6xl .2...i'xl . 2. ..4^^ X &C. ^ 

1.2, 3 t — 1 . r 

^ 

1 • 2 ..f Xl . 2..,t^ X 1 . 2...t^^ X &C. 

&c. 

5. Each of the terms which is combined with {(f), hf 
§ XXV. 1 . (b), has the coefficient 
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. "I . 2...WI— 1 X 1 . 2...m^ — 1x1. 2...m^^— 1 x..,.r* 
when we put a + i + c + &c. = m, o^ + 6^ + (/ + 
&c. = m\ a!' -\-V' '\- c'' + &c. = m!'^ and so on. 

6. By § XVI., when [aj3'y...(o] is transformed into 
[fl^/Sfty*...!^], the latter expression must have a coeflS- 
dent K, by which .*. each term of the development, 
consequently also the term (^), must be divided. But 
by the same § 

K !^s X • <6«**a X x . /b*»«]i X ]> • %«..r X ••• 

7. From 4, 5, 6, it follows, when the coefficient of the 
t6rm (i/^) is represented by £, that 



K^ 



1.2...m— 1 X l.2...m'— 1 x 1.2...m^^— 1 x&c. 



N 



1.2 ax 1.2 fix 1.2 tx&c." 

or if for N its value in 4 be substituted 

1 . 2...m— 1 X 1 . 2...m^— 1 x 1 . 2...m^^— 1 X&c. 



£=s 



1 . 2...a xl.2...i X1.2...C x&c. 
X 1 . 2...a^ X 1 . 2...fr' X 1 . 2...(/ x&c. 
X 1 .2...a^^xl .9....V' XI . 2...c^/x&c. 

&c. 



8. Hitherto it has been assumed^ that all the nume- 
rical expressions which occur in the term (;/>) as factors, 
are different from one another. If this be not the case, 
or if the term have the form 

((w + 6/3 + C7 + ...... + fi^y 

+ (a'* + V& + i/y + + VXf 

+ &c. 
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then the number of divisions (§ XXIX.) which the 
numbers a, i, tj &c. admit of, is 



X « 


2 
2 


• •• fJL 
■ 3 •• 


X 1 


.2 


... ft'' 


X 1 


. 2 


... jU 


x&c. 
1 . « 
















(1 


.2. 
3 




x(l. 


2...a0'*': 


><(1. 


2.. 


.6 - 


x&c. 
1 . ^ 
















(1 


.2. 
2 


..fty 


x(i 


.2...^)'^ 


x(l 


» z •• 




x&c. 
1 . f 



















(1 . 2.,.C)^ x (1 . 2...&y X (1 . 2...(/0''" + &C. 

&c. 

9. But from § XXV. 1 . (6), the coefficient of every 
term which is combined with the term (;/>) 

= (1 .2...m— l/x(l .2...m'— 1/x 
(1 .2...m'^— iy"x... 
Further, as in § VI. 

ic = 1 . 2 ...IC X 1 . 2 «..i X 1 • 2...( X ... 

10. We • * . have for this case 

r(l . 2...m— I)'* X (1 . 2...m^— 1)'*' xt 
L (1 .2...m^^-l)'^^x&c. J ^ 

1 . 2. ..a X 1 . 2. ..6 X 1 . 2. ..J X &c. ' 

or^ when for N its value in 8 is substituted, 

(1 .2...m— 1/ + (1 . 2...m^-. lY x 



r(l .2...m— 1/ + (1 . 2...m^-. l)/*' XT 
L (1 .2...W^-.iy'' X &c. J 



1 . 2 ... /i X 1.2 ...jti^ X 1 . 2 ...f/^ X &cT 
X (1 .2...a)'*x(l . 2...afy x(l .2...af^y x&c. 
X (1 .2...6)'*x(l .2...y/'x(l.2...y^y*''x&c. 
X (1 . 2...C)'* x(l . 2...c^)'*'x(l .2...c^0'^' x&c. 
X &c. 



ft 
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or 
11. 

r(l . 2 . . . m — 1)^ X (1 . 2 ... m^ — 1)^' X 1 
jp_ L (1.2. ..nJ^'-xY X &c. J 

r 1 . 2...'* X 1 . 2...'*' X 1.2... **" X &c. 
X (1 . 2. ..a X 1 . 2...i X 1 . 2...C x &c.>* 
X (1 . 2...a^ X 1 . 2...i^ X 1 . 2...c^ X &c.>*' 
X (1 . ^...d' X 1 . 2...6/' X 1 . 9,...cl' X &C.> 

>-x &c. 

12. This expression for K includes that in 7$ because 
we obtain the former when we substitute /i=ju^=jLt^^s=&c. 
= 1 in the latter ; it is consequently quite general, and 
obtains for all imaginable cases. 

In the case where one of the numbers m, nJ , rtJ'y &c. 
887f7t,= l> we must, instead of the product 1 . 2...m— 1, 
merely put 1. 

13. The sign of the term ()//) is always the same as 

that of the expression (Tm)'*' x (+W)'^ x (WQ^", 
when every time we merely give the numbers m, m'y iml'y 
&c.» the sign— when even, and the sign + when odd. 
The reason of this follows from § XXV., 1. (c.) 

Example. Determine the coefficient and the sign of 
the term 

(So + 7^ X 2y + 48) (5o + 47 + S)' (5a)* 
of the solution of (a^^^^yi^S^). 

' Here aK3, 6=7, c=2, J=4; al—by ^=0, c^=:4, 
d'=l; d'^5\ further jti=l, /i^=S, ii!^^^\ ..m=, 
a4.i+c+d=l6, m/=a/ + 6'' + (/ + d^=10, m'^^d^^S. 
We have consequently from tho formula in 11. 
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"" 1x1.2.3x1.2.3.4 

X (1 . 2. 3 X 1 . 2 ... 7 X 1. 2 X 1 . 2 . 3. 4y 

X (1.2.3.4,5 X 1.2.3.4x1)^ 

Lx (1.2.3.4.5)* 

500594094 

g= ' ' ' ^ ^. 

25 

The sign of the term is the same as that of the ex* 

pression (— l6y x ( — 10)^ x ( + 5)*, consequently +, 

SECTION XXXI. 

In <Hder to render what has been already advanced 
more intelligible, I shall here give the complete solution 
of the numerical expression (a^/S*), which has already 
been made use of in § XXYI. as an example for the 
representation of involution. The terms are arranged as 
they are there found. 

^ Ca)» (e)»-i, (4) (2«) (^)»+ A (So) (is)« . 

- i (0)' i»' + ^) - A (flf (^) (2 iS) + i («) (3 «)(^) (2^) 
-J(8«) iff) (90) + iC-yCfS) (a + S$) + i(«.)(^)(a + 0f 
-i(2«X^X«+2/S)-(i3)(a+^)(2a+^)-Ka)(|S)(2o+2^) 
+ i (0) {Sa + Sj8) + Ko)'(2|3) (« + iS) - i (2«) (2|8) (« + ff) 
-i(«) (2|S) (2a + 19) + i (2g) (Sa + jS) + tV («)" (3?) 
-Ka) (2a) (8)5) + J (8a) (80) - i (a)« (a + 3iS) 

- (a) (a + iS) (a + 2jS) - |(a + /5)' + i(B«) (a+8j8) 
+ (o+2|0(««+?)+i(o+^)(2o+S^) + «(o)(2« + 8g) 
-V*(8o + 8jS). 

From this example ve shall eleariy perceive, how we 
are to proceed in every other case,, and it soems to me 
unnecessary to add any thing more. 
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I1I,*-On the values op the fukctiovs of the 
soots of an ectuation which are not sym- 
metrical, and on the method by which to 
make these values dependant on equations. 

section xxxii. 

SYMMETRICAL functioas differ from the others 
m t)d^ that in the first place they contain all the roots pf 
lbs givea equation; and secondly, these roots are so 
anribined with one another^ that the functions in 
mA transpositicm are changed* For this kind of 
liui0li^sS| it is sufficient only to mention in general the 
tbrai.c^ the combination, without re&rring to the roots 
thmselyess beeauae we are always sure before-hand to 
dt^m the same results in the composition. Thus, for 
<Mtafiff>i die es{>ression (12) is fully determined, although 
by {be notation nothing more is indicated, than that we 
ait tPt«be the sum of all the products which arise from 
i|iti6O0ibi»ation of every root with the square of another. 
A fimellbn of this kind .*. can only have a single 
ndue, mi this value is no other tbap that, the way to find 
jriuAy was shown in the foregoing §• It is, as we have 
lAmdyMen, in reference to tbe ^oeffidents of the given 
flqiiatiiWi» idways rational, ai^d it must necesi^ily b^ so, 
hmm^ «tbenviie the function wc^ld hftve more y^ues. 

But tllis 13 not the case yrkh the other functions. If 
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we merely wished to give the form of their combination, 
we should not by this means alone be able to determine 
the function. I^ for instance, a, by c, be the three roots 
of an equation of the third degree, then indeed the sum 
of all the three roots a-f ^ + c, can only be expressed in 
one way ; on the other hand, the sum of two roots, in 
three different ways, viz. by a + J, a + c, b + c; and the 
difference of two roots may be expressed in as many as 
six different ways, viz. by a— 6, 5— a, a— c, c—a^ b-^Cy 
c—b, A function of this kind consequently has more 
values, which arise partly from the substitution of the 
roots it contains for the remaining ones, and partly from the 
transposition of these roots. None of these, so long as the 
roots a, by c, &c, arc undetermined, can be found by 
themselves without the others, because otherwise there 
would be no reason why we should exactly find this or 
that value, and not the others likewise. Hence it 
follows, that the value of every ifunction which is not 
symmetrical, can only be express^ by an equation which, 
at the same time, .includes all the values which the 
function can contain by substitution and transposition of 
die roots. 

Whatever may seem obscure in these general observa- 
tions, the following problems will render clear. I here 
remind my readers, once for all, that I shall not in future 
denote the roots of the given equation, as heretofore, by 
a, by c, dy &c., but by oi/, x!\ y/"y »'% &c. This I do, 
partly, because this notation has been adopted by nearly 
the whole of the modem analysts, and because it Js 
always desirable to retain the mode of notation already 
adopted, if it can be done without disadvantage ; partly . 
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alflo^; because we are accustomed to associate with .the 
first letters of the alphabet, the idea of determinate nu- 
merical values; while, on the contrary, here for instance, a/ 
denotes neither this nor that determinate root, but gene- 
nUy- any .root whatever, and the dashes over the 2* are 
put Ibr the sake of distinction* 

SECTION XXXIII. 

Frob. From the given equation of the third degree 
a^ — Aoi^ ^ Bx— C :=^Q 
determine the value of the function x^3c^\ without knowing 
the roots of the equation* 

SUvtidn 1, Since j/, j/^ o/^'',. are the roots of the given 
equati(m,' we have 

a/ + ^^ + ^^'' = A 
a/a/' + x'j/'' + x"' a/'' =^ B 

a/a/'a/'f = C 
and from these three equations we must endeavour to 
detennine the value oia/a/\ 

.* S. With this view, put a/j/^ = ^, substitute this 
Talue in the second and third equations, and multiply 
llie first equation by a/^' ; this gives . 

e + x'oc^'' + a/V/^ = B . 

x^'H = C 

If we.subtract the first of these equations. from the second, 

C 
and then substitute for a/^' its value — ^^^^ ^^^ xhicA 

equation, we obtain the following equations for t :. 
f — Bl' + ACt—a = 
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The value of x^x^^ can only be found by the sdution of an 
equation of the third degree. 

& If we had put a/x^^\ or a/V^^ = /, we should have 
fimnd the nme equation. Hence we may safely oo&dude, 
that the values x/x^^^ x/a:f^'\ xf^x^^\ must be the three roots 
of the equation found. 

4. This consequence might very easily have been 
foreseen. Since, then, there is no reason why the equa- 
don for t should give exactly the product x/x/\ and 
not also the product x/x^^\ or j/V^^, as the three roots 
y 9 o/^, ^^\ are m sooie way contained in the given equation, 
consequently it must necessarily be of the durd d^ee. 

& We could •*• also have £>und this equation in a 
direct way. Since, fiwr in8tance,ya/^, »V^^, a/V^^, must 
b^ the three roots of the required equation, consequently 
it can be no other than the following equation : 

it - a/a/0 (t - 9/x/'^) - «^'«^'0 = o. 
If we aetuafiy mult^ly the three factors in the first part, 
we obtain 

+ Qx/^x/^x'^' + x/x/^x/^^ + a/y V//«> 

- x/^x/^x^^'^ = o 
or since^o/^ + x/x'^' + x/'x/'^^B.x/^x^^x/'^-Vx'x/'^x^''^ 
9/x/'x/f^ ^{xf Jf^' -^ O ^3i/'xf^*^ACy a/V/V^/2:e 
ix/x/^x/^^^ = C^, the same equation as we have above. 

Example. In the equation j^ + jt* -^ 8^;r — 60 s= o, 
^ = — 1, jB= ^,«2; C=^i60; .•, we have 
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|3 + S2i« - 60« — 3600 = 0, 
an equation^ whose roots are the product of every two 
roots of the former equation. Thus the roots of this 
aqiMition are + 10, — 12, — 30, and the roots of the 
former are— 2, — 5, -f 6. 

Pbob. From the given equation of the fourth degree 
0^ — ^x^ + 5j:^ — Cr + D = o 
determine the value of the function o/^. 

Scbtiion 1. Since aU the roots are contained in the 
^ven equation in the same way, and for the root whose 
square is required, nothing nearer can be determined; 
eonsequently the square of one of the roots cannot be 
fimnd, without at the same time finding the squares of all 
die remaining ones. Therefore the equation by y/bidi 
x^ is expressed, must necessarily be of the fi)urth d^ree. 

% If •* • we put j/^ s: t, then the equation which 
(Bj^ves the value of t must be of the fourth d^ee, and its 
toots must be a/^ o/^*, x^^'^ x^^. This equation is."» 
^oomposed of the four particular equations 

t^x^^ = o, « — a/^ =0 
« — a/^*^ = o, t -x^"^ =0 

and consequently is no other than the product of these 
lafit. By actual multiplication we have 

i4^f/^ + x/^x/'"^ + x'^x'''^ + ^/V//« + a//2^* + ^/ V*)«^ 
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It only remains now to express the coefficients of this 
equation by the coefficients of the given one. 

3. But this equation, when we use brackets, may be 
thus represented : 

<4 _ ^2) fi ^ (22^ ^ _ (23) e + (2*) = o 

and the values of the numerical expressions are obtained 
directly from the annexed Tables. Thus, since the 
coefficients Ey F^ &c. =: o, we find 

^2) = ^2 - 2S, (22) =. JB^ - 2AC + 2A 

(23) =: C* -- 2SA (2*) ^ ^> 
By substituting these values, we have 

<* - (^ - 2S)<3 + (5* - 2^C + 2Z))<2 - 
((? - 2jBZ)) « + i)2 = o 
whj^ is the equation sought. 

4. We could also have found this equation in the fol- 
lowing way. Put ^2 = «, or X = ^/ tj substitute this 
value of :r in the given equation, and place all the terms 
in which ^ t v& involved on one side of the equation. 
Hence we obtain 

<2 + Bt + D = {At + C) ^/t. 
If this equation be squared, and properly arranged, we 
obtain the same equation as in 3. 

Example. In the equation a?* + lOz^ 4- 25x2 ^^x 

- 12 = o, we have ^ = - 10, jB = 25, C = 2, Z)= 

— 12. The equation, whose roots are the squares of the 
roots of this equation, is .-. 

(4 «, 50 <3 ^ 54,1 ^ _ 504 1+ 144 = o. 



.♦»■ 
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The roots of the former equation are —3+ a/5, —3— \/5, 
.^—2+ \/7, —2— \/7 ; the roots of the latter are .14— 
6\/5, 14i+6\/5, 11 — 4\/7, ll + 4v'7; these last are 
the^squares of the former. 

SECTION XXXV. 

Pbob. From the given equation of the third degree 
«3--4a^ + Sx-C = o 
find the value of the function oj/s/^-^rhj/^^. 

SolutUm 1. The equation, by which the function axfx/' 
'\-hxf" is expressed, or on which it depends, must con- 
tain all its possible values. Since in this function all 
the three roots occur, it is only necessary, in order to 
find its different values, to transpose these roots in all 
'pdaaiUe ways, and retain those of the results which 
difo from one another. But the results of these trans- 
pontkmsare 

(w/V+ftx^^ ax^/V+Ax//, oy^V^+ia/ 
a no p g it which there are only three which are different 
fiom one another, viz. 

ax/3/'-\'bj/'\ ax'3/''+ba/', ax^^a/^^ +bx^. 
The required equation must consequently have these three 
fitnetions for roots. 

!t. If ;*. we denote each of these undetermined func- 
tioiu by tf we then obtain the three particular equations. 

t - (ojV^ + &j/^0 = o 
t - (ax^x^^^ + bx^^) = o 
i - (aj^V^^ + fct^) = o 
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and the product of these gives the equation, from which 
the value of each of the three functions must be de- 
termined. It may be represented by 

fi - A^t!" + B't - C = o. 

S. Then 

= a(l8) + &(l) 
B' = (oji/j/'+bx/^^) (axV^^ + &j/0 

+ (oj/a/^ + fti/^O (or' V/^ + bj/) 
+ (aj/x'^^ + bj(/') (ax''a/'' + bj/) 

= a«(l»2) + ai(l 2) + i^ (l^) 

If for the numerical expressions we substitute their values 
firom the annexed Tables, we then obtain, since 2), E, 

J'^^aB+bA 

B'z=z(fAC+ab (JB-^SC) + b^B 

a^^f^C^ + a^b{A^C^2BC)+aI^iB''^^AC)+b'C, 
and consequently the equation on which the required 
function depends, is 

fi-(aB+bA)t^+[a?AC+abCAB'^3C)l+¥B]t 

SECTION XXXVI. 

P&OB. From the given equation of the third d^ee 
jfl-'Ax^-^Bx'-Cszo 
find the equation on which the fimotion xf^jf' depends. 

Solution* The function x'^-x** contains the six folbw- 
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tog values, which arise partly from the substitution, and 
partly from the transposition of the roots : 

The required equation is . * . the product of the following 
six particular equations : 

e « (a/ - a///) = o, t -f (:r^ -:r^^0 = o 
t - (x//- x^/0 = o, < + (a^^-^^0 = o 
inr, when every two of the opposite equations are multiplied 
together, the product of the three following equations : 

t^ - (x' - a/y = o 

from which it follows, that it only contains even powers 
oft Let.-. 

^6 - J/(^ + £^^--0 = 
he this equation ; then 

^' = (a/ - x'y + (x' - x^^y + {x^^ - x^^y 

= 2(2) - 2(1«) 

JB' =r (l^-X^OH^-^^'O' + Cx^-X^yix^'^-X^y 

j^(jj^jjiy{jj'^jjiy 

= (4) + 3(2*) - 2(13) 

c = {x/''x"f{3/'-x/'y{x/''^xf^y 

= (24) - 2(3^) -6(2^) + 2(123) -2(1«4) 
Now, if we take the values of the numerical expressions 
from the Tables, after the proper reduction, we find 
A' = 2 J« - 65 

^ C^ = A^m - 4J5« - 4J3C + isJfiC— 27C« 
and . * . the required equation is 
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<« - (2^* - 6B) t^ + (A^ ^ 6A^B 4- 95") «' 
- (.A'^B^-^^E' -^ 4^3c + isABC - 270) =o, 
whose roots are the differences of the roots of the given 
equation. 

Example. In the equation x^ — 8^^ -f 19^ — 12 = o 
-4=18, S==19, C=12; .'.^/=14, S/=49, C/=36, 
and consequently the equation for the differences is 

t«— 14<^4- 49«2 — 36 = 0. 
The roots of the first equation are +1, +3, +4 ; the 
roots of the last are +1, —1, +2, —2, +3, —3, as 
required. 

SECTION XXXVII. 

Prob. From the given equation 

^ - ^^ + Sj: - C = 0, 

j/ 
find the equation for the fraction --^. 

a/ 
Solution 1. The function ^, by the substitution and 

transposition of the roots, contains the six following 
values : 

*Af Jb ^ \A/ uU ilv 

1^' 'V 1^' IT' 7^' 7^' 

The equation by which these functions are expressed, 
is . • . of the sixth degree. 

2, This equation is represented by 

(6 _ 4/^5 + B't''-^ Oi^ + Bft^ - E't + JF^ = o, 
consequently A' is the sum of the functions given in 1, 
B' the sum of their products^ two and two, O the sum of 
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their products three and three, and so on. Hence, after 
the usual reduction, we get the following values: 

3/x"x"' 

^(12) 
(1») 

x'*x"*x'"* " 

= S 4. (1^ 4. ( 3!)±0!i) 



t 

If we proceed further with the calculation, we find the same 
.tBcptes&ion for ZK as for B\^ni for £^ the same expression 
.« fer A^; further, JF^, as the product of all the above 

flix functions, = I. 

• S. Now, if we substitute for the numerical expressions 
their values taken from the Tables, wc obtain 

AB-SC 



A' = E' = 



Bf = zy = 



c 

B" - 5ABC + A'C + 6a 



^ _ 6JBC- IC^ + A'B"- — ZB^ - 2^'C 
c ^ 

F'= 1 



# 



70 

and these are the coefficients of the assumed equation 
for t 

Example. In the equation a^ -f 2r — a? — 2 = o, 
we have -<rf = — 2, 5 = — 1, C = 2. Hence we find 

^/ = JS' sx -2, B^:=ziy^ H, O ^^X Consequently 

4> 2 

the required equation is 

^6 + 2i5_lf^_lZ^_l!^^.2^+ 1 =0 
4 2 4 

The roots of this equation are — 1, — 1, — 2, — i, 

+ 2, + i> which must be the case, since + 1, — 1, — 2 

are the roots of the given equation. 

SECTIOK XXXVIII. 

The equations for ^ which we found in the fore- 
going §, and which may be found in a similar way for all 
other fiinctions^ m^y^ in reference to those which are 
given, be called transformed equations. The d^ree and 
form of these last depend upon the functions whidi we 
assume for t. In the functions of which we have hitherto 
treated, the transformed equation has always been either 
of a higher or of the same degree as the given one. But 
there are fimctions for which the given equation is of a 
lower degree ; and in this case it can sometimes serve to 
solve the given equation, as will be shown by the two 
following examples for equations of the fourth degree. 

SECTION XXXIX. 

Prob. From the given equation of the fourth degree 
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find the value of the function x^i^^ -h xf^'x^^. 

SoltUitm 1. Since in the function aV^ + x^^^x^^ all 
the roots oocur at once, they can only alter their value by 
transposition. But the four roots x^^ x*'^ x^"^ x^^, may 
be transposed in 1 . 2 . 3 • 4 = 24 ways, and the results 
thus obtained are 

x'x^' + x'''x'\ aV^/ + x'U''\ aV^ + o/V^/ 
x/x^^ + x'V^ x'x'^' + xf^xf', ^x^^ + J/'V^ 

x^V + x^V^ x^^V + x^V^ x^V + x^^'V/ 
x^^V^ + xV^ x^V + x^x^/^ x^V^^ + x^x^*^ 

•» Jb "^ X «l' * ut X ^^ X X ^ X X ^p XX 

It is immediately seen, that eight of these results, which 
lie in the same vertical column, are always equal to one 
tfiother, and that also the function can have no more than 
^ three following different values : 

9/9!' + x/f'x/\ x!x!" + x^V^ oJx!'' + a/V^' 

The transformed equation is consequently of the third 
Aigiee, and its roots are the values just mentioned. 

% XiOt this equation be expressed by 
0^A'^ -fS^I-C^ = o; 

then, from the nature of equations, 
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A' - (3/3/' + x'^VO + (^a:''' + a:' V) + (x^x^" + x^ V) 

= (1*) 
S'=(xV''+x'"VO (^^t'/'+x'V) 

+ (x^x^' + x^'' V) (x^x^^ + x'V'O 
+ (x/x^^'+x^V) (xV+x^V) , 
= il'2) 
C"=(x'x''+x''V) (x/x'/z+x^V) (x^x'^+x^VO 
= C2S) + (l^S) 

3. Now if we take the values of the numerical expies- 
sions irom the annexed Tables, and then substitute for 
A^^ B\ C\ their values found in the assumed equation, 
we obtain the required transformed equation 

I shall now proceed to show what use can be made of 
this equation in the general solution of equations of the 
fourth degree. 

SECTION XL. 

Let it be assumed, that we can find a root of the trans- 
formed equation ; let t' be this root, . • . x/x^' + oc^"x'^' =^t' > 
It only remains now, firom this equation, together with 
the others, which express the known relations between 
the roots and the coefficients, to determine the values of 

For this purpose, combine, first, the two equations 

These give 

= «/2 _ 4/) , 

^^l-// - jt/Z/jc^^ =: ^ (^2 - 42)) 
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Gombine the two equations 

(j/ + o/O + (^'^ + z^ = ^ 

These give 

^ , ^/_ ^J^J'' - B _ At! --9.3 A 

Now we know the values of j/x^^, j/ + a/^, j/"xf^^ 
zf'' + y. From the two first of these values we can 
determine the roots x\ j/^, and from the two last the roots 
aff'\ xf^\ merely by the solution of quadratic equations. 

In this solution it b only sufiUcienc to know one root of 
tfae transformed equation. 

SECTION XLI. 

Pkob. From the given equation of the fourth degree 
a;* - ^a^ + J8i« - Cx + 2> s 0, 

determine the value of the function (j/+x^'— a/^^— j/*")*. 

-* 

iSbtotoit 1. If we proceed with this function, as we 
Imve already done with the functiou a V + a/^'x^j^ we 
ihall then find no more than the three following different 
Tables: 

whidi oomtequently likewise depend on an equation of the 
third degree. This equation we could find in the usual 
4- L 
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way : the following method, however, in this case, leads 
mi^ch more readily to the de$iied object. 



\ 



9.. Thus if we put {x^ + a/^ - x^^' — x/^f = t: 
then 

t=zx/^ + x/^^ + ^//2 + X^^ + ^x/x/^'-Zx/x/''^ZX^x/^ 

=x^2-45 + 4 (:iV^ + x/^'x"^) 
and.*. 

8. Now since x^x/^ + x^^^x^ is exactly the function for 
which in § XXXIX the equation 
^3 _ Bfi + (AC ^/^D)t'-(^C^'- 4iBD 4- AW) = 
was found, consequently in this equiition it is only necessary 

to pu* 2 f®' ^' Hence we find the equation 

642>) <-.(^-4J5+8C)«=*0, 
whose roots are the functions given in 1. 

Hence also we may obtain, as In the preoediug §, a 
solution of equations of the fburth d^ree, which may be 
seen immediately ; only it is here assumed, that tSt the 
three roots of this equation are already found. 

SfiCTIOH xui. 

Let tfy tf\ t!^\ be the three roou of the traasformfld 
equation in the foi^ping §» then we have 






and consetjucutly 

If we combine these three equations with 

we obtain, merely by addition and subtraction, the follow- 
ing expressions for the roots : 

^ ^ ^/ + ^/<^ + Vt^' + K^^'' 



j/^' = 
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^/ 


+ 


■Vt' 


— 


v/i^^ 


— 


n/^''"^ 










4 






^ 


— 


^/<^ 


+ 


V«^' 


— 


n/«^// 










4 






v/ 


— 


a/«' 


— 


Vf^'' 


+ 


v/<^// 



4 

Instead of which . * . we have, so soon as we have solved 
the expression for 2, the four roots of the given equation. 
But here there appears an evident difficulty. Thus, 
since in the values of a/^ a/^j a/^\ j/*', there are three 
roots Vt^f s/i"^ 'Ji'"^ and these roots may be assumed 
to be either positive or negative, — the question is, how 
we are to proceed in order to determine the signs. For this 
purpose consider the last term of the transformed equation. 
Since this term must be the product of its three roots, we 
have 
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A'^-4>AB+8C=Vt^fH'^' = '/t'. >Ji!'. 's/t'". 

Now if h?—^AB + 8C be positive, then also the product 
Vf* . ^fl" . >Jl"' must be positive, and consequently the 
signs can only be combined together in the four following 
ways : 

+ -.ft', + ^ft", + s/l'" 

+ ^t', - ^fi", - Vt''' 

-,- sftf, + ^ft", - ^t'" 

- ^t', - ^t", + >^1/" 

and these combinations give the above values for 3/, x/'. 

If, on the other hand, A^ — 4iAB + 8C be negative, 
then the product </t' . \/l" . ■\-t"' is also negative, and 
consequently in this case the signs can only be combined 
in the four following ways : 

+ ^/t', + ^/<^ - ^f1/" 

+ Vt', - Vt", + ^/t'" 

- ^ftf, + '^t", + 'Ji'" ' 

and these combinations give the following values for x/^ 






a^ = 



x" = 



3/" = 



a:'" 



A + 


Vt' + 


>/i" - 


s/t'" 


A + 


j^e 


4 


>Jl"' 


A- 


^/a + 


4 
'jt" + 


•Jt'" 


A - 


>ji' - 


4 


>Jt"' 



4 
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Example. In the equation or* —3x^—1 5jr* + 19j: -H 
30=0, ^=3,jB=— 15, C=— 19; i?=30. These 
values, when substituted in the transformed equation, 
gire 

fi — 147/2 + 317n -- (+ 55y 
The roots of this equation are 1, 25, 121. Now since 
here -4^— 4^5+^ C= +55, positive consequently, .* . 
die four first values for a^, x^^, j/^^y x^^ , must be taken, 
and these give j/= 5, a:''^=— 3, a/^^= —1, x'^rr+g. 

SECTION XLIIT. 

Pbob. From the given equation of the indeterminate 
nth d^ee 

0^ — A^r-^ + 5jc«-2 — Cjif'-^ + &c. = o, 
find another equation for the squares of its roots. 

Solution 1. Let the required equation have the roots 
a/*, a/^2, a/''^, a?"'^, &c. it must consequently be composed of 
the n simple equations ^— x^^=o, ^— a/^^=o, t—(x/^^^=io, 
ftc. Hence we have, as in § XXXIV, the transformed 
equation 

f - (2)r-i + {r) r-2- (2^) r-3 -f (2*) f-4) + 

± {9r-^)t HF(2") = 

Hie numerical expressions may either be taken imme- 
diately from the Tables, or may be found by the method 
^ven in the two preceding chapters. 

S. But this equation may also be found by the second 
method in § XXXIV. Put for instance, 072=1, .-. 
jTsr v^t, and substitute this value of x in the given 
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equation. Here there are two distinct cases ; viz. one 
when n is even, the other when n is odd. 

3. First, let w= 2wi. Arrange the given equation thus : 
Substitute \/t for o^ ; this gives 

r + -B^'^* + Dr-^^ + Ft'^3 + &c. 
= (jlr-^ + Cr-2 + Er-^ + Gt"^ + &c.) Vt ; 

or, when both sides of this equation are squared, and the 
terms properly arranged, 

+ {2F-2AE + ^BD- C^) e"^^ + &c. = o. 

4. Let n=2m+ 1. In this case, when \/t is put for 
x^ we have 

and when both sides of the equation are squared, and 
the terms properly arranged, we obtain the same equation 
as in 3, except that we get 2wi4- 1, instead of 2m. 

5. For both cases of the equation we consequently have 
f + (2B-^2)«-i + (2Z}-2^C + 1^) r-i 

+ (2F-'2AE + 2BD-C^) r-2+&c. = o. 

Remark. If we had not alreadv known how to find the 
expressions (2), (2^), (2^), &c. by another method, we 
could have found them immediately by these means, by 
placing the equations in 1 and 5, opposite one another, and 
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putting the coefficients of the same jwwers of t equal to 
one another. Thus for instance we obtain 

- [2] = 25 - w<V 

[2^] =: 2D - 2AC + JS2 

- [23] = 2F - 2AE + 2BD - D 
[ff\m ^a - nAG + ^BF - £CF + JD« 

« "•' . Ac 

from which the law is easily seen* 

If we denbld th« coefficients of the given equation, in 
Older to denote the places Which they odcupy in it, by 

*, il. Ay A, &fc. mstead tX A, B, C, A ^. the hw 
will be still more easily perceived, ^htti we huve 

- [2] = 2 J - J A 

[2«] = 2^ - 2^ J + AA 

6 5 1 4 S 3 5 

8 71 68 S344 

[2*3 m^A ^ 2AA + 2AA *|- irf^ ^iil 
imd in general 

± \^'^^^A'-^AA'{'2AA'^2AA^ ... 

...... + AA ± AA 



/^ \r]^^ idgn dbtains whcin n is even, and the lower 
'lAien A is odd. 

\£t&l^ Ulsed theise fortnuk fot findhlg the impossible roots 
if ilk ^lidtiofi [Complete tutiroductioxl to the Differe&tid 
C^i&l^uS, ttahdlflted by Midhelseb, Patt Itl. p. ISS], but 
ilE^glivetl^ ttb pfoof of thett, bat meteljr iftytt, thdt fh^ tnay 
be found by the theoi*y of eoifibin&tioAl^. A proof of the^e 
fermtds dBftsrent from the above, may be seeft in KlUgel's 
Mathematical Dictionary, Art. Combination, p. 469^ &c. 
-H l5 
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SECTIOK XLIV. 

Fbob. From the given equation 
J?" -^ AjT-"^ + B^T^ - Gr^ + &c. = a, 
find the equation for the mth powers of its roots. 

Solution. The roots of the required equation are j/% 
jr//m^ jv//m^ ^g^ Hence we obtain in the same way as in 
the foregoing §, the equation 

±[OT'-»]«q:[m"] = 

The numerical expressions here are all of the form [o^], 
and . * . may easily be found. 

SECTION XLV 

Fbob. From the given equation 

find the equation for the differences of its roots. 

Solution 1. The number of the di£Perent values whicH 
the function a/ — a/^ contains by the substitution and 
transposition of the roots, is equal to the number of 
variations (in the sense in which Hindenburg uses this 
word)* of n di£Perent things of the second class, •*. = n « 
(n— X). The required equation is consequently of the 
w . (n — l)th degree. Further it is evident from § 
XXXVI, that this equation contains only even powers 
off, and that .*•, when for the sake of brevity we put 
n • (n-* 1) = 2m, it has the following form : 

* See voU 1. p. 83; note. 
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«nd the roots of these equations are (a/— a/')^, (jx/ ^ot/^^f^ 
i^-a/y, &c., (c(/'^3(/^% (ct/'-^x'y, &c. &c. 

The coefficients J^ B\ C\ &c. may be determined in 
the same way as in § XXXVI. yet the calculation by 
diis method is attended with many difficulties, and besides* 
die law of the terms cannot be easily discovered. The 
fidlowing method, which will be frequently used in the 
sequel, is more simple and general. 

2. For this purpose, put 

&c. 
Aen the expressions S'l, S9,, Ss, &c. are no other than 
the sum, the sum of the squares, the sum of the cubes 
&e., of the roots of the equation for t. 

8. Since the expressions Sly S% S3, &c. are the same 
for the transformed equation, as the expressions (1), (2), 
(d)f &c. are for the given equation, consequently the 
ftratralie found in § IX. are equally applicable to the 
coefficients A^, B\ C\ &c., when throughout *yi, S^, S3, 
Ae. are put for (1), (2), (3), &c. and also— .4^ -\-B^i — 
C, fer J, B, C, &c. Thus we have 
. A'^^Sl 

J' Si - S2 



B'^ 



a^ 



iy:=z 



2 

B'Sl - A'S2 -h ^3 

3 

a Si - B'S2 -f A^S3 - s^ 

4 
&c. 

M 
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If we had calculated the expressions. Slj S^j Ss^ &c., we 
should have found, hj means of these equations^ the 
coefficients J^, B\ C^, iX, &c. 

4. If the expressions Si, S2, Ss, &e. are solved^ we 
obtain 

Si = (w-1) (1/2 + ^//2 + 3///2 J. &c.) - 2 (a/x^^ 4- a/j/^^ 
+j/V/^+&c.) 

fi^2 = (n-1 ) (^* + ^'H x^^'H &c.) - 4(a/a//3 + /3^/ 4- ar^^r^/'^ 

= Cw -^ 1) (4) ~ 4(13) + 6(22) 
iS3 = (n-1) (x/« + a^/^ ^. y//6 ^ &c.) - 6 (xV^Ha/V 

+x/y//«+i/V/^+a/V/'^+i//V// + &c.) + 15(;r^V^* 
+^V2 + y V//4 + ^V//a + ^/2y//4 ^ :p//V//2+ &C-) 

~.20(y3j/''H^V//3+^^V/''H&c.) 

= (n — 1) (6) - 6 (15) + 15 (24) — 20 (S«) 
&c. 
These values of £'1, £'2, SS, &c. need only be substituted 
in the equations in 3, in order to find the coefficients 
J\ B\ a, &c. 

5. But these values may at any time be reduced^ by 
means of the two equations 

(a/S) = (a) {&) -(a + ff) 

2 («*) = iaY - (2«) 

f 

to sums of powers only, and then we have 

si = („-i) (.) - 2[<l)iri^)] 
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S3 = (n-1) (4) - 4 [(1) (8) - (4)1 + 6 p^)' " W ] 
SS = (»-l) (6) -6[(1)(5) - (6)] + 15[(2)(4) - (6)] 

&c. 



01 after the proper reduction, 
6. 

^l=«(2)-2^ 

«2 = ji(4)-4(3)(l) + 6^' 



t2 



-SS = n (6)- 6 (5) (1) + 15 (4) (2) - 20^ 
and in general 

1 . 2 . 3 fi 2 

These formulas will be of great use in the sequel in the 
theory of imaginary roots of equations. 

Remark. From Elementary Books on Algebra it is 

A 
known, that when in the equation jf^^-Ajf^ + Scc^ x+ — 

* n 

is substituted for Xy its second term vanishes. But 

since by this substitution, all the roots of this equation 

are diminished in an algebraical sense by the magnitude 

A 

— , .'• their differences remain the same, consequently 

I 
also the equation for their differences undergoes no change. 
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We obtain, however, this advantage by losing the second 
term, that the values of the expressions (1), (2), (3), &c. 
Sl^ S2j SSf &c. are much more simple. Thus we have 

(1) = o 

(2) = - 2fi 

(3) = SC 

(4) = 2S- — 42? 

(5) = - 5BC + 5^ 

(6) = - 2^3 + 3C2 + 6BD 

&c. 
Further, from 6, because (l) = o, we get 
Si =n(2) 
52 = n (4) + 3(2/ 
S3=zn (6) + 15 (4) (2) — 10 (3)2 

&C. 

These fiurmulas may be used with advantage in the 
case, when in the values of £^1, jS'2, SS, &c., which have 
been found in 4, there are such numerical expressions 
as exceed the limits of the annexed tables. If this be 
not the case, it will be better to retain the former formulas. 

SECTION XL VI. 

Pbob. From the given equation 

jr' — Jjr^' + j»x^* - Cx^ + &c. = o 
find the equation for the sums of every two of its roots. 

iSUMiM 1* The required equation must have th^ 
AUowu^ roots : 

**>4^;y+x' ,x'+y^-^^+^^^' + -^'' 

I«a ifcc number of ih«e roots is equal to the numbeir of 
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combinations of n things taken two and two, consequently 

= -— f for which, for the sake of brevity, I shall put 

in. The required equation will consequently be of the 
mth degree ; it may be represented by 

r _ ^/r-i + B^t"^^ - CiT^ + &c. = 0. 
The coefficients A\ B^, C\ &c. may be most easily de- 
termined from the method used in the foregoing §. 

2. For this purpose, then, put 
51 = 

&c. 
80 that the expressions Si, S2, Ss, &c. denote the 
sums of the first, second, third, &c. powers of the 
roots. If we have determined the values of these equa- 
tions in any way, then the coefficients in 3 of the fore- 
going § give the coefficients A^, B\ C^, &c. 

3. If we solve these expressions, we get 

5'l=(n-l)(l) 
S9, = (n~l)(2) + 2(12) 
SS = (n-l)(3) + 3(12) 
*y4 = (n-1) (4) + 4(13) + 6(2^) 
S5 = (n-l) (5) + 5(14) + 10(23) 

&c. 
whence the law may very easily be discovered. 
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4. If we wish to represent the values of the expressions 
Sly S2j SSy &c. immediately in sums of powers, we only 
need proceed as in 5 of the foregoing §. We then 
obtain 

^1 = (n-l) (1) 

52 = (n-l)(2) + 2 [^ (^>'-(^) ] 

^S = (n- 1 ) (3) + 3 [(1) (2) -(3)] 

^4 = (n-l)(4) + 4[(l)(3)-(4)] + 6[(-?^j:ii^] 

^5 = (n-l)(5) + 5[(lX4)-(5)] + 10[(2X3)-(5)] 

&c. 

or after the proper reduction 

Si = («— 1) (1) 

(IV 
Si = (n-2) (.2) + gi-i. 

S8 = («— 2«) (8) + 3(2) (1) 

S4> = (n-a") (4) + 4(3) (1) +6^^ 

S5 = (n-2*) (5) + 5 (4) (1) + 10 (3) (2) 

&c. 
and in general 

5';«=(n-2<'->) (^) + ^ (;„-l)(l) +^L^^(^-2) (2) 

+ ^; "'l • ^"gV -g) (g) + 

and the last term of this series is either 

^.^-l.,«-2 1+1 (|) 

1.8, 3 1 ^ 
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or 



fi + S 

u— 1 ^ 2 ^ ^ 2 ^ 



1 . 2 



ao^dirding as m is an even or an odd number. 

The abbreviations in the note to the preceding §, may, 
BMffeover) be also applied here. 

SECTION XLVII. 

Pbob. From the given equation 

ofT — Jj^^ H- Bi^-2 _ Co(r^ + &c. = 

find the equation for the ftinction {aiZ + bx^^)^ ; whenp 
is a whole positive number. 

Solution 1. Since in the function (ao/ -\-bx^^y^ we can 
put every other root of the given equation for the roots 
a/, j/^, consequently the number of the values^ which the 
fionction can contain^ = n . n — 1, for which I shall sub- 
stitute m. The required equation is consequently only of 
the mth degree, and may • * . be represented by the equation 

r - J^r-i + B^r-^ — Cr-^ + &c. = o. 

2. The method which has been made use of in the two 
preceding sections, for determining the coefficients A\ 
Bfy O^ &c. may likewise be applied here. Thus, if we 
denote by S\^ S2j SS^ &c. the sums of the first, second, 
third, &C. powers of the roots of the transformed equa- 
tioDy we have 
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,yi = (ax^ + bx^^) ^+(ax^^ +bx') ^+(0.7/ -^bx^^^) f -{• ... 

S3 = {ax^'\'bx^^^+(ax^^+bxyf-{-lax^-^bx^^^^^^ 

&c* 

Having determined these equations, the equations in S, 
§ 45, give the values of the coeflScients A^, B\ C^. It is 
now only necessary to determine the expression Si ; 
having found this, we then obtain the remaining ones, 
S2f SS, &C. when we successively substitute 2p, 3p, &c. 
fori?. 

To find Slf we shall arrive most readily at the object in 
the following way. 

3. Make the new expression (<p) 

S = (ox^ + ft^ry + {aa/^ + bzY + {ax^^^ + bzY + (aa ^^ + bzy + 
<&c. 

in which z denotes any unknown magnitude hitherto unde- 
termined. If we solve this expression by means of the 
binomial theorem according to the powers of 5, we obtain 
2 = a^ Cx^^ + x^^^ + y/^^ + x^""^ + &c.) + 

paT-^bCx^^^ + a//^i 4- x^^^^^ + x^""^^ &c.) z 
+ &c. 

or (^) 

+ &c. 

This equation must always be true, whatever we substitute 
for z* 

4. Now, if we successively put x^y x/^^ x/"^ x'^^ &c. for 
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Xj and denote that which 2 becomes by these meaiis^ by 
JB', S^^, S^''^ S'^, &c., we have in the first place from the 
^nation (^) 

S> =(a+6yj/' + (aj//+6xO' + (aj///+5z^y + &c. 

&c. 

Benoe it follows that 

S/+ s^/ + 2'// + &c. = (a + by[p]+ Si 

» . " ■ - - 

Fnrther, firom the equation (ifi) we obtain 

^|>] +j)ar»60.l] . a/ +7^^fl'-*A«I>-2].*^ +&c. 

i4p]+jpa'-^ilp-l].2^/ ^LlfIia^^i2[p^2].a/^« +&c. 

&c, 
and hence 



6. If we put the two values found for S' + S^^ + S'^^&c. 
equal to one another^ we obtain 
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and hence ' ■ 

Si = [iia'-<a4- Jy] {p] + pt^-'h [p-l] [l] + 

+ • ^ m"^z!:::; ^wtp] 

6. If in this expression for Si, we combine the first 
and the last terms, the second and the last but one, and 
generally every two terms, of which one is jis ^tonf 
from the first, as the other is firom the last, and at the 
same time keep in mind that [o] = x^+x^^+a/^^+&c. 
=71, we then obtain 

,y 1 = (ii(a^ + i^) - (a + by) [p] + 
p {u^^b + aJ^i) [p-\\ [1] + 

^^"^{a^'^V + c?b^) [p-2] [2] + 



1 . 2 

ji .p — 1 .p — 2 



(a^63 j^ a»jA-3) [p- S] [3] + 



1.2.3 
&c 
The last term of the expression, when jp is an even num- 
ber. Is 

1 .2 .......^ 

2 

But if jp be an odd number, then the last term is 

p . p— I... -^ ^^ ^j 

— -(a2 . b' + a^ . i2;-L~jL"5"J 
p— 1^ 



2 

7. If in the expression for #91, wc substitute for p, 
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,3p9 Sp) 4p, &c. successively, we obtain the values of the 
expressions S2j S&y Si, &c. and the substitution of these 
values in the formulae in 3, § 45, gives the values of the 
assumed coefficients A/ B\ O, &c. 

SECTION XLVIII. 

Fkob. From the given equation 

2"— ^I'-i + jB.r^ - CjT^ + &c. = o 
find the equation for the function (ai/+&i^O^> when f is 
a whole positive number. 

SobUion. From the equation found in the preceding § 
fiir t, which has the roots (ajZ+fti^^y, (oj/^ + fcyy, 
((u/ +b3/^^y9 &c. another may be derived, which has 
(§10) the reciprocal roots (aa/4-Jj/0"^> (cu/^ + ftj/)-^, 
(axZ+bs/^^y^, &c. and this will be the equation which is 
here sought 

SECTION XLIX. 

From the foregoing problems it is sufficiently seen, 
what must be done, in order to find the equation on 
which a given function of the roots of an equation depends. 
By these, then, we arrive merely at the two following 
points: 

1. To find all the possible values of which the given 
functbn is capable. 

S. From these values to form the required equation. I 
shall b^in with the first. 
» In order to find all the possible values of a fimction. 
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we must transpose its roots in as many different ways as 
possible with the other roots of the given equation, and 
with each other ; and of all the results or values thus 
obtained, we only retain those, which are actually different 
from one another. 

If all the roots of a given equation are in a function, it 
is only necessary to permute these roots in all possible 
ways. Consequently, if the given equation be of the nth 
degree, then a frmction of this kind generally contains 
1 . 2 . 3 ...n values, because n things can be permuted 
this number of times. But if the form of the function is 
such, that more permutations than one generate equal 
results, then the number of the values is often less ; and 
if all the values 'be equal, then the ftmction is symme- 
trical. 

If in the function there is only a number jj, of the n 
roots of the given equation^ then these n roots enter into 
the function in as many different ways as there are com- 
binations in n things taken fi and fi ; and the number of 
these combinations 

-.- ^ * ^ *" 1 . n — 2 w — fx H- 1 

~ 1 . 2 . 3 ft 

Every such combination, however, allows of 1 . 2 . 3 ... ft 
permutations of the roots it contains ; consequently the 
number of the values which such a function generally 
contains is 

= w,n— l.w — 2 w — /i + 1 

.*.itii equal to the number of the variations of n things 
taken fi and /li. But if amongst these there are equal valued, 
then dik number will often be much lelHs ; although in 
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the assumed case they never can be less than it, because 
the number of variations never can be less than the 
number of elements. Consequently the transformed 
equation in this case can never be of a lower degree than 
the given one itself 

In the general inquiry respecting functions, it is always 
flUowaUe to assume, that all the roots of the given equa- 
are contained in them, because in the contrary 
only each of the roots which are wanting, considered 
mth.4 coefficient 3S0, can be added to the fUncticm. 

SECTION L. 

Explanation 1. Functions are said to be homo- 
geneous, when they contain the same roots, and when in 
aU the transpositions of these roots, they either at the 
same time change, or remain the same. 

Let, for instance, the functions 

mi likiswise the fUhctions 

be homogeneous. Then the first two have nb mote thah 
Ae foUotmig 6 difl^rent akd corres^ding values : 

as/ + 31/^'-^' - ^\ ^'^"' ^ ^'^"^ 



X 



7// 



^. ^r _ y ^ y /^ ^iiiyjy _ ^y// 
;r// Jr x^^'^J^ -xf", a/V - x/<x/'' 
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and the two last no more than 2, viz. 

-777 + -7- +-77, r'V/V/''''+2'^V/V+:r/''/W//'' 

X^" X x' 
x" X x'' 



2. The letter /prefixed to the roots of an equation^ or 
even to other magnitudes, in the sequel, always 
denotes a rational function of these roots or magnitudes. 
Thus /; (a/) denotes a rational Amction of x^ ^ f: (j/) 
(pi/^ a rational function of 3/ and 3i/\ and in general /; 

(^) C^O (O (^0 (^'^O a rational function of 

a/3 a/^, o/^^, j/% aK"), and so in like manner of other 

magnitudes. In order to distinguish the functions, some- 
times also the letters F, 0, t/^ are made use of instead of/*. 
In this notation of the functions, it is preferable with 
each set of brackets ( ), which follows the letter y^ to 
attach a definite representation of the manner in which 
the magnitudes contained in it are combined with the 
others ; so that when any permutation of these magni- 
tudes under the symbol/ is intended, one of the permu- 
tations corresponding to it in the expression represented by 
it, must be denoted. 

Thus, if/: (^r^) (^0 (^'0 = {^^^ - ^'0 (^'-^), 
we then have 



/ 
/ 
/ 
/ 
/ 



(3/) (X"') {j/') = {X'!ll/"~X") {X'."-X') 

(x") (i^) (a/'O = i^'sZ-x"') {3/-x") 

(X") {X'") {X^ = {l/'3/"-x') (X"'-X") 

(x"') (1^) {x") = (x"'x'-x") Ix'-x'") 
{3/") (z'O {^) = (x/"x"-x'){x"~x"') 
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' S. In order to distmguiidb the values which a given 
Caueition. contains by the permutation of its magnitudes, 
fymi the symbols by which this permutation is denoted,. I 
9bfSl call the latter types. Thus, the function/:, (j/) 
({4f^^>(:r/''^>has six types, viz, if: (x') (a/0 Qx/%f: Qx^) 

C4/O(^a/:(^'0 (^0 (0>/.- (^'0 C^^^O (^). 

/;(*'^>(*0 (^''>/^(*''0 (^'0 (J^O; and generally 
there acQ alwajjfs as many types of a function as p^rmuta- 
.tKH|«.oC the magnitudes under the functional symbol. 

The types are, as it were,, the representatives, of the 
values which a function contains, and in general inves- 
tigations of functions may be used with very great 
advantage. If, for instance, we wished to show that any 
p Ml tettla r function had suck a form, that the values arising 
ftm these or theee tfavspositions were equal taoneanother, 
IteteadI of actually expressing these permutations, which 
would often be attended with a great deal of trouble, it is 
only necessary to give the typiis^ which correspond to the 
equal values. 

SSCTION ti. 

When, a function has such a form, that any two of its 
values are equal to one another, then the ftmction must 
nlw^ys necessarily have more than two equal values. 
Thus^ If the function be such, that 

Aen ali» must 

/ : (x^o («o (^'0 = / '• (^'0 <y") (^0 

/; (z^^O (^ (^0 =/.* (^'0 (^0 (^ 
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For the first equation shows, that the value of the type 
f: (j/) (j/^) (j/^^) remains unchanged, when the roots of 
the two last sets of brackets are transformed, •*• the 
types/: {x^') {3/)\x^^% f: {x/^^) (^) {x^^ in the same 
transformation of the brackets, must remain unchanged, 
because the equality, in the sense in which it is here 
taken, by which is meant no more than identity, is not 
derived from the numerical nature of the roots, but 
merely from the nature of their combination, consequently 
from the form of the functions. 

SECTION LII. 

AuxUtary Rule. If we combine a series of elements 

iz, hj c, d^ Cf ;p, with as many numbers I, 2, 3, 4, 

5 IT, arranged m any order according to a cipher, for 

instance, as follows : 

321645 7. 8 9 ir 

abed efgh i .p 

after this, permute the elements in the manner denoted by 

the ciphers placed over them, and from the permutation 

thus obtained, derive another, from this again another, 

^nd generally from every permutation last found, derive a 

new one, always observing in the transposition the law 

denoted by the ciphers : now I affirm, that by continual 

permutation, we must necessarily return again to the first 

permutation. 

5832X4796 
Thus we obtain fron* ahe permutation Ai=^^ctie/ghi 

for the figures placed o^er it no more than 9 permutations 

•^29 -^^^ A4, A^, A^, Apj, A^j^ Aq, Aio 
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5 8 3214796 

Ai := ah c d e f g h i 

A2 = e k c b a d g if 

A3 ^=: a I c h e b g f d 

A^ = tfc i a h g db 

As =. a d cf e I g b h 

Ae = e bcdafg At 

Af =ahcbedg if 

Ag =s tf ichab gfd 

A^ =^ a fc i eh g db ' 

Ai^ = e d cfa i g b h 
If we proceed with the last permutation in the same 
manner as we did with the preceding ones, we again 
obtain the first. 

Prwf. Let 

•^1* Azf A^y A^, • • A^, .••..•.•• -av, •••• 

denote the permutations which may successively be de- 
rived from the expression Ai, ^abcdef p 

aeeoiding to the law of any one cipher. 

Since the number of transpositions, which an expression 
cm goierally contain is always limited, we must .*. 
necessarily once come to a permutation A^, which is 
cfoal to one of the preceding A^. But if A^ = A^y 
cdnsequently also A^^i = A^^i ; for if the permutations 
A^i, Afj^i, were not equal to one another, then also the 
permutations Ay^ A^, could not be equal, since A arises 
mm Af^i by the same transformation of the elements as 
Af^ aorises from -4^^,. In the san way we may further 
conclude from A^^ = A^j^i, that also ^^, = -4^^,, and 
hence again, that ^^-3= Afj,^, and so on. Conseqrently 
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-i;-.(^_i) = ^M-.(/u-i) = ^i' We have .*. a permutation 
-^y_(a-i) which is equal to the first. Q. E. D. 

The contents of all the permutations obtained accord- 
ing to a given rule of transposition, are, for the sake of 
shortening the expression, called a period, because we 
always obtain the same permutations again, however long 
we continue the transposition. 

SECTION LIII. 

From the foregoing § we deduce the following propo- 
sitions. 

I.— /That all the permutations of a period are different 
from one another. 

For if in the period Ai, A^, A^, A^ A^, ...... A„ 

...... -^^ there are two equal permutations Af^^A^, then 

also must A^i = A^j^i, A^^ = A^j.^^* and so on ; con- 
sequently also ^,«(,*-.,) = ^(u,_<pt»i) = Ai ; but in this case 
Ay, could not be the last permutation of the period. 

II. — Let B denote any permutation different from ^„ 

now it may belong to the period A^^ A 2, ^3, A„ot 

not ; further, let B^ B^, B^, &c. be the permutations 
derived from J5„ according to the same rule of transpo- 
sition by which A^, A^, A^, &c. was derived from A^ ; 
I affirm, that in this case the two periods arising from 
Ay^ and jB| consist of the same number of permutations. 

For since the rule of transposition, which is denoted by 
the figures, does not refer to the elements themselves, but 
only to their places, so it is quite the same, in re- 
ference to the number of the permutations of which a 
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period ecmsistS) which elements are in the different places 
of the first permutation. 

III. — If Bi is equal to any one of the permutations 

Ai,A^ A^ ^^ of the first period^ then the two 

^ periods consist of the same permutations. 

This proposition is an immediate consequence of the 
felling §. 

".—If B, be not equal to any of the permutations 

jfi» Af, A3, A„o( the first period, then the per* 

mtXtatioAS of the two periods are all different firom one 
ttOtll^. 

For if in the period B^, S^, S3 B^ ...... B^ 

tlierebe any permutation B^, which is equal to a permuta- 

tidii A^ of the period Ai, A^, A3 A^ A^, then 

likewise must B^^i = A^^^, because B^+i is derited from 
jB, by the same rule as A^+i is from Afj, ; and when we 
fbrdier conclude in this way that B^^^ = A^+2> -B^+a = 
«^i»f3> tod so on,* lastly B^+i ^ A^„^+i. But since 
jR^i = -8,, Afj,+a^^+iz= A,j^+i, then must -Bi==-^^-x+i, 
idiidi id pontrary to the supposition that Bi is different 
horn all the permutations contained in the first period. 

S£CTIOK LIV. 

P»OB. Let a function be sucb^ that any two given 
typet are equal to one another : find all the equal values 
of (he function which arise from this supposition (^51). 

SMution. For the sake of perspicuity, I shall confine 



100 

myself to a single case, because it will be sufficiently 
clear from it how we are to proceed in every other one. 
1. Let 

/: dx') (o/O (^'O (.^'') (^0 
denote any function for which the two types 

J, /: (:tO (^0 (^^'0 (a:^0 (^0 

J^ /: (x^^O (^0 (^0 (^0 (^0 

are equal to one another. Compare these types, and 
observe how the roots are transposed in the firsts 
second, third, fourth, and fifth brackets, when ^2 is de« 
duced from ^i. If we retain this transposition in our 
memory, and then derive from A^ a new type by the same 
rule by which ^3 was generated from ^1, from this last 
derive another, and continue this proceeding till we return 
again to the first, we shall obtain the following period, 
consisting of five types : 

A, /: (a/) (^0 (^'0 (^0 (^0 

A /•• (*''0 (^") (xO (^) (^0 

A /•• (0:0 W) (^0 (^'0 (^0 

A /•• (^'0 (^'0 C^") (xO (a/) 

A /: (^'0 (x") (^) (^0 (^'0 

3. These types must necessarily be all equal, because 
they have all been derived from one another by the same 
rule. Now, since the ftmction /; (j/) (j/'') (a/^0 (^''O 
(x^) has exactly as many types as there are transpo- 
sitions in five magnitudes, consequently .120. types, it 
only remains that we take from the remaining 115 those 
which, under the hypothesis that^^ == ^4^, are equal to 
one another. 
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8. But this can be done very easily. For we only 
require to take away firom the remaining types any one 
whatever, and from this derive a second period by the 
■ame rule, then again firom the 110 types which still 
remain take away another, and by the same rule form a 
third period, and continue this till there are none 
remaining. 

4. In this way we obtain 24 periods, each of which 
OODOSts of five equal types. But if these be already 
firand, then also the equal values, as soon as they ate 
Imown, of the function itself corresponding to them, can 
be-fimnd. 

Example, Suppose we have observed, that the function 

remains the same, when in the terms in which the roots 
sfysf'i xf^'^ a/% x^ are found, we put the roots j/'^', a/% 
3f^ jfy 3/' respectively, or more briefly y*: (j/) (j/') (^"), 

.(^0 (^O =/• <<^^''W) (^'') (^) (^0- Since this 

Hb exactly the equation which was used in the solution for 

tbe illustration of the operation, it is v*. certain, that the 

function has 24 times five equal values. Thus the period 

in 1 contains the five following values : 

/: (y) (x'O ix'") ijf'') if) = 

f: {x/") (x'-Xx") (a/) (a/0 = 
3/it jjn jji 4. xV»y^* + x"x"'*x"^ + x/^x"*!^ ■{■x'x/'^x/"^ 

f : (*'') (x') (x") (x^'O (a/0 = 
*VV + x"x'"*x'^ + a/ V*a^ + x'x"'x'''^+x'''x'^x^ 

f: (x") <j/'0 (x'") (x") (x^) = 
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/; (^r^") (x^) (y) (^0 (^^0 = 
which are evidently all equal. 

SECTION tV, 

Fbob. Let there be a fuDction such, that more than 
two of its types are equal : find the equal values of this 

function. 

« 

Solution. Let J, JB, C, 2>, &c. denote the types, 
which, according to the hypothesis, are equal. In order 
from hence to find the equal values, proceed as follows. 

1. First permute the type Af or even any other, ac- 
cording to the rule of transposition, that AssBf as -was 
shown in the foregoing §. If the period, which we 
obtain from this, consist of jie types, then we have at 
once jie equal types. 

2. Then permute each of these ft types in particular by 
the rule A^C. I shall assume that there are jjf types; 
then we have generally jlcjlc^ types, which wte all equaL 

3. Permute again each of the juju^ types obtained by 
the rule A=D^ which may give fi^^ types ; then we have 
in all fifi^fi^^ equal types, 

4. In the same way we proceed, when we successively 
make use of the rules -4 = E, A^F] &c. J5=C, 5=2?, 
&c. C^D, C=Ep &c. or, in short, when we put the given- 



103 

^ffe^ A, Bi Cf &c. taken two and two in all possible 
wajrcs equal to one another. 

5. Let the number of types, obtained acocNrding to the 
directions in 1, 2, 3, 4, = v. Take now from all the 
tjpes, which arise from all the possible transpositions of 
af^'^^'^ &c. any other, which is not amongst those 
already found, and proceed with this according to the 
same directions, then we obtain v equal types. If we con- 
tinue this proceeding, till all the types are exhausted, 
we at length obtain a number of divisions, each consisting 
of V equal types. But that the types in every such 
division are different from the types in all the other 
diridons, is an immediate consequence of § 55. IV. 

Corollary* It follows from this solution, that the 
number of the different values which a function can con- 
tain, is always a sub-multiple of the number of all- the 
values, which arise from all the transpositions of j:^, j/^, 
x^'^, &c. 

JEjXAMPle I. Let there be a function such, that 

/.• (^) (^0 W) W) =/: W) (^^0 (^0 (^'0 
=/•• (^0 (^''0 i^") M : 
required to find its equal values. 

From the equation -4 =:jB, or/; (a/) (^0 (^^0 ("^0 
ssf: i^xf^) (j//'') {3/) (j/^, we obtain, in the first place, 
the period 

/.'(*') (^0 W") W') =/•• (^0 (.^") (^) i?^"} 
=/.- W") (x') (^0 (x^O 
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From each of these three types we obtain, by the appli- 
cation of the equation A=C, or/: (j/) {x") (a/'O (i") 
= /•• (^0 {^") (^'0 (^)> a period of four equal 
values, .'. in all twelve equal types, viz. 



{x^') (^'0 {x") (a/) = 

(aO (^0 (^0 (^''0 = 

(a/) (a/O (.r") (a/'O = 



/: (xO (^'0 (^''0 (^0 =/■ 

/: (x^'O (^"^ M (^0 =/• 

/: (x^'O (zO (^0 (^0 =/■ 

/; (x'O (^'0 (^'0 (^) =/^ 

/; (x"0 W) (x'O (^"^ =/■ 

/; {x") (x^O (^'0 (^) =/• 
At length we obtain from these twelve types, by means 
of the equation J?=C, or/: (x^O (a:''/0 M (^0 = 
jf : (a/'') (a:''^'') {x^^) (j/), consequently by the permutation 
of the roots in the two last brackets, twelve other types, 
which, together with the former, give all the twenty-four 
types of the function/: {x^) {x/^) (x^^^) {x^^. Hence it 
follows, that a function of the supposed nature must 
necessarily be symmetrical. 

Example. II. Let a function be such, that 

/.- (x^) (x^o (^0 C^'") = / • (^0 (^) (^'0 (^') = 

/; (/) (x'O (x'") (x"0 =/.- (x"0 (x'O (x^) (x'O : 

required to find its equal values. 

The equation J=B, or/: (x') (x") (x^'O (x^O = 
f: (x") (x') (x"') (x^'') gives no more than these two 
equal types. If to these we apply the equation u^=C, 

or/; (xO (j/0 (a^'O (^0=/-- (^) (^') '(^") (^''0. we 
obtain the four following equal types : 

/.- (x^) (x^o (o n =/•• (xo (^0 c^') (^'0 = 

/; (x'O (a/) (a/'O C^") = /•• (^0 (^) (^0 (^") = 
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from these we again obtain, by means of the equation 

A=D, or/; {jJ) {j/') (^'0 (^-"0 =/• (^'0 (^0 M 
(or^^ the following eight equal types : 



(o/'O (x^O {^') (a/) = 
(a:"^ (^'0 (^0 (^) = 



/; M (a/0 (^'0 C^*) =/ 
/•• K^ (x'O (x'O (o/'O =/ 

/• (^'O M (^'0 (^0 =/ 

/•• (^'O W) (x^n (O =/ 

The equations B=C, B=D, C=zD always again give 
die same types. The type/: (a/) (a/O (a/") (x") con- 
■eqnently contains no more than seven equal types. 

If now we take any other type of the remaining six- 
teeoj viz,/; {x"') (a/) (a:"') {x") and proceed with it as 
WB previously did with/; (a/) {x") (a/") (a;^''), we again 
ab^isin eight equal types, viz. 

/; (a/^0 (^0 (^") (^^0 =/.- (^0 (^'0 (^'0 (^0 = 

/; (o/'O (^) (^^0 C^'') =/• (^'0 C^'^) (^'0 (^) = 

/; (a/) (jj'^O i^"") (^0 =/.• (^') (^0 (^) (^'0 = 

/: (x^) (j/^0 (^0 C^'^) =/.• (^0 (^^) (^) (^'0 = 

If fiom among the eight remaining types, we select any 

0^ for instance, /: (jx/^) (o/^O (^0 (^)' *"^^ proceed 

widi it in the same way, we obtain them all. 

Hence •*• it follows, that the function of the supposed 
kind can have no more than three different values, viz. : 

(y) (a/0 (x^'O (^0,/.- (^^0 (^0 (^0 (^O,/-- (^0 

(j/^0 (^0 (^5 and that consequently such a function will 
not lead to any equation higher than the third cegree. 
Of this nature are the functions (j/+a/^— a/^^-a/^S 
sfxf^+x^^^s/^^ and innumerable others; the method to 
find which will be given hereafter. But if we wish to 
use a function of this kind to solve equations of the fourth 
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degree, it is not sufficient that the transformed equation 
should be of a lower degree than the given one ; but we 
must likewise be enabled, from the known values of such 
a function, to determine the roots a/, s/'y x/'\ xl^. by 
equations of a lower degree than the fourth, because 
otherwise the transformation of the equation will be of no 
use. In the functions a/j/''4-a/^V, (aZ+j/^— a/^^— a/'^JS 
this is actually the case, as we have already seen in § 41 
and 42. In the sequel the conditions will be given, 
under which it is generally possible, from the known 

value of a function/; (^0 {x'^) {x^") (j:^'*>) to find 

the values of the roots x^^ a/'', a:% ••. a>) by equations of 
a lower degree than the mth. 

SECTION LVI. 

Fbob. Determine the degree of the equation on 
which a given function depends. 

Solutim 1. If in a function/: (^) {x'^) (a/^O (a^^)) 

there are all the roots of the given equation, and if this 
function be such, that in each transposition of its roots it 
changes its value, then the transformed equation is 
necessarily of the degree 1.2. 3 /lk 

2. If the function be such that a number of types 
Aj J9, C, D, &c. are equal, and if the number of the 
equal types which can in general be derived .from them, 
by the directions given in 1, 2^ S, 4, of the foregoing 
§, = V, then the number of the different values, of which 
such a function is capable, or the degree of the trans- 
fi)rmed equation, 
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V 

d. If the function remain the same, when m roots 
diange their places in all possible waysy then the degree 
of the transformedequation 

^' 4. If the function still remain the same> when mf 
#ther roots, and again mf^ other roots, and so on, change 
'didbr places, then the degree of the transformed equation 

_ !• 2 . S ft 

■"l . 2...m X 1 . 2...mf X 1 . 2...?f»^^x&c. 

5. If the function be such, that each time its value 
remains unchanged, when m roots, and again mf other 
roots, &C. change their places in all possible ways, and if, 
lleiad^ a number of types A^ J?, C, 2>, &c. are equal, 
iben the d^ree of the transformed equation 

_ 1 .2 . 3 fi 

""l . 2...iitx1 . 2.*.m^xl . 2...mf^ x&cxv 

when V retains the signification it does in 2. 

«^r 6. If all the roots of the given equation be not in the 

fimetion/: (ar^ (-^0 (JJ^''^)«..(^''*0> ^^^ ^ *^® equation 
h$ of the nth degree, then all the formulae given in 
)p 2^ S, 4, 5, must be multiplied by the factor. 

jt.n— l.n — 2 n — jti + 1 

1 . 2 . 3 li 



1 
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The reason of all this is sufficiently evident from what 
goes before. 

SECTION LVII. , 

Pbob. From the given equation . 

find the equation on which the function y*; {x^) (j/^^ 
(x^^^.,.{x<f^^) depends. 

Solution 1. Seek first all the difierent values which this 
function contains, both by substituting for its roots the 
other roots of the given equation, and by their permutation. 
Let these different values be denoted by y, y^, y^^ 

y y-). 

^. Then form the equation 

(t -y) (f -yo(t -y^o -. (« -yo = o 

and actually multiply the factors in the first part. Then 

r — J^f^ + B^f-^ — (7^-^ + &c. = o 
is the equation obtained from this operation, .*. 

A^ =y +y^ +y//4.y^+&c. 

s^ = j/i/^ +j/y^^ +yy *" +yy^^+&c. 

&c. 

3. The functions -4^ B\ C, &c. are symmetrical in 
relation to^', 3/^93/^^9 --y'^ and consequently no trans- 
position of these magnitudes can effect any change in the 
values of the former functions. But the magnitudes y, 
y^5 y^^ ....y*^ are themselves again functions of the 
roots x\ x"y x"', &c. and such too as merely transform 



109 

into one another, when the roots arc transformed and 
permuted in every possible way. Consequently no further 
change lakes place by transforming and permuting the 
roots in the above expressions for A\ B'^ C^ &c. than 
that j^,y^, j^^^, &c. change their places. Now, since this 
effects no change in the values of A^^ B^y C\ &c. con- 
sequently these values remain unchanged by the trans- 
formation and permutation of j/, a/^, 3/^\ &c. Therefore 
the coefficients A^, B'j C, &c. are necessarily symmetrical 
fbnctions of the roots x\ a/^, a/''^, &c. 

4. In the two first sections, however, it was shown, 
that every symmetrical function of the roots of an equa* 
tion, may always be expressed rationally by the coeffi- 
cients of this equation. Therefore also the coefficients 
A'y B\ C'y &c. may always be expressed rationally by 

AyB,C,&C. 

5. Consequently an equation may always be found, on 
which depends a given function of the roots of another 
equation, and the coefficients of the former will always 
be rational functions of the coefficients of the latter. 
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IV. — On elimination, togethee with its appli- 
cation TO THE REDUCTION OF EQUATIONS. 

SECTION LVIII. 

Fbob. Let there be n equations of the first degree 
given, which contain as many unknown magnitudes : 
required to reduce their solution to the solution of n — 1 
equations of the first degree only^ which contain but n— 1 
of these nnknown magnitudes. 

Solution 1. Let 

ax -t J^ + C2r 4- + Art? + Zw = jf 

«i^ + biy + CiSr + + K^ + kw =s A^ 

a^x + h^y + c^z + + Kv + l^w =i J^ 

a,^i^+&— ,jf+c».iJ8:+ +A^ii? + t-iW=-^«-i 

be the n given equations ; x,^, jj t>, w, the n un- 
known magnitudes ; a, J, c, Ar, /; a^, J^, d, ... k^, 

Zj, ; Gj, Jj, Cj, ..# Ar<j, 4, &c. ; likewise Ai, A^^ A^, &c. 
the given magnitudes. 

S/ Assume n„ IIj, Us, n».iasn— 1 magnitudes 

hitherto unknown, and multiply the second equation by 
111, the third by IIj, the fourth by Ila, and so on ; lastly, 
the last by II^i ; then add all these products to the first 
equation ; hence arises the equation 



Ill 

J+Ajl^ + A,U^ + + A^iU^, = 

^ (a+ a,U, + a^n^ + + a^^U^,) x 

+ (i+ ftiHi + b.n, + + b^in^,)y 

+(/ + ?ini + kn, + 4- Uin^i)w 

S. Now we try to determine the factors IIi, IIj, lis, ... 
nU-,V in such a way, that the coefficients of all the un- 
known magnitudes x^ y^ z^ v, tr, those excepted 

which we wish to find vanish. If, for instance, we wished 
to find X, we put 

b + &,ni + ftaH, + + &— lO^i = o 

C + CiIIi + CjIIa + + c,.in^i = o 

• • •.•.••*.•••. ••• 

/ + /iHi + ^Da + + /-in„.i = o 

4. Hence the equation in 2 is reduced to the follow- 
ing one : 

A + Aji, + Ajl^ + + ^-iD^i = 

(ja + ailli + Oallj + + OnJ^n^i) x 

and this gives 

__ ^ + AJi,^ 4- ^Ha 4- >..... + A^,Un-.x 
a + flilli + Ojlla + + fl«-in,^i 

and the determination of the assumed magnitudes TIi^ XI^, 

II39 n»-i> depends upon the solution of the equations 

in 5. 

5. In order .'.to find the value of :r, we must solve 
the n«- 1 equations in 3^ from it determine the n— 1 mag- 
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nitudes Ilu Hi, Hi, n»_i, and then substitute their 

values in the expression found for x. 

6. If both in 3 and 4 we substitute a §or fr, we shall 
find^, and in the same manner we find 2, when in 3 and 
4 we substitute a for c, and so on. 

Remabk. The reduction of equations here given, may 
sometimes be used with advantage, as will be seen by an 
example given further on in this work. But if we intend 
merely to solve the given equations, we shall by these 
means attain our object but visry slowly ; in this case the 
method in the following § is preferable. 

SECTION LIX. 

Prob. Let the following n equations of the first degree 
be given : 

a^x + biy + CiZ + + kiV + htv = wii 

u^x + b^y + CiZ + + ^2^ + h^ = ^i 

a^x -f 63^ + c^z + + h^ + l^w z=: m^ 

O'nX + Ky + CnZ + -f- Kv + ^tT = m, 

in which there are n unknown magnitudes x^y^ Zy 

Vf w : find the values of these magnitudes directly, 
and without any substitution or any other calculation. 

Solution 1. If we merely had the two equations with 
two unknown magnitudes 

ctiX + b^y = wii 
a;x + b^y = m^ 
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we should have found them in the usual way 

S. If we had the three equations with the three un- 
known magnitudes 

cijjr 4- b^y + c.^ =z nii 
we then should find 

■ 

8. From the formulae in 1 and 2, the rules for the 
solution of the above general equations follow by induc- 
tion. In order to abbreviate them, I shall call the num- 
bers which are affixed to the letters m, a, b, &c. symbo- 
lical numbers. 



(a) Take the product a^b^c^ t«_i4; then per- 
mute the symbolical numbers in all possible ways, 
while the letters themselves are not changed ; the 

aggregate of all these 1.2.3 n products, 

then gives the common denominator in the values of 

(i) In order to find the signs of every one of the terms, 
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of which the denominator consists, try how of^en in 
such a term a lower symbolical number follows a 
higher one, mediately or immediately. If the num- 
ber of these successions be even or O, then the 
sign of the term is 4- ; if it be odd, the sign is — . 

(c) If the common denominator be found, we obtain 
from it the numerator in the value of r, merely by 
substituting m for a ; the numerator in the value of 
^, by substituting m for b ; the numerator in the 
value of 2:, by substituting m for c; and so In 
like manner with the other unknown magnitudes. 

Thus the denominator in the values o{x,y^ z, is merely 
the product Ui &2C3, with the 1.2.3 permutations of the 
symbolical numbers ; and with respect to the signs, i^ 
for instance, the term aj)^c^^ has the sign +> because it 
contains two successions of a lower symbolical number to 
a higher, viz. 21, 31 ; but in the term ^3 62^19 there are 
three such successions, viz. 32, 31, 21, and this term con- 
sequently has the sign — . Likewise the numerators are 
formed in the manner given in (c). 

Example. From the four equations 

a^x + biy + c^z + d^u = m^ 

a^ + b^ + Ca^ + d^u = m^ 

a3«3^ + i^y + Ca^ + dzU = wia 

a^x + b^ + c^z + d^u = WI4 

we obtain for the common denominator in the values of 
^9 y^ h ^y the following expression : 
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afi./:^d^ — afiiC^d^ — afiiCtd^ + afi^idi 
4- afi^Cid^ — aib^Ciidi — aJbiCaid^ + CLJbfi^d^ 
•\- aJb^Cidi — djbji^di — ajb^Cids + ajb^c^i 
+ ajbiC^d^ — ajiiCfdj — ajb^Cyd^ + ajb^c^d^ 
-f afi^Cidt — ajb^c^di^ — ajb^c^d^ + ajbxcjtt 
-f ajt^^d^ — 04*2^3^1 — aJb^Cid^ + aAcgd, 

SECTION LX. 

Since the values of the unknown magnitudes in the 
solution of the foregoing § always appear in the form of 
fractions, it may sometimes happen, that the common 
denominator = o, as, for instance, in the two equations 
mib^—aJbi=o, and the three equations 0162^3 — afi^Ct — 
CI2&1C3 + ajftaCi -f a^biCi — ajigCi = 0. In this 
ease, if also the numerator = 0, then we arrive at expres- 

nons of the form—. Such a form as this merely indicates^ 

^ 

that the conditions given in the equations are not such, 
that the values of the unknown magnitudes can be deter- 
mined by their means alone. Thus, if we had the two 
equations 3x + 5y = I6, 6x + lOy = 32, then would 
ai = 3, 6, = 5, fla =65 ^2 = 10> ^1 = 1 65 ^2 =32, and 
consequently from the formulas in 1 of the foregoing §, 

— 1^ ■ 10 — 32 ' ^ _ _ 3 . 32 — 6 . 16 ^0 
^"■3.10—6.5'" "o'*^ "3.10 — 6. 5 0' 
the values of :c and j/ .'. would remain undetermined. 
But we immediately see why they must continue to be 
undetermined. For if we divide the second equation by 2, 
we obtain the first ; consequently the latter is contained in 
the former, and we have .'.infact no more than one 
equation, from which neither x nor y can be determined. 
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But if the given equations be such, that the denomi- 
nator vanishes in the value of an unknown magnitude, 
but not the numerator, consequently i that we arrive at 

an expression of the form — = oo ; then this result always 

indicates, that the relations expressed by the equation are 
contradictory, and cannot obtain at the same time, while 
the unknown magnitudes, as is always assumed here, 
have only finite values. Thus, suppose we have the two 
equations 3x 4- 5y = l6, 6jr + lOy = 20, we obtain 

from 1 of the foregoing §, a? = — , y = ; conse- 

0^0 

quently, as we are convinced that there can be no other 
values but these, there must be contradictory relations in 
the given equations. This, indeed, is really the case ; for 
if we multiply the first equation by 2, we get 6x + lOy 
= 32, whereas, from the second equation 6x+ 10y=20. 

SECTION LXT. 

The problems, § LVIII. and LXIX. contain all that 
relates to the elimination of equations of the first degree. I 
shall now direct my attention to the elimination of equations 
of higher degrees ; and I shall first assume, that there 
arc no more than two equations given with two, or even 
more unknown magnitudes. Here two cases must be 
considered: first, when the first equation, in reference to the 
magnitudes to be eliminated, is of the first degree, and the 
second of a higher ; secondly, when both equations are of 
higher degrees. 

There is no difficulty in the first case ; for we only 
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leqiiire to find from the first equation the value of the 
magnitude to be eliminated, and substitute this value in 
the second, when we obtain an equation, in which this 
magnitude does not occur. 

In the second case, by multiplying by proper fiictors, 
and by the requisite combination of the results thus ob- 
. tained, we always try to reduce the degree of the equations 
in reference to the magnitude to be eliminated^ till we 
come to an equation, which contains only the first power 
of this magnitude. If from this equation we find the 
value of the magnitude to be eliminated, and substitute 
it in that equation in which it occurs in the lowest 
power, we shall obtain the required final equation. 

The following problems will sufficiently elucidate the 
fiiregoing. 

- SECTION LXII. 

Pbob. Let py 9, r, p^, 5^, r^, be functions of j^ ; further, 
let the two equations 

I; p -{• qx + rx^ = o 
II. p^ + q^x -fr^x^ =0 
be given between x andy : find the equation, which arises 
firom the elimination of j:. 



Solution 1. Multiply the first equation by p^, the 
second by p, then subtract the results thus obtained from 
one another, and divide by x ; hence arises the equation 
pq^ — p^q + (^pr^^p^r) x = o 

and this gives 

pr^ — pV 
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4 

m 

2. f*urther, multiply the first equation by r^, and the 
second by r, and subtract ; then we have 

p/ — yr + {qr^ — 5^r) r = o 
If in this equation we substitute for x its value obtained 
from ly we get thB equation 

which only contains y^ and which consequently is the 
final equation sought. 

3. If we had immediately substituted the value of x 
from 1, in one of the given equations^ for instance in I, 
we should have found 

qip'q-pq') ^ r jp'q-pq'y ^ ^ 
^ pr^ — pfr (pr^'-p^ry 

and if we multiply by (pr^— |/r)", and then divide by p, 
we get the same equation as in 2. 



SECTION LXIII, 

PuoB. From the two equations 

I. j» + ^J7 -f rx^ = o 

II. p^ 4 q'x 4- iHx^ + sV = o 

eliminate a:, supposing that p, j, r, p^, 5^, r^, «^, are 
such expressions as do not contain x. 

Solution!. Multiply the first equation by p\ the 
second by p, and subtract the results, and we get the 
equation 

pq^ — p^q + (pr^ — pV) x + psfx^ = o 

S. If we combine the equation I. with this one, the 
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case in the preceding § enters here; only that pq^—p^q^ 
pff — p/r, ps^i are here what p\ q'y /, were in the former. 
We only require . • . to substitute the former values for the 
latter in the equation (i//) of the foregoing ^. If this be 
actually done, we obtain the equation 

{l^sf + qrpf-'prqfy 4- (pqs^—pn/ + r^) x 
(pqq^—^p^—p^r^-^-prp^) = o 

3. If we solve this equation, and then divide by p^ 

we obtain 

jfis^ + frr^^ + pr^q^ + 7^'' — ^r"p Y + 
( 9« - Stpr) (rpV +pq^s^)-¥ (Spqr - f)p^s^ — 
pqrq^iH —p^qr^sf = o 

an equation which does not contain x. 

SECTION LXIV. 

Peob. Again, let p, 9, r, «, p^, q'^ r/ 5^, be functions 
which do not contain x : find the result of the elimination 
of JT from the two equations 

I. I? + 5^ 4- Tx^ + sx^ = o 
n. f 4- q^oi + r^x'^ '\- s^x^ — o 

Solution 1. Multiply the first equation by |/, the 
second by p, and subtract the results ; after dividing by 
X, this gives 

pq^ — jp^ -I- (pr^ — rp^ x + (^s^ — • <j/) j:^ = o 

2. Further, multiply the first equation by ^, the second 
by «,'and again subtract ; this gives 

q/ — p«^ + (sq^ — qs^) X + (^ — rs^) a:* = 0. 
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3. It is not necessary to continue the reduction further ; 
for since the equations found in 1 and 2 are similar to 
the equations I and II, in § 62, for which the result 
of the elimination was there found, it is only necessary 
in the equation (i//) of that section, to make the follow- 
ing substitutions : 

pq^ — gp^ for p, sp^ —ps! for p' 
pr^—rp' for q^ sq^— qsf for q' 
ps^ — sp^ for r, sr^ — rs^ for r^ 

4. By this substitution we obtain, after the proper 
solution, 

(pq^ — qp^y {sr^ — rs^y — 2(pq^ — qp^) {ps' — «p') 

+ (pr^ — rpO^ Oi>^ — ps^) {sr^ — ^«0 "* (P?^ "* 9!P0 

(ps' — sy) (sp^ — • p/) (55/ — gr«/) + (2>y'' — jj/) 
(ps^ — flp^) (55/ — qs^y = 

5. The first part of this equation consists of seven 
terms, of which' five are divisible by sp^ — ps^. The 
other two, viz. the first and fifth, taken together^ give 

Cpq^ — qp^) (sr^ — rs^) x 
[(pq^ — qp^) (^ — rs^) — (pr^ — rp^) (sq^ — ^5/)] 

= (P9^ — JP0 (^ "~ ^*^) (pqi^s^ + r«p^9^ — prq^s^^qsp^r^) 
= (pg^^qp^) (sr^'-rs^) {sp^—psf) {rq^—qr^) 

and consequently the sum of these two terms is also 
divisible by sp^ — ps^. 

6. If . • . the equation in 4 be divided by sp^—ps^y we 
at last obtain the equation 
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(P/ "" 5!P^) i!^ "• ^^) (''9' •" 9*^) + 2 (P9^ "" ^y) 

SECTION LXV. 

pROB. From the two equations 

I. p + qx + rx^ + sx^ 4- to* = o 

II. / + 5^1'+ r^J^ + 9^x^ + i^J:^* = 
dimiQafie the magnitude x» 

Sotution 1. Multiply the first equation by //, the 
second by p^ and subtract ; after dividing by x, this gives 

pq^'-qp^ •¥ (pr^—rp^) x + (pi/— q/) a:* 
+ (pi^—tp^) x^ = o 

S. Further, multiply the first equation by tf, the 
second by ty and again subtract ; this gives 

p(/-.Q/ 4- {qt^-'tq^)x + Crt^—tr^)x^ 
+ («^'— to j« = o 

S. Since the equations in 1 and 2 are both of the third 
degree, in order to save the trouble of carrying on the 
operation, we need only use immediately the equation 
ftund in 6 of the foregoing §, when we make the following 
milMititutions in it : 

pq^ — qp^ for p, pt^ — tp^ for j/ 
pv' — - rp/ for 9, qt* — Xfjl for <j[ 
psf -^ spf for r, r<^ — it' for r' 
|)(^ — tpf for 5, 5«^ — isf Sffc y 

R 
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and the result of this substitution is the final equation 
sought. 

SECTION LXVI. 

Prob. From the two general equations 

I. p -\' qx + rx^ + *^ + + «^*"= o 

II. y + q^x + r^J^ + ^x^ + 4- f/sT^ o 

eliminate x> 

Solution 1. I shall assume^ that m < n. Multiply 
then one equation by the first term of the second, i. e. 
by p\ and the other by the first term of the first, t. e. 
by p ; then subtract, and divide the remainder by x ; we 
then obtain an equation of the form 

III. A-\- A^x+ A.x^'\- Jzx^+ + ^-iaf^'=o 

2. If again m < n— 1, we proceed with the equations 
1 and III, exactly as we did before with the equations 
I and II. 

3. In this way we continue to diminish the degree of 
the resulting equation, till we arrive at an equation of 
the mth degree. Let 

IV. B '\' B,x + S^t* + i?3r> + + B ar*=sso 

be this equation. 

4. Combine the equation IV with the equation I in !^ 
two-fold way, via. 1. when we multiply the first by p, the 
second by B; subtract the results, and divide the re- 
mainder by J?; 2. wheii we multiply the fii*st by «, the 
second by B^, and again subtnct the results firom one 
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another* By this operation we obtain two equation^ of 
tjie tiiT- Ith degree. 

V. C + C^x-^C^x^-hQx^ + + C«_ia:^'=o 

VI. D+D,3:+D,x*+Dsx^+ + 2),_iX^*=6 

V 5. If we proceed with the two equations so obtained, 
in the same way as we did before with I and IV, we shall 
agam obtain two equations of the m— 2th degree. In 
iia% manner we reduce the degree of the equations les$ and 
kfls, till we arrive at two equations of the first degree. 
Let 

JT-f JriJ7 = o, L + LiX = 
he these two equations ; then we have 

x: _ L 

and consequently 

jrZ, - LK, = o 

and this, since it does not contain Xy is the final equation 
sought. 

6. Butit is by no means necessary to continue throughout 
the elimination to equations of the first degree ; thus, if we 
Have already found the results of the elimination for equa- 
tions of a certain degree, then it is sufficient, as we have 
shown in the foregoing §, to continue the reduction to this 
d(^ee only. 

SECTION LXVII, 

The method of elimination which has been applied in 
t}^ foregoing §§, which Euler makes use of in the 19th 
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chapter of the 2nd Book of his Introduction, is perfectly 
genera], but is essentially deficient in this respect, that it 
does not always give the final equation in its simple form. 
Thus, for instance, the equation in 2, § LXIII, was 
divisible by />, and then gave the equation in 3 ; in 
the same way, after dividing the equaticm in 4, § LXI V, 
by sp^—ps^ we obtained the equation in 6. This also 
obtains in the higher equations, and the divisors in this case 
are difiicult to find. We shall however see, in the sequel, 
that these divisors spre actually superfluous, and by no 
means belong to the final equation. Should we not «*• 
probably be able to find such a divisor, we should have to 
solve not only a higher equation for y^ than was ac- 
tually required, but there would be also amongst its roots 
such as do not belong to the equations I and II of the 
foregoing §, consequently which were not so constituted, 
that we were enabled to find the corresponding values 
of X, which at the same time verify the two equations 
just mentioned. 

Since the elimination of x fix)m two equations between 
X and y has only this aim, to give one or more such 
values for y, that it may be possible to find one or more 
corresponding values for x, which are common to both 
equations, consequently every method which serves to 
attain this object, may also be applied to the elimination. 

If .-. we denote one of the values of a? by a, which is 
common to both equations, then x—a must be their 
common divisor ; consequently it is merely necessary to 
find the conditions on which the possibility of a divisor 
of this kind depends. To effect this, we only require 
to proceed with the given equations, exactly as though we 
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sought their common divisor ; the last remainder, which we 
get by the successive divisions, and which does not contain 
Xj if it contains such a divisor, must necessarily vanish. 
If we put this remainder s= o, we then obtain the re- 
quired conditional or final equation. The following pro- 
blem will be sufficient to elucidate what has been said. 
The method to find the common divisor, is assumed to 
be known. 

SECTION LXVIII. 

pROB. From the two equations 

I. 3^ + Sx^y + ^^ — 98 = o 

II. x^ 4- 4fiy — 2/ — 10 = o 
eliminate x by the method of the common divisor. 

Solution. The calculation is as follows. 

1. Dividend x^ + Sx^y + 3xf — 9S 
Divisor x^ + ^ixy — 2y^ — 10 
Quotient x — y 
First Remainder (9^« + 10) x— 2^—10^—98 

• % Dividend x- + ^xy — 2^ -- 10 

or rather (9j/^ + 10) a;* + Z^xy^ + ^Oxy — 

18y -.- 110^ — 100 

Divisor (9^ + 10) a; — 2^ — \0y — 98 

« .- . . 38y + sow + 98 
Quotient x + -^ ^y /^^ 

Second and last Remainder 



126 

3^ If this remainder be put =0, and then multiplied 
by Jiy*+ 10, we obtain 
_86y6 ^ 59Qy4 ^ 392qy3 _ I50qy2 4. 588qy+ 8604=0 

or, when we divide by two, and change all the signs 

45/ + 345y — 1960^ 4. 75qy2 - 2940j^ — 4302 =0 
and this is the conditional or final equation sought. 

Remark. Having found a value of y from the con- 
ditional equation, we can find the value of x, which cor- 
responds to it, by substituting that value in the two equa- 
tions I and II, and then seeking the common divisor. 
Thus we shall find, that ^=3 verifies the final equation ; 
if . -. we substitute this value in I and II, we obtain the 
two equations ar^+ 9jc* + 2 7j?— 98=0, j:*+12jc— 28=o, 
whose common divisor is x— 2. Accordingly x=2 is 
the value of x, which belongs to ^=3. 

But we could also have found this value of x directly ; 
for we know already, that always when amongst the 
remainders obtained in the divisions for finding the 
common divisor, that remainder which =0, is considered as 
the last, the preceding remainder is the required divisor. 
If we apply this to the present case, then (9^*4-10) x 
— ay^lOy — 98 is this divisor; and if we put ^=3, 
then this divisor is 91x— 182, or x— 2, which agrees with 
the £>regoing. 

But hence it follows, that we must also .have obtained 
the final equation, if we had substituted the value 

X = Q^fio — 9 which we obtained firora the equation 

(9y* + 10) X — 2^— 10^—98=0, immediately in the 
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#qptatioii II, as the lowest of the two given ones. But if 
we make the same substitution in the equation I, n^ 
wtmB at an equation of the ninth degree, whidi con*- 
sequently contains one factor more of the third degree* 
But we shall see in the sequel, that this factor is actualljr 
superfluous, and that • * . the equation in 3 is the complete 
&ial equation. 

Since the final equation is of the sixth degree, there 
are . * ., besides the value ^=3, five other values of y, £ox 
each of which there is a corresponding value of x. Con- 
sequently it verifies the equations I and II in six wajs. 
The same equation of the sixth degree we could also have 
obtained from the equation in 3, § LXIII, if, as the 
present case requires, we had put p=— 23/^— 10, 5^=4^, 
if = I, j/=: — 98, 5^= sy, r^= Sy and s^^ 1. 

SECTION LXIX. 

From the method of the common divisor, we mxf 
derive another, which Euler ^ves in the work above 
tfaentioned. 

Let 

I. x" + px^^ + qx"*^ + rx"^ + &c. = p 

II. ^t' +/^r-* -f q^jf^ + r^^r^^ + &C. = o 

be the two equations, from which x is to be eliminated. 
If it happen that these two equations have any common 
divisor X— a, we can then put 

III. x*" + px"^^ + qjT-^ + &c. = (x-^n) n 

IV. of +p^sr^ -h ^sT^ + &C. = ix^a)Uf 

and then n, 11^ are the quotients, which arise firom the 
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division of the first parts of the equations I, II by x^a. 
It is not necessary here actually to know' these quotients ; 
it is merely sufficient to observe, that they must neces* 
sarily have the following form : 

n^ = a"-^ + A^xT''^ + B^xT^ + OxT-^ + &c. 
and that the first contains m— 1 undetermined magnitudes 
Ai 5, C, &c., and the second n— 1 undetermined mag- 
nitudes A'^ W, Uy &C. 

Now, if we eliminate x — a firom the two equations 
III, IV, we then obtain the identical equation 

{xT + px^'^ + qx'^ + rjiT-^ + &c.) 11^ = 
^*^ (o^ + p^sT-^ + q^J^ + r^^xT-^ + &c.) U 
If we actually perform this multiplication, after having 
substituted for 11, 11^, their assumed values, and then put 
the coefficients of the same powers of x in the two parts of 
the resulting equation equal to one another, we then obtain 
m+n— 1 equations between the magnitudes p, q, r, &c. 
f/, 5/, r^, &c. Aj Bj C, &c. A^, B\ C^ &c. which, 
in reference to the unknown magnitudes A^ J3, C, &c. 
A'y B'y C^, &c. are all of the first degree only. Since . * • 
wehavem+»—l equations, and only m+n— 2 unde- 
termined magnitudes ^, B, C, &c. A'^ B\ C\ &c. these 
can always be eliminated, and by this elimination we shall 
obtain an equation which contains no other magnitudes 
but the known iunctions p, gr, r, &a p^, j/, r^, &c., and 
which consequently will be the required conditional or 
final equation* 

The following problems will elucidate what has been 
said. 
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SECTION LXX. 



Pbob. From the two given equations 

I. x^ + px + q z= 

II. x^ + p^x^ + q^x + r^ =:o 
eliminates: by the method in the foregoing §. 

Sdutum. Since here m=:2, and n=:3, then 
n = X 4- ^, n^ = a:« 4- A^x + B^ 
The equation (0) of the foregoing § will •• . be 
(x« •\-px-\- q) (x^ + A^x + JB'') = 
(x^ + jo V 4- j/j: H- r^) (x + ^) 
Hence, by actual multiplication and equating the coeffi- 
cients, we obtain 

A' ^ p =i A '\- p' 

B* + pA* + 9 = j^A + 5/ 

Since there are four equations here, and only three 
ondetermined magnitudes A^ A\ B'y we can . * . eliminate 
diese magnitudes, which .only occur in the first power, and 
we shall then, after the proper reduction, obtain the same 
equation as in § LXIII, by substituting 1, p, q^ 1, //, 
j', r^, for r, ^, jo, 5^ r^, j', j»^, respectively, as the form 
of the equations here given, compared with the others, 
xequires. 

SECTION LXXI. 

Prob. From the given equations 

I. a^ + px'^ + 9^ + r = 

II. tx^ + p'o? + 9^^^ + r^x + 5^ = o 
diminate x by the method in § LXIX. 
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Solution. Here m=z3^n^4f; we have . • . 

U^x^ + Ax + B, U'^a^ + A'x^ +B^x + O 
If these values be substituted io th^ equation (0) in § 
LXIX, we obtain 

If we solve this^ equation, and equate the coefficients (rf 
its two parts, we get 

A' + p ^ A + j/ 

B^ + pj^ + q=^ B + p^A + q^ 

C + pB^ H- jT J/ + r^ = p^B + q^A + 'Z 

pC + jS^ + rA^ = j'U + /-4 + s^ 
qC + rS^ = 7^5 + s^^ 

Since in these six equations there are only five unde- 
termined magnitudes Aj B, A\ B'^ O^ we can eliminate 
these, and thus we shall obtain an equation, which ccm- 
tains nope but the unknown magnitudes p^ y, r, pfy q[y /, 
ti"^ which consequently is the final equation sought. 

SECTION LXXII. 

]Su]^'s aqc(»ul methi^, whicb is hei^ diu^d^t^^, i^ d(; 
leafii^ quijte as diffuse, if v^ mof^ sp, thsii ^ first ; it is 
also quite as free as the first, from the fault of having 
superfluous factors, which we can easily .convince ourselves 
of by the actual calculation of a few easy cases. Bezout, 
in his " Theorie gen6rale d^ Equatums Algebisqfues, 
Paris, 1799?" has made use of a ^milar method; he 
has applied it to more than two equatioB«i, and to the 
elunination of more uqI^qowh mfigiiitudes ; be h^s ^bowa 
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tISD, how we arc to begiil, in many cases, in order to find 
the complete final equation^ without its including any 
thing snparfluous* The work is, indeed, rather prdtix, yet 
tontains a great deal of matter, and is composed with much 
eare. A rerision of this work, with the application of 
the combination-analyaiff, would be a most useful under- 
lakitig. 

From the hypothesis of the common divisor, we may also 
derive another method, which is not only much more simple* 
but also more direct, and more suited to the nature of 
equations than the preceding, inasmuch as it is founded 
on the theory of symmetrical functions. It has likewise 
this important advantage over the other one, that it 
always gives, at least for two equations and two unknown 
magnitudes, the complete final equation, without any 
thmg heterogeneous. 

For this purpose, we assume again the equations I, II, 
§LXIX. We suppose the equation 1, with respect to j:, is 
already solved ; then its roots j/, j/^, j/'^^, &c. are functions 
of its coe£Scients, and consequently also functions of y. In 
like manner we suppose the second solved ; then its roots, 
which I shall denote by a/, ^^, :x/'^y &c. »e also functions 
of y. If the two equations have a oonmion divisor, then 
must at least one of the roots of the first equation be 
equal to one of the roots of the second. Put ^=x^, then 
^— x^=o is the equation fory, which must be the case 
when the two determined roots j/, x^, are equal to one 
another. But since, equally well, every other two roots of 
both equations may be put equal to one another, we then 
obtain as many distinct equations xf -^x^sso, a/— x'''=o, 
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jr.w«-x'=o, x^^^— x^'^reo, a/^^— x^^^s=o, &c. as the roots 
x'y a/', xf'^y &c. may be combined with the roots x^, -s!' 
x% &c. All these distinct equations, however^ must at 
the same time be contained in the conditional or final 
equation sought, because there is no reason why it should 
exactly contain the one and not likewise the other; it 
must consequently be a product of these. The final 
equation is . * . no other than 

Qxf -xO(a?^ -x^0(^^ -x^^O-.. 
, .. (o/^ -xO (o/^ -x^O i^' -^'^) ... ^ V = o 

W^:- xo (^^^ - x^o {^" - x^^o ... 
L &c. 

The first part of this equation undergoes no change, 
however we transform the roots x\ o(/\ a/^^, &c. ; it is . • . 
symmetrical in reference to a/, x^^y x^'^^ &c. But since it 
also suffers no change when we transform x^, x^^ y;!"^ &c. 
it is also symmetrical with reference to x^, x^', x^^^, &c. 
Consequently the firstpart of the equation (^)may always 
be expressed rationally by the coefficients of the given 
equations. 

I shall hereafter show how we can give the equation 
(;^) a more convenient form for calculation ; but I shall 
first explain what has been stated, by a few problems. 

SECTION LXXIli. 

Pbob. From the two equations 

I. x^ -^ Ax +5 = 
W.o^-^A'x^Bzi^Q 

in which A^ jB, A'^ B\ are given functions of y, elimi* 
nate x^ by the method in the foregoing §. 
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Solution 1. The equation (;//) of the foregoing ^, since 
both equations are of the second degree, in this case is 

(j/-xO (a/-x^O (^'-xO (x^^-x^O = o 
or 

[x^-x^Cx^+x^'O + xV/] tV/2-:r/^(x'+x/0+xVn= o 
or, since x^+x^^=^^, a/j/^=:jB^ 

S. If we actually perform the multiplication, we obtain 

or smce j/ + ^^^ = (l) = A ^^' = (l^ = J*» 

S2-^JB^^+(^2-2B) B' ^BA'^^ AA^B' ^•B^^o 
and this equation is the final equation sought, which we 
should also have obtained, if we had eliminated in the 
usual way. 

SECTION LXXIV, 

Pbob. From the given equations 

I. 0? -^ Ax^ •\- Bx — C z:^0 
IL x^ - A'x ^ B' z=,o 
eliminate x by the method in § LXXII. 

SdiiiiimX. The equation (;//) § LXXII in this 
case, is 

(j/ - xO (a/ - x^O {^' - xO {o(^' - xO 

(a///-xO(^'^-x^O = o 

[0/2.^0/ (x^+x^O +xV/] [a//2-a/^ (x^+x^ + xV^] 
|-^///2_y// (x/ + x^O + xV^J = 
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or, since x^4-x^^=-<4f^, xV^rafl^ 

% The actual multiplication of the three factors in the 
first part of this equation, gives 

(13)2-(122) J/ + (22)^/ + (122) J^ -(l2Ki?' + 
(2) B'^ -- (13) ^/3 ^ (1^) ^/2j5/ _ (1) ^/^/e + S/3 

= o 
or, when for the numerical expressions their values arc 
substituted from the annexed tables, 

+ (A^ - 2B) S^ — CA'^ + BA'^'B' - AA'B'^- + fi''^ 

s O 

which is the final equation sought. 

SECTION LXXV. 

Prob. From the given equations 

1/ ^*» - Aaf^^ + BaT^ - Cx""^^ + &c. = o 
II. of - JV-^ + ^V-^ - C:f^ + &c. = o 
eliminate x, by the method in § LXXII. 

Solution 1. Since x'', x''^, x^^^, &c. are the roots <rf the 
equation II, then 

(j-xO (;r-^x//)(i:-x^/0 =* 

If in this few x ^e Substitute a/, a/^, o?^^^, &c. successively, 
then 

(j/-xO (r^-x^O (a/-xW) &c.= x/»- -4V"-^ + &c. 

(y^^x0(a/^-x^0(*''--x/O&<5-=x''"---^'^^''"'+&c- 
(.i//^-xO(^''-x^''X^/^'-x''^^)^<.=x^/^''-. ^V^/--^ +&C. ^ 
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S. If these values be substituted in the equation (i^), 
§ 72, the latter is transformed into 

X (x"^" - urfV^-i + BV/--2 - CV^--^ 4- &c.) I 

X '&c. J 

The first part of this equation is no other than the pro- 
duct of all the expressions^ which arise from substituting 
in the equation II for x all the roots x\ x^\ x/'^ &c. 
successively of the equation I. 

S. But we immediately see, that the above product 
tadergoes no change by any trausfonnation of the roots 
nf^ a^'^ x^^^y &c. as in a transformation of this kind one 
ftotor is merely changed into anothen The first part of 
^ equation is . * . neeessarily a symmetrical function of 
the above roots, whidi consequmitly may always be 
omitted according to known rules. In this way we 
Gib tain an equation, whidi no longer coatains a?, and 
which .'. is the final equation sought* From the opo^a^ 
liion itself, it follows besides, that it is complete, and 
contains nothing extraneous. 

• 

Rbmarx. The problem fi!om ti^o given equations with 
two unknown magnitudes to eliminate one of these magni* 
tudes, is consequently now solved in its most g^ieral fonm 
The actual calculation involves many difficulties, and 
amoqgst these chiefly s^e the solution of the product in the 
first part of the equation ip 2, and its reduetimi to 
numerical expressions. How these difficulties may be 
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removed by means of combinations, will be shown in the 
following §. 

SECTION LXXVI. 

Pbob. Represent directly the result of the elimination 
of X from the two equations I and II of the foregoing §, 
fully solved. 

Solutitm 1. To the equation II of the foregoing §, 
we can always, by dividing by its last term, give the 
following form : 

l+(l>+(2>2 + (3>34- + (»)a?"=o 

in which the coefficients (1), (2), (3), (n) denote 

given functions of y. This notation was chosen merely 
in order to facilitate the application of the combination- 
operations, and to make the law of the terms more 
evident. In order further to show, that two or more 
such coefficients are to be multiplied together, I shall 
merely put the numbers representing this operation in 
brackets near each other, and in these make use of 
repeating exponents. Thus .•. (123), (2456), (1^2^), 
the first of these denotes the product of the coefficients 
(1), (2), (3) ; the second, the product of the coefficients 
(2), (4), (5), (6), and the third, the product of the 
third power of the coefficient (I) and the second power 
of the coefficient (2). 

2. Put, as was done in the foregoing §, a/, x^^, xf'\ &c 
successively for x^ consequently the first part of the 
equation in 2 of that §, has the following form : 
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[1 +(l)a/ + (2)a:« + (S)x^ + (4)^'* + (5) i/i+&c.] 
X [1 + (l)x'' + (2) x'^ + (3)x"^ + (*K* + (5) 3/"> + &c.] 

&c. 
The number of factors here Is equal to the degree of the 
equation I, . > . = m. 

S. First take the product of the two first &ctors, we 
then obtain 

1 + ( 1 ) (x' + a/0 + (2) + (a^ + a/'*) + (3X.r" + a^'') 

+ (1«) (x'l/') + (1 i)ix'x''» + x^x") 

+ (4) (a/* +3/^*) + (5) (x^»+:r^'») + Ac. 

+ (13) (j/x"^ + ^^0 +(14) {3/3/'* + x^VO 
+ (2») (x^*/-*) + (23) (3/'j/"+X^3/'') 

4. Hence, if the equation I were of the second degree 
only, then this product must be represented by numerical 
expressions, as follow : 

1+ (1)[1]+ (2) [2] + (3) 13] + (4) [4] + (6)[6]+&C 
+ (1*)[1*] + 02)[12]+(13)[18](+(14)[14] 

+ (2*) [2*] + (23)[23] 

5. Now if we multiply the product in 3 by the third 
fiwtor in 2, we then obtain, when the terms are pro- 
perly arranged, the product 

l+(l)(a/+a''+x''0+(2)(«'*+^'*+a^''*) 

+(1*) ia/i/' + ^x"' +x'V/0 

/a/a/'« + x^x" + a/j/'^ + \ 

+ (lO («wo 
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+ (4) (_!/* + x^'^ + x'''*) 

/x/x"^ + yy' + a V' + \ 

+ (l^i)(x'x"x"''+x'x''*x'"+x»x^'x^^') 
+ (5) (a/»+x'/»+:r^'"') 

+ ( 1 «3) (x'a:^ V» + j'a/' V + x^x/'a/'O 
+ ( 1 2») (a/if' V'-^ + i«x' V''' + a/»y'*a/'0 

&c. 

6. If . ' . the equation I be only of the third degree, 
then the product in 2 may be represented as f<^oWs : 
1+(1)[1]+ (2) [2] + (3) [8] + (4)[4] +(5)[53+&C. 

+ (1«)[X»1 + (12)[12]+(1S)[1S] + (14) [14] 

+ (1») [l«] + (2«) [2^ + (23) [23] 

+ (1«2)[1«2] + (1«3)[1«S] 

+(122)[12»] 

7. It is not necessary to continue the multiplication 
further, as we may very easily perceive the law from the 
products already found. Thus we see, immediately, that 
the figures in the parentheses and brackets are always the 
same, and compounded in the same way. The 
included numerical expressions merely denote this, 
that they are all the possible numerical divisors for 
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ibe numbers I, 2, 3, 4, mn. I say all the possible 

aumierical divisicms; because some vanish, as^ for ex- 
lunple, in the products in 4 and 6 ; this merely proceeds 
jfirom this, that the numerical expressions for such 
divisions in the assumed degree of the equation I, are 
not possible, because more roots are required for their 
formation than this equation can possibly have. Gene- 
rally, when we have to do with particular equations, all 
those divisions vanish, for which either the numerical 
expressions, or the products of the coefficients do not 
obtain. 

8. How all the possible divisions of the numbers may 
be easily found, without the chance of omitting one, may 
be seen by the combination-analysis. In order .'.to 
' find the elimination of x from the two equations, 

I. a?*— J^r-' + 5x*»-« + Ccif^ + &c. = 

II. 14-(l)x + (2>t*+(3)x3 + ...+(ny=:0 

we must observe the following rules : 

(a) Analyse the numbers 1, 2, 3, 4, mn in all 

possible ways. 

(b) From every such analysis ajSyS ••• make a term 
I of the form (a^yS...) [a^yS...]. 

(c) Then, if the sum of all these terms is repre- 
sented by Sj consequently 

1 + 5 = 

is the final equation sought. 

4- . T 2 
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9. All the numerical expressions relate to the equationf 
I, and may partly be taken from the annexed tables, and 
partly may be calculated by the methods given in the 
two first sections. Nothing now remuns but to elucidate 
this operation by a few examples. 

SECTION LXXVII. 

Example 1. Find the result of the elimination of x 
from the two equations 

I. x^ — Ax •\- B =^0 

II. ax* + ^j?* + C:e^ + Dx^ + ex + JF = 0. 
First give the equation II the form 1 -f(l)x + (S)x^ + 

(3)x*+ (4)x*+ (5)x*; consequently put (I) ±5 ^, 

(2) = J, (3) = |, (4) = |, (^) = |. Since the 

equation I is here only of the second degree, the 
divisions need not be continued frirther than the second 
class, because the numerical expressions for higher classes 
do not obtain (§ LXXVI, VII). The final equation 
^ * . has the following form : 

0=1 + (!)[!] + (2) [2] +(3) [3] + (4) [*! + (5) [5] 

+(1*)L1«]+(12)[12]+(13)[13]+(14)[14] 

+ (2«)[2*]+(23)[23] 

+ (15)[15]+ (26)t25] + (35)[S5] + (45)t45] + (5«)[5«] 

+ (24)[24] + (34)[34] + (4«) [4»] 

+ (3»)[8»] 
Or, when we take the numerical etpieesio&s ftoxa the 
tables, for the numbers (1), («), (8), (4), (5), substitute 
their values, and then multiply the whole equation by JP, 
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0=Jp + HtfA + JOS{A^-^^B) + €f{A^^3AB) 

Example II. Let the two equations 

I. ar^ ^ Ax" + Bx - C =: 

II. Zx^ + m- + C:r + D = 

be ^ven. 

If we reduce the equation II to the form 1 + (l)x 

+ (2>r« + (3)x' ; then (1) = |, (2)=|,(S) = | 

Since in this case the equation I is of the third degree, 
we do not require to continue the divisions beyond the 
third class. The final equation . * . has the form 

= l+(l)[l] + (2)[2]+(3)[3] + (l3)[lS] + (23)[23] 
+ (l')[l']+(l2)[l2] + (22)[2«] + (l23)[l«3] 

+ (3^) [3^ +(13«)[182] + (232)[2S«]+(S3)[33] 

+ (12S)[12S] + (223)[22s] 

+ (2^ [2^] 
or, when we substitute for the numerical expressions and 
for the numbers (1), (2), (3), their values, and then 
multiply by & 
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+C3C 

+aCD(il25-2B«-^C)+am)(^B«-2j«C-JBC) 
+»2D (^B^^zAC) +aC2 CA^C--2BC) 

+a2:&scH9'c« 

In order to show the use of this formula in a particular 
case, I shall assume that the two equations 

x^^^ax^ + isayx — y^= 

ax^ •\-y^x — ay^ = 
are given. If we equate these with the equations I, II, 
we find A:=:2a, B=4ay, C=s3^, a=0,T& =a, C=yS 
D=— ay^. Since here a=0, the foregoing equation is 
reduced to 

and this equation obtains for every case^ in which one of 
the given equations is of the third, and the other of the 
second degree. If in these we make the requisite sub- 
stitutions, we obtain the required final equation 

y + a^y + 6a?^ -^ 12ay — 12ay = 
or 

y + ay + 6(r^y^ - 12a^y - I2a^ = 0. 
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SECTION LXXVITI. 

The method to find the final equation by means of the 
symmetrical functions, originated with Euler, who first 
made use of it in the Memoirs of the Berlin Academy for 
the year 1748, and applied it to a few easy examples. 
A short time after this, Cramer, in the second Appendix 
to his " Introduction a P Analyse des Ligncs Courb€s,''p. 
€60, &C. 1750, by a suitable method of notation (which 
I have partly adopted), made it more general, and the 
operation more easy. Both these great men chiefly en- 
deavoured to prove by it, that two lines, one of which is 
of the mth, the other of the nth order, can be cut in 
no more than mn points. The proof of this does not 
belong to this work, but to the higher branches of geo- 
metry. It is quite enough to know, that this solely de- 
pends on the following rule, and is an easy and iifime* 
diate consequence of it. 

SECTION LXXIX. 

sRule. When in the two equations 

12 3 m 

I. or + Ax"^^ + Ax"^ + Jx^^ + +A=o 

II. x- + ^V-i + J^x-2 + Jv-H + A=o 

1 2 3 
between two magnitudes x, 1/, the coefficients A, A^ Ay 

.,. y4,^'',.f4^i4^...^^ arc merely whole rational functions of 

11 t 2 

y, and that A and A' are of the first degree, A and A' of 
3 3 

the second, A and A of the third, and so on ; then the 

final equation in y, which arises from the elimination of 
j:, can never exceed the degree mn. 
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Proof 1. Let x*, x''^ x'^\ &c. be the roots of the 

1 1 3 

equation I, then is— [1] = ^, [2]=-4*— 24,— [5]= 

112 3 

A^—SAA-\-SAi and so on; from which we see, that [1] 
contains no other power of ^ than y^^ [2] no higher one 
than ^, [3] no higher one than ^ ; and it may also be 
satisfactorily proved with little trouble, from the nature of 
the formulas, § VIII, that in the supposed nature of the 

coefficients A^ A^ &c. the numerical expression (ji) gene- 
rally contains no higher power of y than y^. 

S. Further, no expression of the form (ajSyS ••• ) can 
contain any higher power of ^, thany*'*'^'**''^'*'*.... The 
accuracy of this assertion appears from 1, together with 
the remark in § XXIV. 

3. From § LXXV the first part of the final equation 
(the other =o) is the product of the m fectors 

1 n— f* n 

2^- +viV"-* + + 4V'* + + 4^ 

1 n — V n 

x/'"" +4V/«-* + -^cA'x"' + ^A 

:r^^/»+>^V//-»+ + ^^'''+ ^A' 

&c. 

after we have eliminated in it the roots j/, o/^, j/^^, &c, by 
means of the coefficients of the equation I. 



4. The general term of this product is 

aT y 7, &c.x'^x^^^x^'^^. 
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Now, since the product must be a symmetrical function of 
j/, a/^, j/^^ &c. this term necessarily belongs to 

A' A' A' &c. \]ivir ] 

5. But by S, the highest exponent of y in[)Liv7r...]isequal 
to the sum of the radical exponents jit + v + tt + . . . ; further, 
by the hypothesis, w— jit is the highest exponent of y in 

A'y n— V the highest in A^n^ir the highest in A^y &c. 
.•• mn-^(ji + V + tr + &c.) the highest in the product 



A' A* A' &c. But from both it follows, that mn is 

n — u, n — y «i — » 

the highest exponent of y in the term A' A* A' &c. 
[/EAVTr ... ], and that consequently in this term there can 
be no hi^er power of y than y"". 

6. Now, since what has been here proved of an indeter- 
minate term, obtains for every term in particular, it follows 
. ' • that in the final equation there can be no higher power 
ofy thany"'. 

SECTtON LXXX. 

When more than two equations with more than two 
unknown magnitudes are given, then in general there is 
no other way but to combine these equations in the usual 
way, two and two, and thus get rid of one unknown mag- 
nitude after the other. But Bezout observes, with truth, 
in the above-mentioned work, that this method is very 
defective, because a number of useless factors enters into 
the successive eliminations, by which not only the opera- 
tion is lengthened, but likewise the degree of the final 

u 
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equatidn becomes much higher than it ought to be, and 
what is much more objectionable is, that these factors 
do not show themselves till the calculation is completed. 
Since, however, these difficulties can be got rid of even by 
Bezout's method in no other way than by considering a 
great number of single cases, (but neither the object nor 
the limits of this work allow of such a detail as this), I 
shall consequently not enter into these inquiries at pre- 
sent, but leave them for consideration till a future period. 
Tschlmhausen, in the ^* Acta Eruditorum,'^ ^or the 
year 1683, has given a method for solving those equations 
which are founded solely on eliminations. This method 
only requires to transform the given equation, by means 
of an assumed auxiliary one, into another, which contains 
any number of indeterminate magnitudes, by the proper 
determination of which it is possible to remove as many 
terms as we please, and by that means give it the form of 
an equation of two terms, of a quadratic, of a cubic, or of 
any other equajbion, whose solution is already known^ or 
may be considered as known. Its inventor considered it 
as general, and so it is indeed ; only its application often 
requires the solution of higher equations than the given 
one itself. The following problems will elucidate what 
has been just said. X 

SECTION LXXXr. 

Frqb. Let the two equaticms 

I. x'^+ax^^ + lKxr'^+cJr^+&e. = o 

U. y+ J.-k-Bx + Cx^ + Dx^ + &c. =o 

« 

be given, in which the coefficients a, b, c, &c. A^ i?, C, Ac. 
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^ntain neither x nor^: determine the degree of the 
fipal equation, which is obtained by the elimination of Xj 
m t^rms of ^. 

Saluiion. Let x^, o/^, x^^^, &c. be the roots of the equa- 
tion I ; then, according to § LXXV, the first part of 
d^ final equaticm (the other = o) is the product of the 
fiiDowing m fiu^ors : 

y + A '\' Bx^ -f (V* + Da/» + &c, 
y + A + Bx^' + Cx^^ + Dx^^^ + &c. 
y + il + Bx'" + Ca///« + Dj:'//3 + &c. 

&c. 

Now, since in these factors y occurs in no other term but 
the first, consequently in the product there can be no 
ygher power of y than ^'". The equation in terms of y 
is •*• necessarily of the mth degree, and consequently 
always of the same degree as the equation I, of which 
degree besides the equation II may also be. 

CorMary. If . * . an equation 

af^ + or*"* + hx"^^ + cx""^ + &c. = o 
be ^ven, we can transform it into another of the same 
dqpnee in numberless ways. For this purpose, we only 
need assume any auxiliary equation of the form 

y j^ A -^ Bx ■{- Ca^ + Dx^ + &c. 

and eliminate x from both equations. Now, since both 
the degree and the coefficients of the auxiliary equation 
isre undetermined, we can always determine both, in the 
way required, by the form which we have determined on 
^ving to the transformed equation. Thus, if we wish to 
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t 

these values in the expression for K gives JT, and at the 
same time the reduced equation ^ + JT = o. 

CoroUary. Having found the reduced equation^ we are 
also enabled to find the roots of the given equation. 
Thus, from^ + -f = o, we obtain, when 1, a, 0, denote 

3 3 

the cube roots of unity, ^=— \/JP,^=— a\/ir, 

3 

^ = — 3 >v/ iST. If these values of ^, together with 
those oiA and By be substituted in the auxiliary equa- 
tion, we then obtain the required value of x by the 
solution of equations of the second degree. 

Rbmabk. Since the values of A and B depend on 
equations of the second degree, strictly speaking, we 
get 2x2 corresponding values of these magnitudes. 
Now, since every two corresponding values may be com- 
bined with each of the three values of ^, these substitutions 
^ve six different equations of the second d^ree. Every 
oiie of these gives two values of or, and consequently 
we obtain generally twelve values of jr, although the given 
equation can have no more than three roots. 

We must, however, keep in mind, that only those 
values of x may be assumed, which verify at the same time 
the two equations I, II. In order to find these values, 
we need only . • . seek the common divisor oioi^ + or* •\-bx-\-c 
and x^ + Bx + -4 + ^ in the usual way. The division 
of the first expression by the second, gives the quotient 
X + a -- jB, and the remainder 

(£2 - afi + i - -4 — y) a: + (5 - a) (^ + y)+c. 
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This remainder must vanish. We have consequently 

(J?« - aB + ft - -4 -y) X + (S-a) {A+y)+c^o 
and hence we obtain 

(B-g) {J+y) + c 
^"■"" B«-.aB + 6-^-j^ 
If in this equation we substitute for ^, fi, their values 
firom the equations in 4, also for ^ its three values succes- 

9 3 3 

sivdy, — /v/JT,— a\/ir,— |3\/jr, we obtain three values of 
x^ which are the roots of the given equation. Moreover, 
it matters not> in this case, which we use of the corres- 
ponding values of A and B, because they always give the 
same values of x ; of which we can easily persuade our- 
selves by actual calculation. 

SECTION LXXXII. 

Pros. Transform the general equation of the fourth 
d^ree 

oi^'^ax^ + bi^ + cx + d=iO 

into another of the form^4-J3^4-^=o, 

■ 

Solution 1. Since the transformed equation is to have 
the form ^^ + i^+jr=: o, in which two terms vanish, 
viz. the second and fourth, we must consequently assume 
an auxiliary equation, with two arbitiiary magnitudes. 
Let • * . 

y + Jl + Bx + x^=:o 
be this auxiliary equation. 

S. In order from 

I. y+J + Bx + ;x?=:o 

II. y + or^ + 6ac* + ca: + d = o 



152 

to eliminate t, it is only necessary to compare these 
equations with those of the first example in ^ LXXYII ; 
we then find ^1^=0, 5^=1, a=a, U^b, E^=c, 
F'^dy A^—By B=y + ^. If we make these substi- 
tutions in the final equation in the above mentioned §, 
it is by these means transformed into an equation of the 
form 

and then 

Q = 6i?2 + (Sc-ab^ B + l^-'Qac+ Qd 
jR= -cJB3+ (ac-4(0JB2+ (3ad-^bc)B 

+ c^ - 2 4d 
Sz^dB*-- odB^ + bdB" -cdJ5 + cP 

3. If we arrange this equation according to y, we 
obtain 

y + (4^ + P)f + (6^ + SPA + Q)f 

+ A^+ PA^ + QA^ +RA + S =zo 

in which any two terms may be eliminated at pleasure, by 
merely determining the letters A, B^ conformably to if. 

4. Now, in order, as the problem requires, to eliminate 
the second and fourth terms, we put 

4il + P = o 

443 + sPil^ + 2Qil + 12 = a 

P 

6. The first gives ils=-^~-j and if we introduce this 
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value into the other equation, by omitting the fractions, 
we have 

f - 4PQ + 8i? = o 

If in this equation we make use of the above values of 
P, Q, jS, we then obtain for B an equation of the third 
degree, viz. 

(4(i6— a»-8c)i?H(3a*— 14a26 + 20ac + 8i» - 32d) B^ 
+ (^3cfi+ Ifia^i— l6al^-^Wa^c+ 32ad -}- l6bc) B 
+ (fi — 6M + 8 a^c - 8 a*d + 8 0^6* - l6 a6c + 8 c« 

= 

Having determined B from this equation, we need only 
substitute its value in the above expressions for P, Q, ii, 
jS', in order to find these coefficients also. 

P 

6. Further, the equation in S, by putting for A is 

4 

transformed into 

' or, when we substitute for R its values — ~- into 

2 8 

and this equation has the form y^ + Hi^ + JT = o, as 
required. 

Corollary. Now from this transformed equation we 
may find the roots of the equation J?* + ar^ + i j^ + ex + d= o 
in a similar way as in the foregoing § for the equation of 
the third degree. Thus, since the equation in 6 gives 
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three values for j8, and the substitution of each of these 
values in the transformed equation gives four values of y, 
we . • . obtain generally twelve values for^. Each of these 
values of y^ together with that of B when substituted in 
the auxiliary equation x^ + J5a: + A -f-^ = o, or a:^ + 

P 

Bx hj^=o, gives two values for x, and we • • . obtain 

generally twenty-four values of x. Now, in order to learn 
which of these values are at the same time roots of the 
given equation, we must seek the common divisors of 
the two expressions x^ + ai^ + bx^ + ex + d, a^ -{- 

P 

Bx \- y. With this view, we divide the first expres- 
sion by the last, until we come to a remainder, which 
contains x in the first power only ; this remainder must 
. • . be = o. In this way we obtain the equaticHi 

[B^ - a^ + bB - c - {a - 2B) (v - —)]x 

4 
+ iB> -aB + b) (y-^) - {y -^Y -d = o 

4t 4 

and hence 

d- (B« - aB + b) (y^^) + O- J^ 

JB3-aB2 + ftB~c^(a-.2B)(j^--) 

4 

Now, if we substitute in this expression of x for y its four 
values fi-om the transformed equation, we thus obtain the 
roots of the given equation, and indeed we shall always 
find the same four values for r, whichever value of B 
we make use of. 
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Remark, From this and the two foregoing sections 
we deduce at least this much, that Tschimhausen's 
method leads to the actual solution of equations of the 
second, third, and fourth degree, although in a very 
laborious way. Whether, and how far this method is 
also applicable to higher degrees, will be the subject of 
inquiry hereafter. 
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V. — On the roots of the equation 2^—1=0, and 

ITS APPLICATION TO THE ELIMINATION OF SURDS 
FROM EQUATIONS. A METHOD, BY WHICH TO FIND 
SOLVABLE EQUATIONS, AND SOME OTHER SUBJECTS 
CONNECTED WITH IT. 

# 

SECTION LXXXIV. 

Frob. Find an equation, which merely contains the 
imaginary roots of the equation j:^— 1 =0. 

Solution. Here two cases must be taken into considera- 
tion, viz. first, when n is an odd ; secondly, when n is an 
even number. 

1. Let n be an odd number. In this case there is no 
more than one real root, viz. + 1, and consequently x*-l 
must be a divisor of sf — 1 • If • * • we divide the equation 
af — 1 =0 by a:— 1, and make the quotient =0, we obtain 
an equation which only contains the imaginary roots, and 
this is 

2. Let n be an evea number, . * . the ^ven equation is of 
the form x^— l=o. In this case it has necessarily two 
real roots, viz. + 1 and — 1, and no more. Conse- 
quently both j: — 1 and .r + 1 must be divisors of z^^ 
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.'.also the product (x—l) (j:+l)=:a^— 1. If .•* we 
divide the equation ar"— 1=0 by a:^— 1, we thus obtain 
an equation^ which only contains the imaginary roots, and 
this is 

af-a + x^ + oiT-^ ^ ,„ ^ x^ + x^ + I =z o 

Corollary. In order . * . to find all the roots of the 
equation J7'>— 1=0, we must, when n is an odd number, 
endeavour to solve the equation of^^ + af*^ + ... + x + 
1=0^ and when n is an even number, the equation 
a?*^+j:^'^+...+j*+l=o. The latter, because it only 
contains even powers of a:, may always be reduced to an 

equation of the degree by substituting y for x*. 

Example I. The equation r'— 1 =o divided by a:— 1, 
gives 

j;2 -j- X + 1 = 

and when solved, ,x = = • The three roots of 

this equation are consequently 

, -l + V"— 3 — 1 — a/— 3 
1, , ^ 

Example II. , The equation a* — 1 = o divided by 
a?^— 1, gives 

x2 + 1 = o 

whence we obtain :c= ± \/— 1. The four roots of the 
equation j*— l=o are consequently 

+ 1, — 1, + \/— 1, — \/-l 
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Example III. The equation a^— 1 = 6 divided by 
a;— 1, gives 

3^ -{- X^ + X' + X + I =0. 

This equation may be analyzed into two quadratic equa- 
tions 

•^• + (i + i^^5)x + l=o 

J?^+(i — i'v/5)j: + l=o 
and the solution of these two equations gives the four 
following imaginary rooots : 

i [-1- v^5 + ^/ (10— 2 a/5) a/ - 1] 
i[-l — a/5- a/ (10-2 a/5) a/ — 1] 
i[-l+>v/5 + a/(10 + 2a/5) a/- 1] 
|[— 1+a/5— a/ (10 + 2 a/5) a/ - 1] 

Example IV. The equation a^^— l=:o divided by 
x^—ly gives 

^* + x2 + 1 = o 
and the solution of this equation gives 

J7s= +>/'''"' 2 

The six roots of the equation a:^— 1 as o are . • . 

-1— a/-3 , /-i-^ — 3 



Vri^^», _ , 



2 ^2 



SECTION LXXXV. 



Pkob. Reduce the equation a"— /c=o to an cqu^ition 
of the form ?/"— l=o. 
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Solution. Fut x=y^/k, and substitute this value in 
the equation ^— A:=o, then this equation is transformed 
into iy"— fc=o, or when divided by t, intoy — l=o. 

Corollary. If.*, we have in any way already solved 
the equation y — 1 =o, and denote by 1 , a, ft y, S, t, &c. 
its n roots, or the value of y, we then obtain from 

xssyA/k the n following roots of the equation j;"— A:=o : 

n n u m n n 

VAr, a \/t, ff \/ky y a/Ic, S \/t, £ \/A:, &c. 

SECTION LXXXVI. 

Prob. Reduce the equation j:^— 1 =o to an equation 
of the form y^ — 1 =o. 

Solution. Put j?^=^, then a;^=y. If this value be 
substituted in the given equation, it is transformed into 
y~l = o. 

Corollary. If we denote the roots of the equation 
a:^--l = o by 1, a, p, y, S, c, &c., then the roots of the 
equation x^—y=zo (foregoing §) are 

\/y, o\/y, /3vy, y^/y, o>/j^, £\/y, &c. 
Now, since we can substitute for y each of the roots of 
the equation y— l = o, we obtain by these substitutions 
all the fq roots, of the equation a:^— 1 =o. 

Example. To find the roots of the equation x^^-- 1 =o, 
put 2?= 4, 2?= 3. . We consequently have the two equa- 
tions 
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0?* — y = o, j^ — 1 =0. 
Now, the roots of the equation ar*— l=o (§ LXXXIV, 
example II). are + 1> — 1, + V — Ij — V — 1, .*. 
the roots of the equation a:*— j^=o (foregoing ^). 

4 4 4 4 

'sfy^ — 'Jy^ + \/ — 1 . Vj/5 - a/ — 1 . vy. 

Further, the roots of the equationy^— 1 =o (§ LXXXIV, 
example I). 

— 1 + \/ — 3 — 1 — \/ — 3 

If we successively substitute these values fory, we obtain 
the twelve following roots of the equation o?^-^ 1 =o : 
1, ' -1, V-l, -V-1 

4-1+ V-3 4-14- V-3' 4-14- V-3 ,, 4-1+ -•-^ 

4-1- V-3 4-1- V-3 4-1- V-3 ,. 4-1- V-3 

^ > — ''■ ' > V -1 . ^ f V-1 . ^— — 



SECTION LXXXVII. 

Fsq^B. Under the supposition that n is a prime nufn- 
ber, from any one of the imaginary roots of the equation 
x"— 1=0, find all the remaining ones. 

Solution 1. Let a denote one of the imaginary roots 
of the equation aj^ — 1 = o, so that a" — J = o, or 
a"= 1. 

2. Since a" = 1, then also (a*") " = (a") " = 1. If 
•*. a is a root of the equation af » 1 = o, then must also 
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o* be pne of its roots. Therefore the equation or"— 1=0 
has, besides a, the roots a^, a^ a^, a^^ &c. 

3. But since in this way we should find an infinite number 
of roots, and the equation a:* — 1 = o can only have n 
foots, we may safely presume, that in the series of powers 
ft, a*, a*, a*, a^ &c. .there must be an infinite number of 
equal roots. This likewise is really, the case : for we 
find a"+^ =iar.a = a, a«+2 =r a" . a^ = a^ a'^^ = a" . 
«^ = a\ &c. 

4. Generally, when we exceed the nth power, we shall 
fixid only one of the n following roots 

a, aS o^ aS a*, a""S o' 

of which the last = 1 . For let o"* be any power of a, 
and m > 7L Further, let q denote the quotient, which 
we obtain after dividing m by n, and r the remainder, 
consequently r < n; then m =^nq + r. We have .'• 
o* = 0!^+' = a"* . a" = (a")' . oT = 1' . oT = a^ But 
a% since r < n, is necessarily one of the powers o, a^, 

5. The conclusions drawn hitherto obtain, whether n 
be a prime number or not. In the particular case, when 
nis a prime number, according to the supposition in the 

^^roblem, it may be proved, that the roots a, a^ a^ a", 

are all different from one another. For we suppose two 
of these roots a**, o", to be equal, and v > /u. Then we 
divide the equation a" = o'* by -a^, and obtain a""'* = 1 ; 
but it may be shown, as follows, that this equation is 
impossible. 

y 
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6. Thus, since n is a prime number, and v — jti < n, 
the numbers v — /i and n are ••. prime to one another. 
Consequently, as is already known from indeterminate 
analysis, two whole positive numbers t, u^ may always be 
found, such that (v — /ti) * = nw + 1. If .• . oT** = 1, 
then also must a^*"**^^ = 1, and consequently also 
fliw+i ^ 1, or a**" . o = 1, or a = 1 ; which is impossible 

<»)• 

7. Since .*. the roots a, a% a^ a\ a% as far as 

the number n, are all different from one another, then 
these are the n roots of the equation j?" — 1 = o. If* •' y 
an imaginary root a be given, we then have likewise all 
the remaining ones. 

Corollary. If .*. we denote the imaginary roots of the 
equation a:" — 1 =: o by a, ft y, 8, &c., then, when n is 
a prime number, all the roots of this equation may be 
represented in one or other of the following ways : 
either by a, a^ a^ ......... o""S a* 

or by e, 0", 0" er\ er 

or by 7, yS 7^ y^\ 7- 

&c. 

or, which is the same, we can substitute in the series of 

roots a, a% a^y a*^\ a!*, for a each imaginary root 

aS a^ a^ a"~S ^^ ^^^^ ^^ shall always obtain the 

same n roots. 

Example. When nszS, the roots are a, a% a^. If 
for the root a, we substitute the following one a% we 
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obtain a^, a^ a^ But since a' =r 1, then a^ = a, and 
a® = a\ and we have . * . here o^ o, o^, as before. When 
11 = 5, the roots are a, oS a^ a*, a*. If we put a^ for a, 
then^on the contrary, we have a^, a*, a^, a®, a'", or, since 
a' s= 1, aS aS a, a^ a'^ ; consequently the same roots as 
before. In like manner, when a^ is put for a, we find 
t?9 a®, a^y o", a", or a^ a, o*, a*, o*, and when a* is put 
for a, a*, a*, a", a^^ o^, or a\ o^ a^ a, a^ ; consequently 
always the same roots, only in a different order. 

SECTION LXXXVIII. 

Rules. 

I. When n is divisible by m, then all the roots of the 
equation ^r*" •— 1 = o, must also be roots of the equation 
af — 1 = o. 



Proof. Since n is divisible by m, then — =9 is a whole 

m 

number, and n = qm. The equation ^—1=0 is 

consequently x^ — 1 =s 0, and if we put af^zszy^ 

^—1=0. Now, y* — 1 = is divisible by j^ •— 1 ; 

consequently also, if again x"* is put for y, x^ — 1 is 

divisible by x*" — 1 ; - • . the roots of the equation 

a?^ — 1 = o are also roots of the equation x^ — 1=0, 

or J?* — 1 = o. Q. E. D. 

II. When a root (unity excepted) of the equation 
jf— 1=0, which is also a root of the equation jr"*— 1=0, 
is of a low degree, and that of the very lowest possible, 
then n must be divisible by m. 
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Proof, Let a be the common root, consequently 
a" — 1 = o, and a*" — 1 = o. Now, if n be not divisible, 
by m, then n divided by m gives the quotient q and the 
remainder r* so that n = ^ + r, and r <m. Then 
a- = oT^' = a*" . a'. But a" =1, a^ = (a*")' = 1 ; 
. * . 1 = a*" ; consequently a is also a root of the equation 
x' — 1 = o, which is contrary to the hypothesis, that 
x*" — 1 = o is the lowest equation, which contains the 
root a. 

III. When m, n are two numbers, which have no 
common measure, then the equations ^ — 1 = o, 
a" — 1=0 have no common root, except unity. 

Proof, If possible, let the two equations have a common 
root a, different from unity, then, at the same time, 0*"= 1 
and a"= 1 . Since m and n are prime to each other, we can 
always find two whole positive numbers, ty u, such, that 
mt = nu + 1. We have then the equation a"'=a""+^= 
a"" . o. But according to the hypothesis a* = a" = 1, 
consequently a"* = o"" : • • . 1 = a ; which is contrary to 
the hypothesis. 

IV. When the two equations jf — 1 = o, j:* — 1 =0,' 
have another root besides unity, common to both, then the 
exponents m, n, must have a common measure. 

Proof For if they have no common measure, then 
also they can have no common root except unity (III). 
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SECTION LXXXIX. 

FsoB. Let the equation z^— 1 c=o be given, and n be a 
compound number : find all those roots of this equation, 
which do not belong to any equation of a lower degree of 
the same form. 

Solution 1. Let py q, r, &c. be the simple factors 

n n n 

of the exponent n ; further, let — = ^,— z=iyi\^ =fi^^&c. 

consequently n is divisible by /ti, fx^ nx^^, &c. 

3. Construct . * . the equations 

a**— 1=0, JT*^— 1=0, x^^^— 1=0, &c. 

then these equations must have all their roots in common 
with the equation x^- 1 =o (^ LXXXVIII, I.) 

3. Now, I affirm, that each root of the equation 
0^—1=0, which also belongs to a lower equation of this 
form, must necessarily be a root of one of the equations 
in 2. For, let a be a common root of the equations 
3^— 1 =0, ic*— 1 =0, and the last the lowest of this form, 
to which this root can belong, then k must be a divisor 
of n (§ LXXXVIII, II.), consequently also assuredly 
a divisor of one of the numbers fi, f/y f/^, &c. Therefore, 
all the roots of j:*— 1 =o must be contained in one of the 
equations in 2 ; and consequently also the root a. 

.4. If we divide the equation j?"— 1 =o successively by 
X"— 1, x^—1, 0:^^—1, &c., we obtain 



166 

X— **' +j:^-«^' +X^3^' + .... +^'*' +J^' +1=0 

&c. 
The first of these equations contains all those roots of 
af— 1=0, which are not contained in o?^— l=o; the 
second all those roots of j;^— Iso, which are not con- 
tained in j:*^— 1 =0 ; &c. 

5. A root py which is common to all these equations, 
cannot be found in any one of the equations jr^^-^lszo^ 
j?^'— 1=0, J**"— 1=0, &c« and .•. cannot be a root pf an 
equation of two terms of a lower degree than :r"— 1 =0 (3). 

6. If .*. we seek the greatest common divisor of the 
equations in 4, then this must contain only such roots 
as are peculiar to the equation op^— l=o, and belong to 
none of a lower degree of this form. But it is also 
evident, that there can be no such root wanting in the 
greatest common divisor, because otherwise it could not 
be the greatest. 

Example I. Let j;^— ]=o be the given equation, 

consequently n=4. Since this number has only one 

w 
simple factor, viz 2, .-. p=2 ; consequently jtt = — =2. 

Ir 

If .*. we divide the equation a:'*—l=o by a?^— 1, we 
obtain the equation , 

x* + 1 = o 
whose roots + V— -1 and — V— 1 are such, that they do 
not become + 1 till raised to the fourth power. 
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Example II. LetJ?*^— l=o be the given equation^ 
consequently n = 12. This number has two simple 
fiiclors, viz. 2 and 3. We have .•.;?=2, ^=3, and 

consequently jic = — =6, ft''= — = 4. Now, if we 

divide j:^— 1 =o by ofi-^ 1 and x*— 1, we obtain the two 
equations 

a:« + 1 = o 

a® + :r* + 1 = o. 
Their greatest common divisor is 

a:* — a?* + 1 = o. 
Hence we find 

^ /1+a/-3 ^\/3±/v/-1 

and these four roots are peculiar to the equation :r^^ — 1 = o, 
because they do not become + 1 till raised to the twelfth 
power. 

In order to find the above roots, it is only necessary 
to solve the equations j:*— l=o, a;*— l = o, and to take 
the common roots only once. The roots of the equations 
ar*— 1=0, ofi— 1=0 are in § LXXXIV. In this way 
we obtain the following eight roots. 

/-.I4.V-3 +\/^1->k/-.S 
±1, ±^-l,±V i '"= 2 

which together with the four precedmg, give the twelve 
roots of j^— 1=0. This mode of expressing them, is^ 
as we see, much more simple than* that in § LXXX VI. 

Remabk. a root which is peculiar to the equation 
;c^— 1 s= o^ and which consequently belongs to no equation of 



1(J8 

a lower degree of this form, is termed a primitive root of 
this equation. 

SECTION xc. 

Pbob. Let n be a compound number, and a a given 
primitive root : find all the roots of this equation. 

SoltUton 1. In ^ LXXXVII it has been proved, that 
for every n, though a may be any imaginary root, the 
powers a, a% a'. ..a", are always roots of the equation 
af— 1=0. 

2. I affirm, then, that when, as has been here supposed, 
a is a primitive root, in the series of magnitudes a, 

or, a\ a", there are no two, which are equal to one 

another. For if a'*=a*', then 0""^=!, consequently a is 
a root of the equation or'*"*'— l=o; therefore the root of 
an equation of the form ^r"— 1 =0, of a lower degree than 
w, and consequently no primitive root, which is contrary 
to the hypothesis. 

3. Since .*. the magnitudes a, a^, a^, a*, a* are 

jail roots of the equation x"— 1 =0, and all difterent from 
one another, they are the n roots of this equation^ which 
were sought. 

SECTION xci. 

Pbob. Let n be a compound number, and d a pri- 
mitive root of the equation ^ — 1 = o, . • . a, a'," o^ <i*, . . . .a" ^ 
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all the roots of this equation (§ XC) :. find a criterion by 
which to distinguish the primitive roots of this equation 
from the others. 

Solution 1. If two whole numbers m, n, have a common 
measure, there may always be found a whole number ty 
which is less than n, and such, that mt is divisible by n ; 
on the other hand, if the numbers m, n, are prime to each 
other, then t cannot be less than n, if m^ is divisible 
by n. • 

2. Now let a" be any one of the magnitudes o, a*, o', 

a". If this be a root of an equation a:' —1 = o, 

we then must have a"^ — 1 = o, ora*^ = 1 ; .•. mi^must 
be divisible by n. 

3. From this condition and from 1 it follows, that when 
the numbers m, n, have a common measure, there can 
always be found an equation x' — 1 = o of a lower 
degree than the nth, of which a*" is a root ; but that no 
such equation can be found, when m, n, are prime to each 
other. 

4. But hence it follows, that of the powers a, a% a\ 

a\ a", all those, without exception, are primitive 

roots of the equation a:^ — 1 = o, whose exponents have 
no common measure with n ; and this . * . is the criterion 
by which the primitive numbers may be distinguished 
from the others. 

Example. Amongst all the roots- a, a\ a^ a*, a*, o^ 

z 
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Jy a% a\ a"", a", o*^ of the equation x^^ — 1 = o, there 
are no more than the four a, a'^, a^, a^S \i^hose exponents 
have no common measure with 12, and consequently which 
are primitive roots of this equation ; and these roots can 
be no other than the four which were found in the second 
example^ § LXXXIX ; viz. 

In order to be convinced of this, assume one of them, 
viz. ^ \/ 3 + i \/ — 1, for a ; by actually raising this 
root to the fifthj^ seventh, and eleventh powers, we find : 

a^=-i V S + i \/ — 1 

a"= i v^ S - i >v/ - 1 
and these are the same as the foregoing. We should have 
obtained the same result, if we had put every other of 
the four above-mentioned roots for a. That this must be 
the case^ niay, besides, be seen without actually completing; 
the calculation; for if in a, a^ a^ a", we substitute 
a^, a^, a", successively for a, and omit in the exponents 
the multiples of 12, we then obtain 

a^ a^y a^ a« or a«, a,. a}\ a^ 

a^ a\ a^, a^ or a\ a", a, a' 
a}\ a«^ a77, a''\ or a\ €l\ a\ a, 

• * . ^w^;3 the same soots, only in a different order.. 

■ \ 

SECTION XCII* 

If we compare the equation of — 1 =0 with the 
general ec^uation x^ -^ Aaf^^ + Bxf^^ -^ Cx"^ + 
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q::*y-c± y = 0,^ = JB = o, C = o, *S=o, 

T 2= + 1. If . - . we denote the roots of this equation by 
a, 0, y, S, &c we have 

a + 5 + y + 8 + &c. = 

ap + ay + &c. + ^7 + /38 + &C.&C. = o 
ajSy + apd + &c. + PyS + &c, &c. = o 
and so on to the product of all the roots, which is = — 1, 
or = +1) according as n is even or odd. 

Since in the two first chapters, the letters, a, 0, y, 
S, &C. are used to denote the radical exponents, in order 
to prevent mistakes, I shall once for all remind my 
readers, that these letters, when they are in the brackets 
[ ], always denote, as heretofore, radical exponents, but 
in every other case the roots themselves. Further, 
in order to indicate, that a numerical expression relates 
exclusively to the roots of an equation of the form 
x* — 1 = 0, 1 shall place a dash over the left side of the 

bracket thus ^[aj$yS k] in reference to the equation 

^-1 = 0, denotes a numerical expression for the radi- 
cal exponents a, 0, y, S, k. 

SECTION XCIII. 

Prob. Find the sums of the powers of the roots of the 
equation a?" — 1 = 0. 

Solution 1. If we compare this equation with the 
general one 

x" + j<j^i + Bx'^^ + + Pj: + Q = 0, 

we find -4 = 0, JB =33 o, C = o, &c. : P = o, Q = — 1. 
C<»isequently, by means of the equations in 7, § VIII, 
we obtain 
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'[1] = b, '[2] = o, '[3] = o, \n - 1] =0 

on the other hand ^[n] =s n. In like manner we find 

'[w + l]=o, '[n+2]=o, '[n + 3]=o, '[2n-l]=o 

on the other hand ^[2n] =71. Generally, all those sums of 
powers , whose radical exponents are divisible by n, are 
equal to n, all the remaining ones, on the contrary, =0. 

2. If we put 07=—, the equation j:^ — 1 = o, is 

transformed into 1 = o, orv" —1=0, whose roots 

consequently are the reciprocals of the roots of the former 
equation (^ X). But since the equations a^ — 1 = o, 
y — 1 = o, are similar to one another, we also have 
'[— l]=o, '[-S]=o, ...... '[— n+l]=o, '[— w]=n 

and generally, all those negative sums of powers, whose 
exponents are divisible by n, =n, all the remaining ones, 
on the contrary, = o. 

SECTION xciv. 
Pbob. Find the value of '[a gj. 

Solution. Since, generally, for every equation [ag] = 
W \?] - [a + IS], and when a = ft 2[a^ = M — 
[2a], so also in particular for the equation ^ — 1 = 0. 

In order to determine from hence the numerical value of 
\a0\y there must be three different cases. 
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' 1. When a + is divided by w, but the radicd exjw)- 
nents a, fi, are not taken singly. In this case, nooord* 
ing to the foregoing ^, '[«] xa ^[jg] ssO, '[<s + j?] sc n ; 
eoofittquently 

'[a0] « - «, 
and when =1 a 

L J g 

2* When a+0is divisible by n, but at the same time 
also, the radical exponents a, |3, are taken singly. In this 
case '[a] = \0] = n, and '[a + /3] = n; .-. 

'[ajS] = n* — n 
and when a =s 

L J g 

S. When a+|9 is not divisible by n. In this case 
^a + |S] = ; but likewise the product \a] ^[jS] = 0, 
tieoause then a and /? cannot at the same time both be 
divisible by n ; consequently always 

SECTION XCV. 

Pros. Required to find the value of ^[ajSy]- 

• . • ■ ■ ., 

Sohitionp Now 

t«i»y] = ta] Iff] Xy-] ^ t«] T^+t1 - 1^] t«+7l 

— 'M '[« + )8] + 1 .«'[« + 18 + rl- 

H«n^ thflD, ih« following cases. «ie to b« coMidend : 

+- z 3 
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1. When a + g + y is not divisible by 7?, then the 
last term of the solution of \affy] here given = 0; then 
also all the remaining terms of this solution = 0, because 
in each of these there must be at least one numerical ex- 
pression with one radical exponent not divisible by n : 
consequently for this case ^[agy] = 0. 

2. If each of the magnitudes a, /3, 7, be divisible by 
n, then each of the numerical expressions '[a], '[/S], ^[7], 
\a + /3], '[a + 7], '[jS + 7], = n, and consequently 

\apy] = n^ — 3n^ + 2n. 

3. In every other case always 

^[a^y] = — n* 4- 2n. 

SECTION XCVI, 

Prob. Find the value of the general numerical ex- 
pression [af^P^y^ ic^]. 

Solution 1. The last term in the development of this 
numerical expression is, according to the second chapter, 
— 1.2.3.4 V— 1 V . V ^ , . t \ 

when a + ift +( + + & is put = v; the upper sign 

when V is even^ and the under one when v is odd. 

2. Now, if It be not a divisor o(aa+h0+ty + .., +ltic, 
then this last term = 0; but at the same time also, all the 
remaining terms vanish, because in each of these there 
must be at least one numerical expression, whose radical 
exponent is not divisible by n, for otherwise the sum of all 
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the radical exponents, contrary to the supposition, must 
be divisible by n. 

3. But if aa+6g + f7+ +*ic, be divisible by n, 

then this last term alone is 

._ 1 . 2 . 3 V — 1 

1 . 2 ... a X i . 2...bx Xl . 2...lt*^ 

4. In order to obtain the values of the remaining terms, 
we can proceed as follows. Analyze the expression 

cfl0^y^ K^ in all possible ways into combinations of 

two, three, and so on magnitudes, the sums of whose 
numbers are divisible by n, and assign to each such com- 
bination the coe£Scient JC in 7> § XXX, when all the 
combinations are different ; on the other hand, the coeffi- 
cient £' in 10, § XXX, when some of them are equal, 
and determine the sign as in 13. Then, without any 
further reference to the combinations themselves, take the 
aggregate of all the coefficients, which arise from the 
divisions into two combinations ; further, the aggregate 
of all the coefficients which arise from the divisions into 
three combinations, and so on. If, then, we denote these 
different aggregates in their order by 9, TS, C, D, then 
the value of all the terms besides the last 

= an» + T^n^ + €n^ + 2>»^ + &c. 

6. From 3 and 4 we obtain . * . the following value of 

the numerical expression [ofi^y^ k^] : 

_ 1.2.3.4 V— 1 

1 . 2...axl . 2. .Ax xl .2xfe* 



-f aw^ + 'Bn^ + ffw^ + D7«5 + &c. 
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Example. Suppose it is wished to find the value of 
\l^2^5^], when n s:z 6^ we then proceed according to the 
following scheme : 



Combination 1^2^ 5^ 



Divisions, 



Coefficients. 



15, 


12^5 


1 . 2 . 3 . 4 _ 
1.2.3 " 


23, 


1^5^ 


1.2x1. 2. S_ 
1.2.3x1.2x1.2 " * 


122S 


25^ 


1 . 2 . 3 X 1 .2 _ ^ 
1.2X1.2X1.2" ^ 


15, 


15, 2^ 


I ^ • ^ - 1 * 


'1.2x1.2.3 •* 



We have .-. S = - 4 - i - § = - 6, 38 = J, .-. 
since also « = 2, i = 3, ( = 2^ consequently v = 7, 

^ -^ 1.2x1.2.3x1.2 ^ 



SECTION XCVII. 

The symmetrical functions of the roots of the equation 
:r^ — lx:0 are principally of use in eliminating irrational 
magnitudes from equations. To eliminate ijxational 
magnitudes from an equation, or to make it rational, 
implies no more than from this equation to derive another, 
which only contains rational magnitudes, and is such, 
that the roots of the former equation are also roots of tlii9 
latter. In order that it may be seen how this is effected, 
I shall assume that we have the equation of the first 
degree x ^ J =i 0, in which A denotes any irrational 
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expression, and that we wish to find for x an equation 
which is free from irrational magnitudes. Since each 
irrational magnitude in the expression A^ has more values 
than one, consequently the value of x has various signi- 
fications^ and while nothing nearer than this is determined, 
this value is doubtful. An equation free from irrational 
magnitudes which has the expression ji for a root, can, on 
account of this very doubtful ;signification, neither give 
this nor that value which we suppose it to have, but 
must, at the same time, necessarily give sll those different 
values, which this equation contains, because otherwise 
there would be no sufficient reason why it should give 
exactly this one, and not every other value likewise. 
Now, since the values of x are frmctions of the coefficients 
of the equation, but the coefficients, according to the 
condition, are rational, consequently the difference of these 
values cannot arise from the coefficients, but must be 
ibuaded in the degree of the equation. The degree of 
the equation must . * . be equal to the number of the 
different values, which the expression A can have. 
But if the condition respecting the rationality of the 
coefficients be omitted, then certainly equations of lower 
degrees may be found, which have this expression, for 
roots, because then the coefficients themselves are unde- 
termined. 

For instance, let xz=: ^k. The irrational magnitude 
^/k has two roots, viz. + ^k and — \/A:. The required 
equation must .' . have these two values for roots, and it 
consequently is (jr+ \^k) {x— Vk) = o, or, by actual 
multiplication, x^—A:=:o; a rational equation, which we 

^ A 
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should also have obtained, if we had squared both parts 
of the equation x= ^/k, 

Further, let x=\/k. If we denote the three roots of 
the equation a:^— l=o by a, |S, y, then the irrational 

magnitude \/ k has the three values a!\kf iS^^A:, y^k, 
and these consequently must be the roots of the required 
equation. It is • * • 

(X'-aS/k) (T-jS\/Ar) (x-^yS/k) = o. 
By actual multiplication, we obtain 

x^^liys/k.x^+^l^ys/k^.x^'il^] A:=o; 
or, since by the preceding §, '[l] = o, ^[1^=0, '[l^]= 

1.2.3 3-^' 

x^ — k = o; 
a rational equation, which we should also have found, by 

3 

raising both parts of the equation ^=\/A:to the third 
power. 

I shall now put x=S/k. Since +1, —1, + \/— 1, 
— \/— 1, are the four roots of the equation x*— l=o, 

then +VA:, — N/i^ + \/— 1 • V *^, — v^— 1 • V *> »^® 

the four values of V ^9 ^^^ ^^^ required equation is . * . 

(X'-\/k)(x-{.\/k)(x'' ^/-l.\/k)(x'+ s/''l.\/k)=o 
or by actually performing the multiplication 

x^ — A: = 0, 
as was required. 

If for \/k we had only taken the two values 4- \/kf 
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—\/kf and from these had formed the equation (a: — v ^) 

(j^+V i=o) we might have foreseen, at once, that no 
rational equation could be found. And this is actually the 
case ; thus we obtain x^ — . \/k = o. Each of the two values 
of X contains the irrational magnitude \/A:, and since this 
has a two-fold value, we consequently obtain the four 
values of x. 

Hence we perceive, at least, how we are to proceed 
with equations of the first degree, in order to render them 
rational. Thus, if x=:A be an equation of this kind, 
and we denote by A^, A\ A^^\ &c. the different values 
which the irrational expression A contains, by reason of 
the many significations which its irrational magnitudes 
have, then 

(ar-^0 ix^A'^) (x-^/^0 = o 

is always the equation free from irrational magnitudes, 
which was sought. 

The following problems will throw more light on this 
subject. 

SECTION XCVIII. 

Fkob. Make the equation J7= \/p + s/q rational. 

Solution. The irrational expression ^p + \/q may 
here have four different values, according as we give the 
roots Vpf ^/q^ the sign + or — , and these values are 

+ \/p + V'?, — \/p- \/^, + V>— \^?> — \/p + >/?. 
The equation free from irrational magnitudes is conse- 
quently 
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(or— \/p+ \/?) (x+ \/p— Vy) = o, 
w, when w^ multiply the first ftnd second factors together^ 
an ab6 the third and fourth 

or lairtly, by completikig the multiplication the second 
tiitte 

x4^2(p+ q)3i^ + (p - ?)« = o 

SECTION XCIX. 

Pkob. Make the equation :r=ra\/p + ^^^ rational. 

Vp 

Solution* Since in this equation there is only one 
irrational magnitude, and that the square root^ viz. ^/py 
consequently x can have no more than two values, and 
these are 



Vp Vp 

The rational equation is . ' . 

(j:— a\/p 7-) (j:+a\/p+-^) r= o 

vp vp 

or x^ -— c?p — 2a6 = 

P 
or likewise px^ — {ap + 6)2 = o 



BECTIOH c. 

Fbob. Make the equation x=^c\/p + b\/p^ rational. 

Solution 1. The cubic irrational magnitude S/p, may 
have three values viz. 
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^\/p^ (NPf yWpy 

when a, ff^ y denote the three roots of the equation 
x"— l=r09 unity included. These three values of \/p 
correspond to the three following values of its square V p* ; 

a^S/l^, e^p\ 7vV. 

Consequently x can contain no more than these three 
values : 

The rational equation is • * . of the third degree. 

S. It is represented by 

a^ - Px2 + Qx - iZ = 
then 

P =z {aaSjp + a^VsJf) + {&aSjp + fi^bs/p") 

3 3 

= tllA/F+'[2]ft^yP* 

(aa\/p+a«ftVP«) (7aVP + Y**Vp') + 
(fia's/p+e^hs/p*) (7aVP+y«i\/p«) 
= \V\a^\/p*+\li]abp+\9^].b^t\/p 
R = (ao\//>+a«fts/p«) (fiaS/p+ff^bS/p*) 
(7a\/p+y«\/i»«) 

+ '[i^Vp'- 
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3. Here, then, the numerical expressions ^[l], ^[2], 
^[1«], ^[2^], \V2], tl2«], tl2], Tl^], [2'] occur, the 
first six of which vanish, by 2, § XCV. Further, by 
the same §, since here n=s3y '[l2] = — 3, ^[1^]=1, , 
^[2^] = 1. By the substitution of these values in the 
expressions for P, Q, i?, we obtain P=o, Q^—Sabp^ 
R=:a?p + ¥p-f and hence the required rational equation 

a;^ — Sabpx — €?p — i^^ — q, 

Bemark. We could essentially have shortened the 
calculation for determining the values of P, Q, iZ, by 
omitting at once all those terms in which p is included 
under the radical sign, because it might have been fore- 
seen that they vanish in the results, as the required 
equation must contain no irrational magnitudes. 

SECTION CI. 

The problem in the preceding § leads immediately to 
the solution of equations of the third degree. For since 

the supposed roots aa\/j? + a^i\/p^ ^('S/p+ff^bS/p', 

yaS/ p-\"^^V\/ p° led to the equation a^-^Sabpx—a^ — 
63^2—0, it may be inferred conversely, that every equa- 
tion of this form must have theser three roots. If we put 
pes: If then this equation is transformed into 

jr3 _ 3qJjj, _ ^ _ J3 «. q 

and the three roots of this equation are consequently 

aa + a«J, /Sa + jS^J, ya -f y"b. 
Since one of the three roots a, /?, y must be equal to 
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unity, we may .•. put y=l ; farther, if a-=:jS, jS- = a; 
the three roots of the equation x^ — Sabx—a^ — 6^=0 con- 
sequently assume the following form : 

aa + 0b^ jSa + aft, a 4- h. 

We obtain also precisely the same result from Cardan's 
Formula, which, as is already known, tries to reduce the 
given equation to the form x^—3aJr— 0^—6^=0. 

SECTION CII. 

The problem, § C, may also be solved by another 

method. Thus put \/p =j/, then sjp^ =^2^ . • . j: = ay + 
h/^ : the value of y determines that of x. But y has 

three values, viz. aS/pj SS/p^ l*\Pi which are all com- 
prehended in the equation ^— j}=o; consequently the 
values of x must be the result of the elimination of y in 
the two equations 

I, ^ — p = o 

II. X -— ay — iy* =: o 

In order to perform this elimination, we give, by § LXXVI, 
to the equation II. the form 1 +(l)y+(2)y^=o, so that 

(1) = — , (2)= - — , and we then obtain the following 

X X 

equation : 

o = 1 + (1) [1] + (2) [2] + (12) [12] + (2«) [2«] 

+ (1')[1']+ (l')M + (1'2)[1«2] 
+ (12*) [12*] + (23) [2^] 

The numerical expressions may be taken from the annexed 
tables, if we put -^=0, iS=o, C—p. If after this we 
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substitute agun for (1), (2), their values , — -> we 

then obtam the equation x^-^Soipj:— i^-i-a^ =0, a« in 



SECTION cm. 

Prob. Make the equation a:=a\/p-h JS/? rational. 

3 

Solution 1. The cubic irrational magnitude \/p has 
three values, viz. a\r p, SS/pt y\/p» Iii ^^^ manner 

\/q contains the values aSj q^ jSN/j, 7 y ?• Each of the 
first may be combined with each of the latter, and this 
gives nine values of or, viz. 

aaSj p •\- ab\J qj 0a\/p + ab\/q, y€^p + eJ)\q 
aa\/p + pb\/q, ^\/p + pb\/q, yaS/p '\- pbsj q 

3/ 3/ 3/ 3/ 3/ 3/ 

aa\/ p -[ yb\/ q^ Pa\p-^yl\/q^ yaS/p-hybS/q 

Hence we can find the rational equation in the usual way. 
But we can also attain this object by eilimination as in 
the preceding §. 



en 



2. With this view, put a\/p = i/, b\/qz=iz; ^H 

x=x:y+z. Now, sinee y has the value«{ Qofsjp, fiaSjpy 

ycfs/pi and z the values alSj q^ 0bSj q^ 7*v 9> which 
are all included in the two equations ^ — c^p = o, 
s^-^i^qtsz^^ it merdy amounts to this, fcom the tiuree 
equations 
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II. ^ — a^ = o 

III. x" - i^j = o 

to elimiimte the magnitudes y and z. 

S. Baue the equation I. to the third power, and put 
fi^^9 ^9 ^®i' values €?Pj Wq from II. and III., also x 
bry+9f we then obtain 

JT* = 0^ + tfy + 3yzx 
or tx? -^ c?p '-'Vqzs. 3yzx 

I 

4. Raise this equation again to the third power, then 
we get 

(^a^ -^ a?p -- Vqy = Z^j^sfs? 
and if for ^9 2^ we substitute their values 

(a:' -^a?p — IPq^ = 21c?¥pqc(?. 

5. If this equation be solved and properly arranged, 
we obtain 

a» - S(f?P'^Vq)ofi + \${c?p + 435)2 - 27a*6*jt?7] j:' 

- (o^ii + yj)3 = Q, 
fnd since this is of the ninth d^ree, it consequently is, 
as appears from 1, the most sin^ple rational equation 

which can be deduced from a:=aN/p + iN/j'. 

SECTION CIV. 

Pbob. Make the equation x = \/p + ^q + ^r 
rational. 

SohUton 1. Since the quadratic irrational magnitudes 



X 
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may be assumed either positive or negative, their combina- 
tion gives for x the following eight roots of the required 
equation: 

A/p + \/ ? + \/r, — Vp — vv/^' — \/r 
^/p •\- \/? — \/r, — v/p — a/^' + \/r 
\/p — \/7 + A/r, — \/p + \fq — \/r 
\/p-- \/? — \/r, — \/p + V? + \/r 

2. Since here every two roots which are opposite each 
other only diifer in these signs, the equation can only 
contain even powers of x^ and it has . • ., when we put 
x^^y^ the following form : 

/ — ^y + jBy2 - Cj^ + 2> i= o 
and the roots of this equation are 

(\/p + V? + v/r)S (\/p + >/? - Vry 
(\/p — \/? + \/r)2, (>v^p — \/q— ^/rf 

3. In order to determine from hence the coefficients A^ 
Bj C, Dy we only need take the sum of these roots, the 
sum of every two of them, and so on. The following 
treatment, which has been frequently made use of already 
in the preceding part of this work, leads to the object in 
a shorter way. Let aJi, aSs, SS^ S^^ denote the sum of 
these roots, the sum of their squares, cubes, and fourth 
powers ; then, when in § IX, — A and — C are put for 
A and C, and the symbol S for the one [ ] there used, 

^ = ^91 

^ _ BSi — AS2 + S3 

' 3 

"" 4 
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4. The expressions Sly S2y SS, «S4j must necessarily 
be rational, because otherwise the coefficients Ay By C, Z>, 
ceuld not be rational. Consequently the irrational mag- 
nitudes in the solution must alternately be left out^ and 
they may .*• be entirely omitted in the calculation. 
With reference to this remark, and since we treat the 
trinomial ^/p + ^q + \^ r as a binomial Vp + 
i^q + \/r), the calculation stands thus : 

(>/p+ Vq-^ Vrfz^p +5f + r + &c. 
(\/p+ Vq+ ^ry^t^ + 6p{^/q+ ^/ry + (\/q+ VrY 

&c. 

=/ + 6p(iq + r) + f+ 6qr+r^ + &c. 
=^+ ^ + >r^ + 6(pq+pr+qr) +&c. 
(V>+ Vq+ Vry=:p^+15f(^/q+ \/r)«+ 15^(^9 + 

Vry + {Vq+ ^/ry + &c. 
=:p^+15p^{q + r)+15p(^^ + 6qr + f^) 

+^+ IB^r-i- 15jr2 + r3+&c. 
=j}3 + j3 -j. 9^ 4- 1 5(p2y 4.^j8 4-2^r +l>r* 

+ (fr 4 qr^) + 99pqr + &c. 
(Vp+Vq+ Vry=:zp^ + 2Sp\Vq+ A/r)2+70/(x/y + 

Vry + 2Sp(^Vq+ Vry+(^q + 

>v/r)H&c. 
=/ + 28p3(5f4'r) + 70p^ (q^ + 6qr + 

r2) + 28p (5^ + 1 5q^r + 1 5 jr^ + r^) 

+ ^ + 28 fr + TO^fV^ + 2Sqr^ + 

r*&c. 
=p* + 5^ + r* + 28(p^5f + ^j^ +ph 

+pr3 + yV + qr^) + 70(j} Y H-i? -r- 

+ 5^2) ^ 420( j»yr2 -hpjV 4 p^qr) 

+ &c. 
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5. It & easily se6fi, that if, itfsteadi of \/p 4- V^ + sfr^ 
tve had raisied every alternfate 6ne of the e^cpres^ioiiis 

^/f + \/? — \fTy \/p— a/?+ v^*"? Vi'"* \/y— \/r td thiB 
sione powers, tfie ration'dl pkrts would !lavebeen the same. 
N6f#, sibibe m Si, Si, Ss, S4,, the rational t^f^ mUst 
be left 6ut, we bbtaiti 

S2=i4, lp^+f4r^''¥6(pq+pr+(lry] 
S3:=z4i [p^-{-f+t^+ 1 5(p^q + ptf -^ p^r + pr^ + q^r 
+ qr^) + QOpqr] 

6r mof 6 briefly, when tfi'6 brackets [ ] refer to the mag- 
mtndes p, q, r, 

iSl=±4[il 

5i=4([j^] +6[1«]) 

i^S=4 (fs] + IS {12] + 90 [13]) 

iy4=4 ([4] + is [IS] + 70 [58] + 420 [1«2]) 

6. If these values be substituted in i!he ei^tioii'i^ i^ 
Sf we dien obtain the doiefficients A, B, C, D, expressed 
by the given magnitudes p, q, r. 

SBCtiON cv. 

PMd. Make the equation ar= v^p+ \/y+ ^/r+ \/jr 
rational. 

Solution i. it niay be shown by inferences, as is in 1 
^nd 3 6f the precediii^ |, that, when we put x^ = y, the 
rational equation is of the form 
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and has the followitig expression's for roots : 

Vp + y/q + Vr - \/sy 

Vp + V? — Vr + \/«)« 

Vp + Vq — Vr — Vsy 

^/p — Vq + \/r + \/«)'2 

a/P — a/^' + A/r -— ^/sy 

Vp — Vq — Vr -^ Vsy 

Vp — Vq — V^ — \/«)* 



% Give the symbol iS the meaning which it had in 
the preceding §, and first of all try to find the expressions 

S\^ S2, SSf S8. Since the calculation is managed 

^ in the same way as in the preceding §^ I ishall not detain 
my readers with it, but only remind them, that in the 
involution the expression Vp+ Vq+ \/r+ Vs may be 
considered as a binomial, whose two parts are Vs, and 
\/p + Vq + Vr. 



3. Consequently we have 

Wp + Vq+ Vr-^ Vaf^ 
s + {Vp + Vq+ Vry + &c. 

iVp + Vq+ Vr -i- Vsy = 

i^+6s{Vp+ Vq+ Vry+(Vp+ Vq+ Vry+&c. 
(Vp -h Vq+ Vr+ Vsy = 
^+i5^(Vp+ Vq+ Vry+l58{Vp+ V^+ Vry 
+ ( /p + \/j + Vry+&c. 

&c. 
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or, when the developement of the powers of \/p 4- >/? + *>/t 
in 4 of the preceding §, are used, 

(a/P+ ^/9+ Vr + \/«)* = 

ji + jf + r + « + &c. 
(-v/p + \/9 + ^/r^\- s/if = 

(\/p + \/9 + Vr + Vs)* =: 

&c. 
in which only the irrational terms have been omitted. 

4. For the same reasons as in 5 of the preceding §, we 
obtain from hence 

iSl =5 8 [1] 
52 = 8 ([2] + 6 [12]) 
SZ = 8 ([S] + 15 [12] + 90 [1^]) 
&c. 
and the substitution of these values in the formulae in 3 
of the preceding §, which must be extended for this pur- 
pose, gives the coefficients A^ B, C, &c. 

SECTION cvi. 

Pros. Make the following equation of the first degree, 
with an indeterminate number of quadratic irrational 
magnitudes, rational, viz. 

x=: ^/p + V? + Vr + Vs + + A^w. 

Solution 1. By the two preceding §§ it is easily 
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inferred, that when n is the number of the irrational 
magnitudes a/p, \/^, ... \/t£?, the degree of the rational 
equation is equal to the power 2". But since the different 
values of X are such, that two of them are always similar, 
but with different signs, the equation consequently is only 
of the 2*"Hh degree, when we put x^ = y. 

2. The conclusions in the two preceding §§, when ex- 
tended, give the following results : 
Si = 2-> [1] 

52 = g-* ([2] + 6 [1»]) 

53 = 2-' ([S] + 15 [12] + 90 [1^]) 

S4> = 2-* ([4] + 28 [13] + 70 [2«] + 420 [1*2] 

+ 2520 [1*]) 
S5 = 2"^' ([5] + 45 [14] +210 [23] + 1260 [1^3] 

+ 3150 [122] + 18900 [1^2] + 113400 

&c. 

S. Hence the law of the formation is easily perceived. 
As an example, I will take Ss. The number 5, and 
its divisions into combinations of two, three, &Cy give the 
numerical expressions [5], [14], [23], [1^3], [12*], 
[1^], [1^]. The coefficients are no other than the 
number of transpositions of different things, whose re- 
peating exponents are twice as great as the radical expo- 
nents of the numerical expression ; consequently the 
coefficients of [5], [l4], [23], [1*3], [12*], ^[1^2], [l«], 
the number of transpositions of the different things a^% 
c?V, (j^h\ 2?h^(?, a^Vd^, c?V<?d^, a^Wd^^, or 1, 45, 210, 
126Q, 3150, 18900, 113400. Those of my readers, who 
understand the polynomial theorem, will not have the 
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least: difBcuky in comprehending the reason s^ this. For 
hy the two preceding sections, the expressions Si, S^, 
SS, &c., when 2"'^is left out, are no oth^ than the 
developments of the scicond, fourth^ sixth, ei^]jth» &c. 

powers oi Vp + Vq + ^/r + + Vw, wjUb tpf^ 

omission of all those terms which contain ixxationQl 
magnitudes, or, which is the same, the developments of 

the ev^ powers of jp+^+r+ +wmth theomission 

of all those terms in vrhjiah there are odd exponents^ ani^ 
by dividing the exponents in the remaining ones hy two. 

4. Now, if ^e put ^'^r^m, then the required jational 
equation 

a*" - Jx"^^ + Bx^'^ — Cx'^ + &c. = o 

and the coefficients Ay By C, &c« are determined by the 
following equations : 

25 = ASl — S2 
sC = BSl — ASz + Ss 
&c. 
Remark. To this belongs the celebrated problem 
which Fermat proposed to the analysts of his time, and 
to the splution of which he more particularly cjialle^ig^ 
Descartes. It is this from the equation 

+ >v/(<P-a2)- V(ar + a2) 

to take away the irrational magnitudes. It is only 
necessary to substitute x for a&, and for the oompottod 
magnitudes under the radical signs to put the nionomials 
J9, f, r, s, t; then it only remains to m^ke the .equation 
^ = ^p+ j^qj^ j^r+Ws+ ^/t rational, and in die 
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equation thus obtaiiied, for x to substitute again its 
values py q^ Vy 8y t. 

SECTION evil. 

Pbob. Make the equation a: ==a\/p + 6\^+ c\//i* 
latbnaL 

Sobiium 1. Put \/p=zy, then this equation is 

Now, since y contains four values, viz. + y, — y» 
+y\/— 1, — ^\/— 1, we get the four following equa- 
tions, all of which obtain at the same time. 

J? — qy — ^ — g^ ^ o 

X + ay '—hy^ '\- a^ = o 

X — ay\/— 1+ b^ + cy3^_i— o 
X + ay\/— 1+ 6y* — cy*\/— 1= o 
or 

(j? - ^) - (qy + cy3) = o 

(^ - ^) + («J^ + ^) = o 

{x ^-h^) '-'{(y'- (gf»)\/-l= o 

(^ + 6j^) + (ay- cy')V-l= o 
The equation sought must • * • be the product of these. 

S. If the two first and the two last be multiplied 
together, we obtain 

a^ — ibj^x + iy — c^ — 2aey^ — cV = ^ 
X* + 2Jy»a: + Jy + o^ - Zcu^ + cy = o 

2 c 
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or if in these equations we substitute p for^, 

[j« + (6^ - 2ac)p] — (2bx + a^ + (?p)^ = o 
[a^ + (J? _ 2ac)p] + (2ix + c? + c^p^y* = o 

3. If we multiply these equations, and then put p for 
^, we obtain the required rational equation of the fourth 
degree, 

x^ — 2(6^ + 2ac)px^ — 4(a* + c*p)bpx 
+ (J» - 2ac)^2 - (a« + c2;?)«p = o 

and the four roots of this equation are 

a\/p + JVp^+cVp^ 

- a\/p + iV^-cVp3 

-a\4. V-I-^SVp^ + cVp'. >v/-1 

Corollary When . * . an equation of the fourth degree 
has the form just found, then its four roots may always 
be determined without any further calculation. I shall nonr 
show, that, presupposing the solution of cubic equations 
to be known, every equation of the finirth degree can 
have this form. 

SECTION CVIII. 

Let 

j:* - J^ - i?x - C = o 
be the equaticm to be solved : it is general, because in 
every equation the second term, if there be such, may 
be omitted. If this equation be identical with that in 3 
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of the preceding §, we then must have 

I. 2/?(i« + 2ac) = A 

II. 4ftp(«' + c^i?)= B 

III. (a«+c*pyp,..(62-.2flc)y = C 

The two first equations give 

^ 46p 

and if we make use of these values in the equation III, 
after having previously given it the form 

we then obtain 



I66«p 4 

From the equation I we abo obtain 

IV. 4acp = J — 2l^p 

and the substitution of this value in the equation just 
found, gives 

Since the three equations I, II, III, contain four 
indeterminate magnitudes a, &, c, jp, we can . * • assume 
any one of them. Put 6=1, then, after getting rid of 
the denominator, 

B^ - 4^V + 32^/ - 64/ = l6Cp 

or, when arranged according to py 
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an equation of the third degree, which merely contains 
the unknown magnitude p. 

From the equations II and IV we obtain, when we 
put & = 1, and divide the hitter by 8 \/p, 

and when we add the second to the first, and also subtract 
theonefirom the other, then again extract the square 
root from the sum and the remainder 

4p 2\/p 

« — cVp = \/(- —7- + Vp) 

4p 2vp 

But the four roots in d of the preceding §, when we 

put &= 1, has the fiillowing fimn 

\<p + (fl + ca/p) \/p 
Vp — {a -¥ c^/p) Vp 

— \/p + (a — c^fp) VP . \/ — 1 

— \/p — (a — c^p) Vp . \/ — 1 

and when in this we substitute for a + c\/p, a — c^/p 
their values, we obtain the following roots of the equation 

Vp + -V ^ (^V> + 2^p - 4p«) 
2 vp 

- -/P + g^ -/(- V> + 2^p - ^ 



197 

Having . * • already determined the value of p from the 
equation V, we also obtain the roots of the given equa- 
tion. Besides, it is exactly the same which of the three 
values of p we make use of, because in each case we must 
necessarily always get the same roots. 

• 

SECTION CIX. 

Pbob. Make the equation 

X = a\/p + ft V^ + ts/pr^ + is/p^ 
ratio^ial 

Si^ution 1. When we put \/p = y, ••• y* — /> =: o, 
then the equation is transformed into 

Now y has five values, viz. ay, j3y, yy^ Sy, cy, when 
a» p9 y> S, c, denote the five roots of the equation 
jf* — 1 = o (unity included) ; we have . • • the five follow- 
ing distinct equations : 

a: — ofl^ — o*iy* — a?cy^ — o*rfy* = o 
a: — jS a^ — |?iy* — /S'cy^ — /3*dj^ = o 
X — yay — 7*6y* — y^cy' — y*dy = o 
X ^ Say 8»iy» - ^cy' - S*rfy = o 
X — tay - ^h^ — Ay — €*rfy* = o 
and their product will give the required rational equation, 

if we again put \/p for y, 

2. In fact, this implies no more than to eliminate x 
firom the two equations x — fly — iy* — <iy^ — ^ =o, 
y^^j)=o, and consequently in this case all the methods 
of elimination in the preceding chapter are applicable. 
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If we make use of Cramer'^s method as the easiest, we 
shall arrive at numerical expressions, which exceed the 
limits of the annexed tables, and .*• must be calculated. 
But we arrive at this object in a much shorter way by 
managing the calculation in such a way, that the nume- 
rical expressions refer only to the roots of unity, because 
these are more easily calculated. 

3. For this purpose we only require from the two 
equations 

I. z«-^ 1 = o 

II. X — ayz — byH^ — cy^xr' — dy^a* = o 

to eliminate the magnitude z ; for if we substitute in II 
the five values a, j3, y, S, c, of z from the first, we then 
obtain the same equations as in 1. 

4. In order to be able to apply Cramer's method of 
elimination (§ LXXVI), we ^ve the equation II the form 

1 + (1) sr + (2) 2^ + (3) 5r3 4- (4) «* = o 

then(l)=-^,(2)=-^,(3)=-f!, (4) 

J/ JU *•' 

X 

5. Smce the numerical expressions in the equation, 
§ LVIII, LIX, (c), in the present case relate to the 
roots of the equation z* — 1 = o, then all those in which 
the sum of the radical exponents is not divisible by five 
vanish, by 2, § XC V. With reference to this remark, we 
obtain the following final equation : 
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+ (1243)'[124^] 

+ (13242)^13^^] 
+ (2'34»)t2'34«] 

+ (23'4y[23'4] 

+(30Ts*] 



0= 1 + ( 14)t 14] + (24«y[24*] + 
+ (23)'[23] + (S«4 y[3H 
+ (l«3y[l«3] + (l»42y[l«42 

+ {ir)Xl2^] + ( 1234y[1234 
+ (l^2){l32] + ( 13^ )X 13' 

+ (l')Tl'i + ( 2'4 y[2^4 
+ (2'3«y[2'S* 
+ (l'34)tl'34 
+ ( 1*2*4) tl«2'4 
+ (1*2S0'[1'23'; 
+ (12'3y[l£'S 
+ ( 2* )T 2^ 

6. The numerical expressions in this equation may 
also be calculated by § XCV, which, indeed, is not diffi- 
cult for the present case. If after this again, we put for the 
symbols (1), (2), (3), (4), their values from 4, likewise 
p for^, and multiply the equation by ^, we then obtain 

o = 
x^—5ad\pjp'^5bd\p'x -^Scdyx-dy 
—5bc) Sc'd) +5abd^ 



Sab^J -^Sabcd 

— 5a^bpx 

— (^p 




p^x—5ac^d 
--5b'cd')p' 
•{'Sbc'd 



—c 
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7. If •*. the required rational equation be r^resented 
by 

then ' 

A:=z5(ad + bc)p 
jB = 5 (a«c + oi* + Jrf!p +i?dp)p 
C:=:5(cfib + Vdp + «?p + ci^) p - 
5 {€?ff + Vc^)f + 5 ahcdf 

5 (a?cd + cific + W^p + ofcPp) j^ + 
5 (a«4»d + €?Jh? + oc^cPp + Vc^p)p^ 



SECTION ex. 



The equation a:==aV^+6V^+cV^+dV^* led 
to an equation of the fifth degree, of the fonn in 7 of the 
preoeding § ; and the five roots of this last equation are 
consequently 

X = aa\/p + o«6 Vp2 + fj?c\/f -f a^d\/p^ 
X = ea\/p + ffb\/f + ePc\/f + (S*dVP* 
Of = 'ioS/p + 7«6Vp2 + 7^c V^ + /dVp* 
a: = &iVi> + ^h\/f + 8'c Vp' + ^d\/p^ 
X = €aVp + ^6 V^ + c^cV^ + €*rfVp* 

Therefore, conversdy, if an equation of the fifth dqpne 
has the given fi)nn, we have its roots in its stead. If •*• 
we could reduce every given equation of the fifth dsff&^ 
to this form, we should then have the general solution of 
equations of this d^ree. To effect this, it is indispen- 
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sably necessary, from the given coefficients A^ B^ C, I), 
by means of the equations in 7 of the preceding §, to be 
able to determine the magnitudes a, h^ c, dy p, one of 
which is arbitrary, in a similar way with that in § CVIII 
in the case of equations of the fourth degree, and also in 
§ C, where the transformed equation had Cardan^s form. 
But all the endeavours of the greatest Analysts to attain 
this object have been fruitless, and we shall see in the 
sequel, why it must be the case. However, a treatise by 
Euler on the general solution of equations, and parti- 
dhlarly those of the fifth degree, may always be read with 
pleasure and instruction ; it is to be found in the ninth 
part of the new Petersburg Commentaries, and also in 
the third Part of Michelsen^s Translation of Euler^s 
Introduction. 

SECTION cxt. 

Although, however, we cannot obtain the general 
solution of equations of the fifth degree by the method in 
the preceding §, yet there are several particular equations, 
to which this solution is applicable, of which I shall, with 
Euler, only adduce those which do not lead to very com- 
plicated forms. 

I. If in the equations in 7, § CIX, we put c =: o, 
d = o> we then have 

A = Of jB = 5a¥py C =; 5o?bp, 
D = a^p + by. 
From the second and third of these equations we obtain 

cfp = -=> J^»« = — - 
^ 5B ^ Z5C 

2 D 
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hence 

/> = -„ + 



55 25C 

Also . 

^^ ^55 ^^ ^ 25C 
If , • . the equation 

55 25C 
be given, then 






5B 25C 

is one of its roots, and the remaining roots are obtained 
by substituting 0, y, S, c successively for a. 

We should in like manner have found the same equa^ 
tion and the same roots^ if we had put a and &, or a and c, 
or b and rf = o. Thus if we put 6 = o, and d=o, we 
have 

A ^ o^ JB = 5a^c/>5 C = 5ac^p2 

From the second and third equation we obtain 



and these give 



5 J53 , 3 C^- 
^ 25C ^ 5ii 



25C 5B 



We have . • . again the equation 

x« - 5^2 - Cr - -:^ - -^ = o 

25C 5B 
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and one of its roots 

The remaining ones are obtained by substituting 0^ y, S, €, 
successively for a. Moreover, that the five roots, which 
we find by these means, are not diifferent from those 
ahready found, we may easily convince ourselves by putting 
aS a\ aS a^ = 1) for ft y, g, e {% LXXXVII). 

II. If in the equations in 7, § CVIII, we put 6 = o, 
and c^Oy we obtain 

A = 5adpy JB = o, C = - 5(j?d?fy 
D=z(^p + dY 

The first and third of these equations give 

C= - — 
Further, the fourth gives 

consequently 

a<>p - cP/,« = ^/'[D^ - 4 (y)'j 

Now since 
then 

dy=iZ)-4i2)^-(4)'] 
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aod .*. 



a\/p = \/liD + ^/ [i l)*- (Ip] 

Consequently, if the equation 

x^ — Ax^ ^ J? — D = o 

5 

then each of its roots is expressed by 

This root resembles very much, as we see, that which 
Cardan's formula gives for equations of the third degree* 
Besides this equation' belongs to a peculiar class of par- 
ticular equations of all degrees, the solution of which 
was first taught by Moivre, and of which we shall treat 
hereafter. 



SECTION CXII. 



.«— 1 



In the same way as in § CX the equation 

X = a\/p + bsjp^ + cSjp^ -f d VP* 
was made rational^ every other equation of the form 

x:=aS/p + bS/p'^ + c\/p^ + + ArN/// 

may generally be made rational, and the degree of the 
rational equation will always be equal to the radical index. 
In this there is no other difficulty than the trouble of the 
calculation. Hauber has omitted this operation when n=^6 
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[See the Second Collection of Combination Analytical 
Treatises, p. 248]. It would be desirable^ if It could also be 
done with other values of n, because from them, as has 
been already shown by a few examples, the solutions of a 
great number of particular equations might be derived, 
which are so much the more worthy of observation, be- 
cause they cannot be analyzed ; for otherwise there could 
not be in the roots any radicals of the same degree as 
the equations themselves. Yet a great number of par- 
ticular cases of the same kind may be found without 
r such complicated calculations, by omitting at the very 
beginning, several terms in the general irrational expres- 

sion aS/p+b\/p^ + c^p^+ +fcv />**"' ; as the fol- 
lowing problems will show. 

SECTION CXIII. 

Peob. Make the equation x = a\/ p + i\/|>^ ra- 
tional. 

SdvJtion. Here the two cases, in which n is an even, 
and the other where n is an odd number, must be dis- 
tinguished. 

First Case, 

1. Letx= a\/ p + bS/ p^; further, let a, ft y, 
8, &c. be the roots of the equation a:^*" — 1 = o. If y 

be substituted for S/p, then the dlflTerent values, which 
J7 has in relation to these irrational magnitudes, are 
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Bay + ^6y 

yay + -fbf 
&c. 
as far as 2m. The required rational equation is repre 
sented by 

12 3 



... + -4x^ Hh ^jT-^ ± -^x^-^ + 

2i»— 1 3m 

... — Ax + ^ = 
the upper signs obtain when m is even, and the lower 

when m is odd. The coefficients A^ Ay A, &c. are then 
the sums of the former values of or, taken singly, two and 
two, three and three, &c. 

2. The developement of these combinations gives 
J=:'[l2] ay + 112] a jy + '[22] 6«y 

3 

^=ll3]a8y + ll'2]a26y + ll2«]aiy + l^^Wf 

&c. 

3. But it is evident from 2, § XCVI, that all the 

i 8 3 « 

coefficients A A Ay a& far as A &c. vanish, because the 
sum of the radical exponents in each numerical expres- 
sion, is always < 2m, and consequently cannot be 
divisible by 2m ; this was evident before, from this con- 
sideration, that in the required equation there are only 
such powers of y^ as are divisible by 2m, for otherwise 



■1 
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it could not be rational. It only remains to find the 
coefficients A -4, A^ A. 



4. When in the terms of which these coefficients con- 
sist, we omit all those, which by 2, § XCVI, = o, we 
then find 

m 



A = x^r] y^^y 



.3» 



JB = '[!*"] a'-j^'" + [2*"] i'-y 



6. But (§ XCVI). 

t2"] = + \'l'l '"'^ . 2m = f 2 

■■ -■ 1.2. 3 m 

*■ -^ — 1 .2.3...m~l xl.2 —1.2 

^r,i^«-aT —1.2.3 m+1 — m.w*— 1 . 

'■ -^ 1 .2.. .m— 2x1.2.3.4 1.2.3.4 

*■ ■' — 1 . 2 . 3 ... w— 3x 1 .2 ... 6 

. m . m*^ — 1 . m' ■— 4 
+ -r — - — - — - — - — 2?' 2m 
— 1 . 2 .3.4.5.6 

[ 1^2**"^ = -f- ; — - — — :: — --i--. 2m= 

"■ ^ 1 . 3 . 3...m — 4x1 . 2...8 

_m.m*— 1 .m^— 4 .m^— 9 
1 .2.3.4.5.6.7.8 
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Nr o« 9 1 1.2.3 2m— 2 ^ 

ri^~^2l= H ;:• 2m 

*- -• ^1x1.2.3 2m— 2 



m.m*— l.m'— 4 m*— m— 2 ^ 

= ^ -, 2m 

1.2.3.4 2m— 2 



1 . 2 . 3 2m— 1 

3 2m 



. 2m= — 1 



^ -^ 1.2. 

.r^,«.T . (1-2.3. ..m-lV. .„ 1.2.3...2m-l ^ 

Y2««i ~ jl2^ ^- — y. {2mr T — . 2m 

L J ^(l.2...myxl.2^ '^ 1.2.3...2W 

= 4-2 — 1 = + 1 

in which the upper signs obtain when m is an even, and 

the lowet when n is an odd number. 



6. If we substitute these values in the expressions for 

m m+l in+2 

A, A, A^ &C.5 and then again put p fory'*, we obtain 
the required rational equation 

m 



r.W— 1 



i .2.3.4 '^'^''^^^^'^ 
m • m*— 1 . m*— 4 



w— 3*,-»fli— 3 



m . m*— 1 . m^— 4 . w^— 9 ^ «, , 
- 1.2.3.4.5.6.7.8. • ^"^ • '^ * ^^ 



iW— S 



m.m^— 1 .m'— 4.m*— 9.. m^— m— 2 ^,3«-«An 

1.2.3.4.5,6.7 2m-'2' * ^ 



- a> + 6*y = o 
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Second Case, 

2m+li 



am+y 2m+l/ 

7. Now, let x^a\/p-\-lA^p*, or y be substituted 
for V/^j j:=ay+6y'. Further, let 

+^^+-4jr-*+-4a:"^*± 

Sm Sai+1 

+-4x— -4 = 

be the required equation, in which the upper signs obtain, 
when m is even, and the lower when it is odd. Then, as 

12 3 «+l 

before, all the coefScients .4, .4, .4, &c. as far as J[ vanish, 
and we have the numerical expressions referred to the 
equation a:*""*"* —1=0, 

i»+3 
m+i 



2in 



^ = ^[l*«-»2] a^-'fcy«-+' 



2m+l 



>Sm+1 



J = '[l*"+l]a2«+ly««+l^^|:2im+lJJ««+lj^ 



8. But' 

■■ ■* 1.2.3 m— lxl.2.3 

— m . m + 1 ^ . , 

2 E 
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- , .^-1 . 1 . 2 . S m + 2 ^ , , 

%rj32«-«l_- J . .21114-1 

L J - 1.2. 3.. ..w— 2X1.2.3.4.5 

. m . wi*— 1 . m + 2 ^ , ^ 

.^ . .- 1 . 2 . 3.«..*«*.«***««>**«fyiT*3 - , ^ 

»■ J 1. 2. 3. ..itt— 3x1.2.3.4.5.6.7 

-«m.iii*— l.wi*— 4.III+3 ^ . , 
= H ;; .2m+l 

1 .2.3.4.5.6.7 



xr t>^ t 1 1.2. 3.....* •2lfi<~-l - , ^ 

f »'"-'«3= - ixi.g.^ a«.-l • *"+ ' 

-i S 

m.iiiM.m'-4.m*-9...iii'-iii-2.2m-l ^ , , 

= .2m+l 

1 .2.3. 4 2m— 1 

Yiaw+n— . 1.2.3 2in 2-^.14.1 

•■^ ■''" + 1.2.3 2m+r*"*+^ + 

T2^-^^= + ^ ' ^ ' ^ ^^ . 2m + 1= + 1 

*- ■* ^1.2.3 2m+l ^ 



# 



9. If these values be regularly substituted, we then 
obtain the required equation 

x^+' - (2m + 1) abyjT 

1.2.3 ^ 



m.m^-l .m+2 ^_ , ^ ^^,^ ^ 



.2m+l . (fV^px 
m . m*— -1 . »^*— 4 . m+3 



,1.2.3.4.5.6 . y*'"'"" P^"^^ 

■ 1.2.8.4.5.6.7.8.9 - '""+ 1-«'*-^*^ 



2 



m^m^l.m*-4.m'-9...m'-m^2,2m-l ^ , , ,^,, 

' — - — - — — ; .2m + 1 .a opx 

1-2.3. 4 2m-l ^ 
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SECTION CXIV, 



Conversely, if equations of the form in 6 and 9 of the 
preceding § be given, we may always find their roots. As 
examples^ and for the sake of their use^ I shall here give 
a few equations of this kind. 

I. When m=2, we obtain from 9 of the preceding §, 
the equation 

X* — 5al^px^ — SaPbpx — cfip — i*p* =; o 
.and each of its roots 

aaS/p + a^lS/p^ 
when a is a root of the equation jt* ..• 1 = o. Moreover, 
this equation is the same as that in I, § CXI, which 
was derived from the general equation of the fifth degree 
in § ex. 

II. When m=3, we obtain firom 6 of the preceding 
§ the equation 

x^— 'siWpo? - ^(J?\?p3? - Mhpx — a^p + h^f — o 
the roots of which are expressed by 

aaS/p + abS/p^ • 

when a denotes a root of' the equation x^— 1 =0. 

Further, for the same value of m we obtain from 9 of 
the preceding §, the equation 

'^dlp — Vi^ = o 
and each of its roots 

when a denotes a root of the equation x^— 1 =o. 
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III. When vt=4, wc obtain from 6 of the preceding 
§ the equation 

a^ - ^b^pa^ — iSa^l^pjfi — 20a^b^px^ 

— Scfibpx — »?/> + h^p^ = o 

and for each of its roots 

aa\/ p + a^V\/f 

Further, for the same value of vny we obtain from 9 
the equation 

^ 3fi — gab^x^ — 30a?l^px^ — ^Icfil^px^ 

— QcPbpx — (fp — V^ = o 

and for each of its roots 

uaSjp + i^VsJf 
and so on. 



SECTION cxv. 

Pbob. Make the equation x = aV/i + 6 vV*"' 
rational. 

Solutum 1. If we denote the roots of the equation 
af^— 1 =0 by a, ft 7, 8, &c. then the roots of the required 
rational equation are 

aaS/p + oT^bS/p'^^ 
&c. 
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or since a" = |3" = 7" = &c. = 1, 

aaS/p + a-^bs/p^' 

&C. 

Hence we could d^ve this equation in the same way as 
in § CXIII ; the following method, however, which has 
been often used already, leads to the object in a shorter 
way. 

8. Denote the sum of the first, second, third, and so 
on, powers of these roots by Sl^ S^, Ss^ &c. ; then 

Sfi = ^[«]a«\yp« + 2^[o]aJp+t-2]iVN/p-* 

&c. 

S. From the form of these values, and from § XCVI, 
it follows, that the expressions Si 9 S3y SS, &c. = o, and 
that generally each expression Sfi^o, when fc is an odd 
number and less than n. Further, since ^[o] = n, we 
have 

2 

S2 = —nabp 
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S4> = tllw^f 
1.2 

S6 = l:J-l-*na»iy 

and generally 

c»« 2u . 2u— 1 . 2u— 2 u+1 - 

^^f = 1 . 2 . 8 ^ ""'^ 

whilst 2/ti < 91. The expression Sn^ when n is an^veii 
number, besides the term 

n.n— 1.«— 2 — hi n n n 

1.2. 3 — 

2 

which does not vanish, and which is derived from the values 
of 5'2jbc, when 2jii=n, contains also the two terms [n^Pi 
^[— n]i"|>*~*, which do not vanish, or na'^p^ nlf{f~\ On 
the other hand, when 9c is an odd number, then the 
expression Sn only contains the two last-mentioned terms. 
Accordingly^ in the case where n is an odd number, we have 

Sn = tufp + w^p"-' 
and in the case where n is an even number 

n . n— 1 .... '- — hi n n n 
Sn — ^ — ? 7ia*A^^+na"|) +«*>""* 

1. 2 ^ 

2 

4. From the values of aS"!, iS'2, Ss, Sn^ already 

found, we are now enabled, by means of the formulae in 
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§ IX (which serve for determining the coefficients of an 
equation from the known values of the sums of the powers 
of its roots), to find the coefficients of the required 
rational equation. Thus, if this equation be represented 

ar'+Jjr-'+Jx»^+Jjr^+ 



m fi— 1 a 



we then obtain the following values of the assumed cocffi- 

18 3 » ^ ^ 

dents Ay A, A, «. A^ in which those, whose index 

is odd, are omitted, because all of them (the last A 
excepted) = o : 

4 1.2 ^ 

"5 AS2+AS4^-^S6 

A = — * 



6 
n . n — 4 . n-^b 

IT. T'. i~ 



a»6y 



J = = 

^1.2. 8 . 4 ^ 

&c. 
Hence the law of the progression is easily known ; thus 
the general term is 

"^1.2 8 A . 



n-l 
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n 

The last coefficient A^ when n is odd, 

and when n is even is 

„.«_!. L-2 2.1 „„„ 

± ? a^j'ps-a-p-j 

1 s « " _i " 

2 2 

9t 71 n 
or, more briefly, + i^Wf-- a'p-ft*/?""' 
the upper sign of the two + obtains, when n is of the 
form 4m, and the lower, when n is of the form 4ffi + 2. 

6. If these values be substituted in the assumed equa- 
tion, we then obtain, when n is even, the required rational 
equation 

•i M. % At 



1.2. 3 



M^p^jf 



-8 



n . n-6 . n-7 . n-8 . «-9^y^^,. 



n n n 
Hh 2a^ 6^p= — oTp - 6>"-* 
= o 

the upper sign of the two + obtains, when n=4wi+2, 
the lower, when n = 4m. When n is odd, the same 
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equation obtains, only in the last terra the magnitude 

n^n n 
2a«6*p« must be omitted. 

Example. Whenn=5, the equation is 
x^ — Sabpx^ + 5a^Vp^x — fl«p - Vp^ 
and each of its roots is 

Moreover, this Is the same equation which was found 
in II, § CXI. the h in the present equation corresponding 
to d in the former. 

II. When n^6f the equation is 
sfi — 6abp3!^ + 9c?V^x". — 2(j?¥p^ —cfip — by = 
and each of its roots is 

ota\/p + a^bS/p^ 

Remark. Compare Michelsen^s Translation of Euler's 
Introduction, third Book, pp. 10, 11, with this §. 
Euler finds the same equation, in a shorter, but less 

analytical way ; what in his method is \ /? and «, in 
mine is a&p and <fp + tTp"^^. Compare also with it 
Huguenin's ' Mathematical Contributions for the further 
Improvement of the young Geometrician, p. 181, and 

If we put 

nabp = A^ oTp + by^^ = T 

then the above general equation^ when n is an odd number, 

2 F 

I 
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ill UrAtiftrartnM into 

«:n-4 «-5 ^ £ ^ ^ y 
1.2.3 n' 

the first part of this equation beibg ^ntinued till we come 
to a coefficient = o. But firom the two equation nahf 
= -^, (fp + Ifp*^^ a: Tj we obtain 

consequently 

(fp - fty^> te h/{T* - -^ ) 

lif we combine tlifs equation with the cHieifp+l^j^^ T, 
we obtain, by addition and subtraction, 

n 
and when we extract the it& root 

Itiierefere 
•\/[ir+iv/(T»-^)]+i\/[i3HV<TV^)) 

91 a n 

18 the general expression hr every root tiSP die above 
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Ffom the reMmUnRoe of ihU ftnroittla to CS|ffd«mVf it 
fiillows, that the equation of Moivre is only an extepaji^A 
of Q9,xi9Xk\ apd that both may be ^uc^ i|i the ^^ame 
way, as is actually shown in the two above-mentioned 
works. 

SECTION exTi. 

Fbob. Make the equation x = a\/p + iS/jf^ rational, 
in the case in which n is an odd number, and not divi- 
siUe by three. 

ShduHon 1. Let 

ixT r- 4;^-' -^ J^r" + J:xf^ + «r ^ == o 

be diQ required equation, vbo^ roots con$equ«nlIy are 

cuis/p^rcr^isjfr\ pr aaS/p+^bpS/\ 

* P 

Sa\/p+ff^b\/p'^, or eaS/p + i^hpS/'^ 

fSr pn 

&c. &c 

Fnith^, let tlie symbols Si, S%^ SSy &e. have the same 
signifioation in refb:ence> to these roots, as in the pveced- 

2* Any undetermined power k of the first of the above 
roots $ontaiQ9, whw a only is considfived, the fbfioynfkg 
terms: 

a*, a", •*-*, «*-^, .,,... M^^K *-^ 

the same terms contain also, with reference to 0, and so on, 
the power k of the second root. Gonsequently Sk^ when 
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», P, yy &c. only are considered, consists of the following 
terms: 

\k], \k-S], \k-6], '[-2Ar+3], '[-Zk] 

3. Now, if A: < n, then amongst these there are no 
expressions but ^[o] and '[— n], whose radical exponents 
are divisible by n ; and indeed the first only obtains, when 
k is divisible by 3, but the second only when 2&— n is 
positive, and divisible by 3. But both can never occur 
at the same time in the same numerical expression,, for 
otherwise, contrary to the supposition, n must be divisible 
by 3. Hence it follows immediately, first, that when 
^[o] occurs in Sky k must be of the form Sfi ; secondly, 
when ^[ — n] occurs in <SA:, the least value which' & can 

have, is — — -, for which I shall substitute m ; and thirdly, 

that then every other value of k must have the form 
m+3v. ' Cdtisequently Sk always vanishes, when k has 
not one of the two forms S/it and m-hSv. 

4. Now, if we seek the binomial coefficients of .^[o] and 
^[— n], we obtain, when for these numerical expressions 
their value n is substituted, 

1 . • 2 . "• S JUL 

From the first formula we obtain 

S 



S3 



±= — na-bp 
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1.2 ^ 

S9 = ^-lLlI tufiH^pi 
1 • 2 • 3 

and from the second 



OT+S . »i+2 . m+ 1 



_ 1 «+9.n+7.n + 5 _^^J±l^ 
711 + 6 • in+ 5 . 711+ 4 . 111+ 3 . m + 2 



5« + 6 = -,--^-- 3— 4— 5-*^* '> 

1 »+ 15.n+13.w+ll.« +9.n+7 ..i^*,'^ 
2« 1. 2. 3.4.5 

&c. 
Every other Sk, which is not included amongst these, =so. 

5. Hence the coefficients of the required equation may 
be determined by means of the general formula 

i vJ=: 2si -.'!^52 + JS3^AS4^+ 



1 



+ JSir-- l + &r 

When in this we substitute 1^ 2, 3, 4, 5, &c successively 
fiir IT, it will immediately be shown, that all the coefficients, 

9(4, ff»+S«A 

those excepted which are under the forms Ay A^ vanish, 
because in the products, of which this formula is com- 
potm^ed, either a coefficient, or a numerical expression, 
or even both at once vanish. Further, we find 



6 1.2^ 

» JSS-AS6 + S9 w.n-7 .n^8^,, - 

9 1.2.3 ^ 

- -&» ^ jm^ 

A^-\ = 4- nab « o « 

m ^ 

'^^^ASs'J^ ASm 1 n . n-5 , n—l «2±2 ^±i 
m+S 2« 1 . 2. s P 

«+> n 6 3 



•y AB B -> ^^6 T ^^m ± ASm + g qp ^m + 6 

m 4- 

_1 n.»— T.to-9.«— 11 .n— IS „?±i^ 
°^F' l. 2. 3. 4. —ofb^P' 

the upper signs obtain when m is even, the lower when n 
is odd. 



6. The last tetm Al can neidier be indnded in the 

Stf m^h 

form Ay nor in the form A^ because otherwise n must be 
divisible by S, But ibis term can be very easify feund 
by taking the product of all the roots in 1, which pro- 
duct is here reducible merely to the sums of the products 
of aH its first and afi its second parts, and consequently 

7. If we mh%Mat^ tibase valuta of ike MetoMUa ki 
thaaiMuned equatipp in 1, v^ tkm obtiiB Ae mfa a j a d 
rational oquatiQa 



223 

■i JL • SS 

n . n— 7 . *— -8^13 3 -«, 

^rri: — T. — 4-^*-p^ 

n . n— 11 . n— IS , n— 13 . n— 14 ,„.- . _,, 



1.2. 3. 4. 5. 6 ^ 

&c. 

1 ^ 

1 n . n— 5 .n-7 «— — ^ 
2* 1 . a . 3 ^ 

1 ».n— 7.»— 9.n— ll.n— IS "^i 2±i *j=^ 

s^ 1 • ee . 8 • 4 . 5 *^ 

_ 2. »«w^9>n-ll.it-»13.n^l5.n^l7.n^l9 7 , -^ ^+1 ^ 
2«'l.2. 3. 4. -5.^. 7 ^ ^ ^ 

&c. 

-*- nip •— ^J^" '" 

xc 0. 

The two serial in tins €qiiation ave conUaued iSI we araive 
M the negative eKponenta «f j:. 

SxAMBLE L When nas^, we find the equation 
and fi)r each of its roots 

If we put Sa^bpzsBy Sab^f^^C, then .this equation ii 
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transformed into the following one : 

XT' -^ Bx- — Cx — -^1^ = o 

25C 5B 

the same equation, which was found in T, § CXI. 

Example II. When n=7, we obtain the equation 

x' — 7a^bpx^ — labY^'^ + lo^Vfx 
— cPp — V]^ = o 

and each of its roots is 

To this belong all equations of the seventh degree of the 
form 

x^ — ^Ax^ - iBx^ -f lJ?x^ :^ - ^ = o 
as may be easily found, by putting c^bpzizA, db^^B. 



SECTION CXVII. 

In the same way as in § CXIII, § CXV, and § CXVI, 
we can derive innumerable other general forms of solviUe 

equations from the binomial \/p^+\/p^by eliminating 
the irrational magnitudes. However, since otherwise' this 
subject possesses no interest, I shall here content myself 
with giving an equation, which Waring, one of the most 
celebrated Analysts that England ever possessed, gives 
in a treatise on the general solution of equations, by 

assuming a: =a\//)+&VP^ (Philosophical Transactions 
finr the year 17799 ?• 92)- When n is odd, this equa- 
tion is - 
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^^ 1.2 ^ 

1.2. 3 ^1.2.3. 4 

. n . n— 11 . n— 12 . n— 13 . n— 14 ^..^ m . cl i 
1.2. 3. 4. 5 "•'** ^'"^'J 

""^ ^ 22 1 . 2 . 3 



1 n . n— 7 . n— 9 . w — 11 . n--13 



11—15 11+5 



"^2* 1.2. 3. 4. 5 " x-- 

1 n.ji-9.ji-ll.»-13.»-15.»-17.»-19-!=?'r^'' , „ , 
2*1.2. 3. 4. 5. 6. 7 «****'+&«•] 

— O^ — ft"|)^ = 0. 

The factor j)^ has the sign +9 when h a whole 

number, but in other cases the sign — . 

SECTION CXVIII. 

The method hj which equations of the first degree 
are made rational, which hitherto we have chiefly used for 
finding solvable equations, can also be used with advantage 
when we merely wish to dear the unknown magnitudes in 
an equation of the radical sign. I shall elucidate this by 
two examples. 

Let the equation 

P + \/ q + s/r + s/ 8 + S^ t =0 

be given, and let p, 9, r, 5, &c. be rational functions of 
the unknown magnitudes^, 2:, &c, : it is required to make 
this equation rational. 

2 c 



Put— |) =^x; then w^ h^^ jp reference tp x the equa- 
tion of the first degree^ viz. 

xzz^ q^ \/r + V^^ + N^^ 

We try to make this equ|ition rational, ^Qd then again 
put ^ p (or Xf we then hs^ve the reijuired ^uatipn clear 
of irrational magnitudes. 
If the equation 

be given, in which there is not even one rational term, 

i;fp put — \/p==Xf BnA then make t^e eqi^tticm x=^\/q 

+ N/ r + S/ 8 + rational. Having done this, we 

i^ulfstitute in die obtained equation for x s^cp^sivety i$B 

values —otS/Pi ^&yP9 "^TyPi *c.; then there arise 
fi equations. If we multiply these together, we then 
obtain the required equation clear of irrational magnitudes. 
On thesubject of clearing equations of irrational magni- 
tudes, there is a v^ abl^ tr^|i^ by FiiH^fir) in the 
£(indeobu^g Archiyes of Mf^^^ft^ips^ Nun)t>@r VIII, 
^tti^p with tks^t cl^airn^ffs ^ Jff^^mtJ pefwlwr W A? 

Tb9 i;atiQi|^ eq¥«tiq?i wl^icii h 9^t^i^^ &o«D the equi^ 
tion j: = V|) + \/ j+\/r+ V* + ... so long as the 

irrational magnitudes \/^, v ?> V ^> v *j &c. have no 
particular relation to each other, always rises to the degree 

fiVTTp..., because the fi vidues of Vl'9 ^^^ ^ ^^^ Q^ 

V ?9 ^^6 ^ values of V ^' ^^^ ^ ^'P? Q^X ^9 CpmWxi«d 
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together exactly this nuAiber of fimes. But i^ the above 
irrational magnitudes have any relation to each other, so 
that if onef or other is determined^ th« remaining' ones 
are either all, or only in part determined; then the rational 
equation is always of a lower degree. Here follow a' few 
examples by way of elucidation. 

The rational equation for x = \/p -f Vl^+ v 1^ 
'^S/t^'k' ••• +VjP* ^1 ^1^^ to the nth> degree,, beoausa 

\/p* = i</pY, VV = (VV)', </p' = {</pYr &c. 

and consequently x contains no more values than the 
irrational magnitudes V p. 

1?he rational equallori fdr x' = s/p + V P + v f ^^''y 
rises, but nece^arily, to the si^eth degtise; b^c&iise 

\J P'=^(^ 'pfs and the twelve values of Vp, combined 

with die fivte values of Vf^ giv«9 sbdy diffiweiiti valttel^ 
of «r. 

Tlie rational equation for x = S/f + Vp'^ + Vf 

5* 7 9- 

= p^ + p^ + p^ only rises to the «eventy-seeond d^ree. 
For if we reduce the small fractional exponents to the 

ao 5« 87 

least common denominator, we have x == p'^+p^+p^. 
If .*• A be a root of the equation ^^—1=0, then is 

the correspondmg value of Xy and there are seventy^two 
of these values. 
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SECTION CXIX. 

Pbob. Find a fector, by which the given irrational 

expression p + V^ + V^+V^ + ""s* ^ multi- 
plied, in order to make it rational. 

Solution, Let a, i, c, d^ &c. denote the different values 
which this expression has, when the irrational magnitudes 
are taken in all possible ways. Now, if we form the 

equation ar = p + \/q + \/r + V* + > ^^'^ *^® 

rational equation derived from it, is 

(^— a) {x--b) (x— c) (x— d) j= o 

and its last term == + abed Now, since this 

product must be rational, it follows that the given 
expression is rational, when we multiply it by the product 
of all the remaining exp]:essions which its different values 
give ; and this product consequently is the &ctor sought. 

Example I. Let* the expression p+\/q be given. 
If then 1, a, /?, be the three roots of the equation^ * 1 
= o, then the required &ctor 

= (p+ctV?) (p+P\/q) 

or, since o + /3 = — 1, «/3 = 1, 

Example II, For the expression p •i- \/q + \/r, the 
required factor 
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= (p+ \/g— \/r) (p— ^/q^ ^/r) (p— a/^— v'r) 
= |>^ — pj — pr — (p* — J -f r) >/ ? — 

which is ahready known. 

Example III. For the expression p + S/q—S/r^ 
when 1, a, |5, are the roots of the equation y^ — 1 =o, we 
obtain the following factor : 

(p + V^ + V^r • V-1) (p+*v4 + \/r. \/-l) 

(p+«V4---Vr. \/-l)(p+gv4--V^. -/-I) 

Remark, When p=o, a more simple factor may often 
be found, by which the object to make the given expres- 
sion rational may be attained. Thus, if the expression 

V9+\/r be already rational, wh^n we multiply it only 

by the factor (V? + «\/^) (V? + /3\/^) = \/f 

—\/qr + \/r^% and the expression \/j+ \/r+ \/« is 
80 by multiplying by the &ctor ( V j + \/r — a/«) 
( \/j— \/r + \/«) ( \/j— \/r— \/«)' "l^^^s is always the 
case, when the indices of the roots have a common divisor, 
or the irrational magnitudes have a certain relation to 
each other. 

CcroUary, From what has been already said, it follows, 
that it is always possible, by the multiplication of the 
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numerator and denominator o£ a ^en fraotioii by a 
proper factor ^ to elear die denominator of irrational mag- 
nitudes. Consequently alsa an equatioa- of the form 

X = ^ ^j ^ ^ ^ may always be reduced 

to an equation of the form xssp+ V^-l" V^+ \/* + ••• 
and as one of this kind can always be made rationBl by 
the preceding §, so in like manner the former may always 
be made rational. 



&ECT10K CX1U 

Pkob. Make the equation x = ^fp 4- s/q rational, 
when the magnitudes jf and (^, are not immediately given^ 
but only assumed to be the roots of an equation of the 
second degree jf* — Jjf -^ R^ o, 

Sabaim. The values whidi x has by the different 
determinatioB of itarinational megaiiriides^; ait 

\/p— \/9, — a/^— Vq 

The mere inspection of these values shows, that when we 
substitut&p and ^ for each other, they undergo no further 
changey than that one is transformed into- the otiier. 
Cfonsequently in the rational equation derived from x= ^p 
+ Vq there is no change, when we substitute p for ^, 
and it must •*• necessarily be a symmetrical function of 
theso. noagiiitttdes^ and oonieqjyientl^. may be expressed 
ratiemdl)^ bjf> thA cnefficiuUs J^ B^ If . * . we eliminate* 
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p and q by means of the given coefficients Jl, By we 
obtain the required rational equation. 

But from X = ^p + \/f we obtain the equation 
(% XCVIII.) 

^ - 2 (P + 9) 3^ + (p + 9)« = o 
or 

3^ ^ 2{p •{• q) x^ + {p + qy ^ 4spq = o 

If lA the latter equation we substitute for p-i-q and pq 
their values A and B, we obtain the required equation 

x^^Qjx^ + J^ — 4!B^o 

SECTION CXXI. 

Fbo9. Make the equation 

rational ; when the m magnitudes p, qy r^ 5, <&c. are not 
immediately given, but only assumed to be the roots of 
a given equation of the mth degree 

y» _ jy"^^ + jBy*^ — cy*^ + &c. = o 

Solution. If we endeavour to find all the possible 
values of x, which arise from the different combinations 
of the values of the roots» and then in these put the 
magnitudes p, q, r, s, &g. for one another in any way, but 
let it be the same one in all the values, the consequence 
will only be this, that these values either undergo no 
change, or merely that one is transformed into another. 
For let a, 0, 7, S, &c. be the roots of the equation 

j:* - 1 = 0, and ayyp+pyyq'¥y^yr+dyy8'{'&c. any 
value of Xf Now, if it be pesaibK that from this expres- 
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sion, by any'sobstitution of the magnitudes p, q^ r, s, &c. 
for one another, viz. by that of ^ for q^ another expression 

*V^+^\/P + t\/*'+^V^+^c« is generated, which 
does not belong to the values of x ; then there must be, 
contrary to the supposition^ a combination of the values 
of the roots, which is not included in the values of x. 
Since . * . the values of x remain the same, however the 
magnitudes p, 9, r, a, &e* are subtituted for one another, 

then must the rational equation derived from x =s \/p 

+ \/y + \AH"\/«+&c. be a symmetrical function of 
these magnitudes, and consequently may be expressed 
rationally by A^ B, C, &c. the coefficients of the given 
equation. If • * . we eliminate the magnitudes p, 9, r, 
5, &c. by means of these coefficients, we obtain the 
required equation. 

CoroUaty. The equation, which we obtain under the 
condition of the problem, is consequently always of the 

same degree as the equation derived from x :^ \/p + 

Vy i" V^ + V^ + ^c. when the magnitudes /?, q, r, s, &c. 
aie independent of each other. In the latter case, how- 
ever, the rational equation is of the degree nnnn... = tT, 
when m denotes the number of the magnitudes p, ^, r, 
*, &C. (§ CXVIII), consequently also in the former. 

SECTION CXXII, 

Rule The rational equation for 
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in the case in which the m magnitudes p, ^, r, «, &c. are 
either wholly independent of each other, or the roots of 
an equation of the mth degree, can only contain such 
powers of x, whose exponents are divisible by n. 

Peoop. Let 

1 3 IX 

3* + Ax^^ + Aoi^ H- + Ax*-^ + ... = o 

be the equation, which arises from the multiplication of 
all the positive distinct equations of the form 

•^-^'w— ff\^— tV^—^v*-- = 

where «, g, y, 8, &c. denote the roots of the equation 
^^— 1=0 ; now it is (evident, that the undetermined coeffi- 

aent A can contain no other numerical expressions of these 
roots, but those in which the sum of the radical expo- 
nents =r fi. Now, since these always vanish, when 
fi is not divisible by n (§ XCVI. 2), then likewise must 

the term -ajr*""** always vanish. But when /i is not divisible 
by n, then also &— /x cannot be divisible by n, because 
k^n""; .*. all those terms vanish which contain k—fif 
consequently the exponent of x is not divisible by 
It. Therefore the rational equation contains those terms 
only, in which the exponent of :r is divisible by n< 
Q, E. D. 

SECTION CXXIII, 

Fbob. Let the m magnitudes ^, z^ t, u, &c be given 
by the m equations 

2 H 
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y* + -4jr~* + Sy^~* + Cy**^"^ + &c. = o 

r H- A^Z^' + S^iT^* + C^J8^ + &c. = o 

&o. 
consequently irrational : required to make the equation 

X =y + z -{• t -^ u -{• &c 
rational. 

Solution. Since y is given by an equation of the juth 
degree, z by an equation of the vth degree, and so on, 
we have fj, values fory, v values for ar, and so on. If we 
combine all these values in as many ways as possible, to 
the number y+z-\-t + u + &c., we find all the values 
of Xf and consequently by the multiplication of all the 
distinct equations of the form ^ — C^ + 2 + t + i« + &c.) 
= o the required equation, which necessarily is of the 
degree /xvtt..., because the different values of ^, sr, t^ 
Uy &c, may be combined in this number of ways. Now, 
I assert, that with respect to the different values of ^, 
which may be y, y^, y^, &c. this equation is symme- 
trical; For since the values of x in the substitution of 
these magnitudes^ undergo no further change, than that 
one is transformed into another, consequently, also the 
equation itself must be such, that it undergoes no change 
in the substitution of the magnitudes, y, y^^^ y^^\ &c. 
Therefore, the magnitudes 3/^, y'', y''\ &c. may be 
eliminated by means of the coefficients A^ By C, &c, 
What has been said here of y and its different values 
y> y^ y^^ ^c. Applies also to Zy ty &c. and its values jb', 
z^\ z!"y &c. t'y t'^y x" ^ y &c. Ac. ; aud consequently these 
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inngnitudes may also be eliminated by means of the 
coefficients J', B\ C\ &c. A^\ B'\ a\ &c. &c. In this 
way we likewise obtain a rational equation for r, which 
only contains known magnitudes ; and this is the equation 
sought. . 

Example. Let x^y-^-z ; let the magnitudes^ and z 
be given by the two equations 

z^ - A^z-\- B^ ^0 

required to find the rational equation for x. 
The difierent values of x are 

y^ + /, y^ + »^ 

Denote the sum of the first, second, third, &c* powers of 
these roots by Si^ S2, Ss^ &c. we then have 

Si = a'cy+y^+yo + sc^^+^^o = 2^ + sa^ 
S2 = 2(y«+y^*+y^^*).+ 2(y+y^+y^oc^+/o 

= 2 (A'- - %B) H- 2 A A' H- 3 (J^« - 2^0 
^3 = 2 Oj^3 ^ y/^3 +y//3) ^ 3(y2 ^y/2 ^y//2) (^z ^. ^/j 

+ 3(y +y' H-y^O (^^ + ^^'') -^ 3(3^3 ^ ^/aj 

= 2 (^3 — 3JJ? + 3C) + 3 (^« - 25) A' + 
3^ (^^ - 250 + (S-^'' - S-r<^fi^) 

&C. 

Thus having calculated the values of /S'l, «S'2, «S'3, &c. 
when the required equatipn is represented by 

a« - Ax^ + Jx^ - Ax^ -{- Ax^—Ax + A ^o 
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we then obtain Its coefficients, by means of the equations 

^ = 2; 



SECTION CXXIV. 

PaoB. laBtf: (y) (2) (t) (u) denote any rational 

function of the magnitudes y, Zy t, te, &C.9 which are 
represented by the same number of equations 

y* + Jit"' + -By*"^ + CjT^ + &c. = o 
z- + Bz^^ + Bz^ + Cz^ + &c. = o 
f + Av^' + Bir^ + Cir-^ + &c. = o 

find an equation for the values of this function. 

Solution. Put X =/.• (y) (z) (t) (u) ,.., find all the 
possible values of this function, and from these form the 
equation for x : then eliminate the values ^, 1/^, %/"^ &c. 
of y^ by means of the coefficients Ay By C, &c. of that 
equation by which this magnitude is given; which 
may always be done, because the equation for x must 
necessarily be a symmetrical function of the magnitudes^, 
2/' 9 Jlf^^y ^^* ^f ^® proceed with Zy ty w, &c. in the same 
way as we did with^, we obtain an equation for Xy whose 
coefficients are all known ; and this is the required equa- 
tion. 

Corollary. In order to find all the values of jr, we 
must combine the 11 values of yy the v values of Zy and 
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80 on, in all possible ways in the function y*: (^) (z) (^) 
(tc)... But it is evident, that the number of these com- 
binations = ^VTT... ; consequently also this product gives 
the number of the values of x^ and . * . the degree of the 
transformed equation. 

If the fnnction only contains the magnitude ,y, or if 
X =f: (y), then the equation for y is only of the ^th 
degree, consequently in this case, the transformed equa- 
tion is of the same degree, as the equation by which y is 
given. 

SECTION CXXV. 

Pbob. The unknown magnitude x is given by the 
equation of the nth degree, viz. 

:r" 4- Pa?"-' + Q^"' + Rx"-^ + &c. = o 

the coefficients P, Q, &c. however, are not given imme- 
diately, but merely all assumed to be known functions of 
a magnitude y, which depends on an equation of the nth 
degree 

y* + Jyf*-^ + By^"^ + Cy*^-^ + &c. = o 

required to find an equation for x, which only contains 
known magnitudes. 

Solution. Denote the roots of the equation y* + 
4y**"* + &c. = o by.y, y^, y''/, &c., and introduce these 
values into the functions P, Q, &c. Now if we denote 
that, into which these functions are transformed, when 
we substitute in themy, y"y y"'^ &c. successively forj^, 
by F, Q!, &c., P'\ Q//, &C. F^', Q^^ &c. &c. ; we then 
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obtain the following ft equations, all of which must 
obtain at the same time : 

of + P^jiT-' + Q^2"-' + i?^^"-' + &c. = . 

of + P'^a:"-' + Q'^2"-^ + R^';xr-^ + &c. = o 
^ + r^'x^' + Q^//x"-2+ ^''^a:""^ + &c. = o 

&c. 

The product of these . • . gives the required equation. 

But since these equations are such, that in the trans- 
position of the magnitudes t/^ y^\ j/^\ &c. no other 
change takes place, but that one is merely transformed to 
another ; consequently their product suffers no change in 
their transposition, and . • . with reference to ^, y^, y^^^ 
&c. they are symmetrical. Therefore these magnitudes 
may always be eliminated by means of the given coeffi- 
cients Af B, C, &c. 

Corollary, But conversely, every equation of the Wjuth 
degree, which can be considered as arising from the elimi- 
nation of y in the two equations of* H- Pr^* + &c. = o, 
yf* + Ay^"^ + &c. = o, may always be solved, if the 
solution of equations of the 72 th and )uth degrees be pre- 
supposed ; for the second equation gives the value of y, 
and when we substitute this value in the first equation, 
then the latter gives the value of x. 

SECTION CXXVI. 

Frob. The unknown magnitude x is given by the 
equation of the nth degree, viz. 

o^ + Px^' + Qoir'^ + R(xr^ -f &c. = o 
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It is assumed, that the coefficients P, Q, i?, &c. are 
functions of the magnitudes y^ z, f, u, &c., and that these 
magnitudes are given by the equations 

y* + Jy^' + By^-^ + Cy^"^ + &c. = o 

z' H- A^z^' + B^z^ + C^;?'-^ + &c. = o 
t- + ^/''<^' + B^^ir-' + Cy/<--H &c. = o 

&c. 

Find an equation for x, which contains known magnitudes 
only. 

Solution, In the first place we consider P, Q, i?, &c. 
merely as Amotions of 3^, and eliminate these magnitudes 
by the method in the preceding § ; then we obtain an 
equation for x^ of the n/xth degree, which only contains 
the unknown magnitudes z^ t^ u^ &c. If in the same way 
we also eliminate the magnitudes z, t^ u^ &c. successively, 
we shall at length get an equation of the njui^...th degree^ 
which only contains x and the known magnitudes ji, B, 
C, &c. J'y B', C\ &c., ^^ B\ a', &c. &c. and 
which consequently is the equation sought. 
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VI. — Geneeal inquiries respecting the trans- 

FOBMATION OF EQUATIONS. 



section cxxvii. 



AT the end of the fourth chapter the transformation 
of equations and Tschimhausen^s method were mentioned, 
and its application to the solution of equations of the third 
and fourth degrees. This is now the proper place to give 
some deeper inquiries respecting it, in ordejr that we may 
ascertain, what may be expected of this method in its 
application to equations of higher degrees. 



section cxxviii. 

Pros. Let • 

j:» + ^J^* + Bo[f^ + Cx"^^ + &c. = o 
be the given equation,' and 

the auxiliary one ; consequently the transformed equation 
for^ is of the wth degree (§ LXXXI), viz. 

Show in what dimension the coeflEicients a, J, d, &c. of the 
assumed equation enter Into the coefficients % 3S, (I. 
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Solution, If x^^ x"^ x/'\ &c. denote the roots of the 
given equation, then the transformed equation j/" + 
^y ~* 4- &c. = has "the following roots : 

y = j/*" + ar^'*-» + 6j/«-2 ^ ^ ^-j/ ^ ; 

y// _ ^/« ^ a^/«-i 4. jj/z-'-a ^ ^ j5j.^/ _p / 

y//«. j///«. + ay//«-» 4. i:t^//'"-^+ + kx^^^ -\' I 

« 

Now, since the coefficients ^9 JS) C> &c. are the sums of 
these roots taken singly, two and two, three and three, 
and so on, we may . * • conclude, that the letters a, &, c, &c. 
occur in 9 in the first dimension, in 3$ in the second, 
in ((T in the third, and, generally, in the j>th coefficient in 
the |>th power. 

SECTION cxxix. 

Pbob. Required to find of what degree the auxiliary 
equation 

must be, when it is possible to transform the general equa- 
tion of the nth degree 

xf + AxT-' + BxT-^ H- CxT-^ + &c. = o 

into an equation of two terms of the form 

y-K=o 

Solution. In the equation y— ^"=0, n— 1 terms 
are wanting ; . * . the auxiliary equation contains as many 
undetermined magnitudes a, 5, c, &c. by determining 
which, we are enabled to eliminate these terms ; it must 
consequently be of the n— 1th degree, and •*. m=n— 1. 

3i 
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SECTION CXXX. 

Peob. To transform the given equation x^ — As^ + 
Bx — C = into one of two terms ^^ — F= o, we must 
assume the auxiliary equation x^ + ax + b=:y (preceding 
§) : determining, a priori, the degree of the equations, 
on which the coefiScients a, b^ depend. 

Solution 1. If we denote one of the two primitive 

roots of the equaticm y^— l=o by a, and put \/F=y, 
then y, a}^\ a^yf are the three roots of the equation 
y^ — F = o. Each of the three roots x'^ a/^, x^"^ of the 
given equation corresponds to one of the values of y :. 
which ? It remains undetermined. 

2. If we combine the values of x in all possible ways 
with the values of y^ we then obtain the six following 
combinations : 

Wj x/', a/^V' Wy x/'\ x/' I 

/y> «yj «y\ m -y, «y\ 
M »y,»y\ (y\ y, «y\ 

3. If the values of x and y, which correspond to each 
other in the first combination, be substituted in the 
auxiliary equation, we obtain the three equations : 

x'^ 4' or^ -f- i = y' 
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and by means of these equations the values of a and h 
may be determined from j/, x^\ x"^. In the first place, 
in order to determine a, multiply the second equation by 
a^ and the third by «^, and then add it to the first ; thus, 
since «* = a^ . as = «, and 1 + <* + a^ = ^[1] = o, 

x^'^ + »o;/'^ + «V/^^ + a (x^ + ax'f + o?x/") = o 
we obtain 



a = — 



xf + ao/^ + »*J^ 



s^/// 



4. From the remaining five combinations in 2, there 
may be found five other values of a. To efiect this, however, 
it is not necessary to begin the calculation anew : for since 
the above combinations only differ in this, that the roots 
a/, xf\ xf'^ are transposed, we can even take the trans- 
poidtion found in the expression for a. By these means 
we obtain the six following values . 

xff + oaf" + aV ' x"' + aa:^^ + «V 



2^/// 



:r^// + «y + « V^ a// + «^ + «^x 

6. But of these six values, only the two first, which 
are opposite to each other, are actually different. For if 
in these two values we multiply both the numerator and 
denominator by a^, we then obtain the next two ; and 
from these again the two last, by multiplying the 
numerator and denominator by »^ 
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6. The coeflScient a .'. has only the two different 
values 

and consequently it depends merely on an equation of the 
second degree. 

7. Further, if we add the three equations in 3 together, 
we obtain 

V« + a/^2 if ^^^* +a{x' + x^^ + x'^^) + 35 = o 
or 

[2] + a [1] + Si = o, 

and when in this we substitute for a its two values, we 
then also obtain for b two values, and consequently this 
coefficient also depends on an equation of the second 
degree. 

Corollary, If we wish actually to find the equation for 
Cy then let 

a^^Pa-{' Q::^0. 

The roots of this equation, then, are the two which were 
found in 6, and we have. . * . 

_ a:^ + 0^^/^ + A^^/ g x^^ -h ax^^'^ + aV^ 
"" a/ + «j/^ + «V//' "^ a/ + ax^^' + «V^ 

_ 2 [3] + (^ + g^) [12 1 
[2] + (« + «^) [in 

_ [4]+ (« + «^)[2n 
[2] + (« + «^) [1^] 
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If in these we put for the numerical expressions their 
values taken firom the annexed tables, we then obtain, 
since a + a^ = — 1, 

2A^ - 7AB + 9C 



P = 



Q = 



44 - U^B + ^ + 6AC 



A^-3B 

If we substitute these values of P and Q in the equation 
a^ — Pa -f Q = o, we then obtain by its solution the 
two values of a, expressed by the coef&cients A, By C of 
the given equation. 

Having, however, found the two values of a, we then 
obtain from them the two values of J, by means of the 
equation (7). 

_[2]_+_a_[l] 
"" 3 

SECTION CXXXI. 

Peob. To reduce the given equation of the fourth 
degree x^-^Ax^+Bji^—Cx+D^^o to an equation of the 
form^— rj^^+ Z=o, we must make use of the auxiliary 
equation ar^+aa:-f- J=y .' required to determine, a priori, 
the degrees of the equations, on which the coefficients a, (, 
depend. 

Solution 1. Since in the transformed equation there 
are only even powers of y, then two and two are equal and 
opposite each other. If . •. we denote these by 3/^, —j/y 
y'',— y'^, and the roots of the given equation by a/, x^^, 
x"\ x^^y we then have, when these values of x and y are 
made use of in the auxiliary equation, 
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x"^ +a^^ + 4=-y 

If wc add the two first and the two last of these equations 

together, we obtain 

^2 + j//2 4. fl (^/ + a//) + 2 i = o 
^///2^. ^r2^ a (^// + a/'') + 2 6 = 

and hence 

x/2 + ^/2__ y//2_ a/F2 



a = 



yJ ^ X'* ^ j/'f -- X'^ 



2. Since it matters not, which values of x and y are 
considered as belonging to each other, consequently a has 
not only this single value, but all the values at once, 
which can arise firom all the possible transpositions of the 
roots. But the function which was found for a, belongs, 
as may be easily seen, to that class of functions, for which 

/: (^) (^0 (^'0 (^0 = /•• (^') <f) (^'0 (^0 = 

/.• (y) i/') (x^o (^'0 = /•• (^'0 (^0 (^) (^0 

consequently to the same class^ which we have treated of 
in the second example, § LV. This Amotion . * ., as was 
there found, has no more than three different values, 
which are given by the types/: (j^) {xf^) {x/") (^0> 

/: (O (a/) (^0 Cx^, /• (^0 (^O (^0 .(^)- If 
for these sTinbols we put what is denoted by them, we 
then obtain the following three values for a : 
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and consequently the coefficient a depends on an equation 
of the third degree. 

3. Further, if we add the four equations in 1^ we 
obtain 

or 

[2] + a [1] + 4i = o 



• • 



6=_E?1±£W 

Now, since a has three values, & has al^ three, and con- 
sequently b depends on an equation of the third degree. 

Remark. Hence, if it were required, we could find the 
equations for a and 6, by the method sufficiently well 
known from the third chapter; but since this subject 
possesses no difficulty, I shall not detain my readers any 
longer with it. 

SECTION CXXXII. 

F&QB. To reduce the equation of the fourth degree 
x^ — Ax^ + Bx^ — Cx + D=:o to one of two terms, 
y* — F=o, we must assume an auxiliary equation with 
three unknown magnitudes, because three terms must 
vanish. Let a^ + ar*+6j:' + c = y be this auxiliary 
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equation. Required to find the degree of the equations, 
on which the coeffickiils a^ b, c depend. 

Sdutum 1. The roots rfthe equation j^ — F = o are, 

when we pat s/v^y^, ^.-y\ + y'^-l-y a/ - L 
The roots rf the giTen equation j/, j/', j/'^, j/% may cor- 
respond to these Talnes rfjfin 1.2. 3. 4 = 24 diflferent 
ways ; viz. as often as these values can be transposed. 
For while these are undetermined, it is quite immaterial, 
which values of x and y are considered as bdonging to one 
another. We can, however, as was also done in the two 
preceding sections, combine the values of x andjf together 
in any way we please, and then introduce in the results 
the above-mentioned transpositions. 

2. The substitution of the values of x sndy in the 
auxiliary equation gives 

a/^ + ax^^^ + ftr^^ + c = — y 
x/'^+ ax'''^ + bx^"" + c =-y ^/-l 

3. If the two first and the two last equations be added 
together, we obtain 

a///3+ a/'^^a (a/^'«+ x^^^ + b {x^^^+x^^ + 20 = o 
and when these again are subtracted firom one another 
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4. But if we subtract the two first and the two last of 
the equations (0) from one another, .7e obtain 

and if we multiply the second of these equations by \/— 1, 
and then add it to the first, 

^3-^/34. (^///3_^/F3) ^_i 

5. Since this equation, as also the one found in 3, 
only contains a and b, .'. they can conjointly serve to 
determine these two coefficients. Thus if we eliminate b^ 
and, for the sake of brevity, put 

/ (a/3+a://3-a///3«.^»'3) (^/-^z) x ^ 
V_(^/3_^//3) (^^^/_ ^/// _ ^^ J - -^ 

/ (a/3 + x^/3_j///3_<jyr3)(^//_^K) N ^ 
V_ (a/2 -. 0/^3) (^/ + ^/_-r///_-^F)y - ^ 

we then obtain the equation 

M+NV— l+(P+Q\/- l)a^=o 
and hence 

M+NV-i 






F + QV-l 



6. If' in the functions denoted by M, N, P^Qj we 
substitute 01/^^ for a/, a;^^ for a/^ x/^ for jc^^'', and x^ for 

2 K 
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a"", then ilf is ti^atsforined into— A", NinioM, Pinto 
-- Q, and Qinto P. Therefore the expression found for a, 

by this substitution, is transformed into r^ , n / — 7> 

iel-t JT V — 1 

or, if we multiply the numerator and denominator by 
— V — 1, mto — n-Trk — 7 — -,9 Consequently the same aft 

before. The expression for a belongs . * . to that class of 
functions for which 

/; (jO (^0 (^''0 (^'0=/- (^''0 (^'0 (^0 (^0- 



7. From thid equation we obtain (| LIV) the follow- 
ing period of equal types : 

/; (x^) (0:^0 (^'O (^'0 
/: (:r^/0 (^^0 (^^0 (^0 

Amongst the 1 . S . S . 4r=t24i values, which the coeffi- 
cient a contains by the transposition of the roots x^^ x^\ 
x'"^ x/^^ ther6 tt^ 6 times 4 eqUal values^ consequently 
only 6 different ones, which are denoted by the following 
types: 

/.• {^) {^') (o/'O (x^") 
/; (zO (a/0 {x'-) {^") 
f: (x') (x'") (x'O (a/") 
/; (^) (j/^ (a/O (^0 
/; (aO (*"-) (^0 {?/") 
f: («0 (^0 (*"0 (^'O 

ilRre6 i^MIs x", itf", :^^. Since .'. a (as six ffidtaftM 
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^uesy these magnitudes consequently depend on an 
equation of the sixth degree. 

8, In the same way it may be proved, that b likewise 
depends on an equation of the sixth degree. For if we 
eliminate a instead of 6 in the equations found in 3 and 4, 
we obtain, when for the sake of brevity we put 



( 

( 
( 






= Q 



the equation 

M+N<^-l+b {P+Q'/-l)=o 

and hence 

. M+NV-1 

If we substitute the roots o/, j/^, x'", x"^, for the roots 
a/'', a/'', x", a/f respectively, then the mpressions M, N, 
P, Q, are respectively transformed into— JV, jl/,— Q, P ,• 
and .*. it may be shewn, as in 6, that the expression 
found for 6 is of the form /; (a/) (x'O {x^^') W) = 
/: (x"') (a/*) (a/^) (a/), and consequently has no more 
than six different values. Coosecpiendy k also dqiends 
9D an equation of the sixth ieg^. 
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9. If the four. equations in 2 be added together, we 
obtain 

[3] + a [2] +i[l] + 4c=o 



• 4 



[3] + a[2] +6 [11 

consequently if the coefficients a and 6. are found, we 
then also have c. 



10. Therefore the magnitudes a, 6, depend on equa* 
tions of the sixth degree, and consequently the transform- 
ation required in the Problem is not practicable, when 
these equations are not reducible to equations of the 
second or third degree. But of the possibility or impos- 
sibility of such a reduction, we can convince ourselves 
syllogistically without completing the calculation, as the 
following § will show. Moreover, I must again remind 
my readers, that the magnitudes a and 6, are homoge- 
neous functions of the roots x^y x'\ x"^^ x/^^ (§ L) ; and 
it will be seen from the following chapter, that in this 
case it is quite sufficient, merely. to have found one of 
these two magnitudes, because then the other may always 
be derived directly from it, without its being first neces- 
sary to solve a new equation. I shall . * . merely confine 
myself to inquiries respecting the equation for a, 

SECTION CXXXIII. 

Prob. Required to find, whether the equation of the 
sixth degree, on which the magnitude a of the preced- 
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ing § depends, is reducible to equations of a lower 
degree. 

Solution 1, In the preceding § we have seen that the 
six roots of the equation for a, are expressed by the 
following types: 

/; (a/) (a/0 ix"') (x^n> /•• (^).(^O C^") (^^0 
/; (j/) {a/'') (^0 i^"), f: (^0 (^'0 (*"") C^') 
f: {3/) (x") (x'OXa^'O. /•• (^) C-^") C^'O (■^O 
I shall now assume, that the values of a, which correspond 
to the two first types, are the roots of an equation of the 
second degree, 

c^ — pa + q'= o 
then, according to the nature of equations, 
p =/; (x/) {x") (a/'O (x"') + f: (3/) (x") (j/") {x"') 
q =/; {x') {x") {.x"') {x/") X /• (j/) {x")(x"') ix/") 

% However, from this compound form, it immediately 
follows that p and q are functions of the form 

^ : (^) (x^O (a/^O (^0 = * .• (^) (^'0 (^^0 (^'0 
because . in the transformation of the roots s/^^ a/^^ 

f: (aO (^0 (^''0 (^0 into /• (^) (^0 (^^0 i^'% 
and conversely, when the last is transformed into the 

first, no change arises in . the expressions for p and q. 

S. But by the preceding § the function denoted byjf 
is of .the form 

/: {^) (:t^0 (^^'0 (^') =/• (^'0 (^0 (^0 (^) 
consequently also /> and q are functions of this form. 
Therefore p and q are functions of the form 
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^r {a/) (j/') (2^^0 (^"^) = ^ •' W) (^0 (a'O (^) 
= ^ : (2/) (o/O (a/0 (^^0 
and this form gives no more than three different values, 
viz. 

^ : (/) (^0 (^'0 (^0 
^ : (xO (a/^O (^0 (^0 

4. Therefore the coefficients p^ q depend only on two 
cubic equations 

If, therefore, we denote the three roots of the first equa- 
tion hjp\ pf'^ pf'^i and the three roots of the second by 
9^» 9^^> ^''i ^^ ^^^ obtain the three following equations 
of the second degree : 

4S? ^ ///« + 4^^ OE 

into wliich • * • ihe €qu8lio« of tiie mss^ degree for a nay 
be analyzed. 

C&roUmy, If we «itbitalute the roots j^^^, ^^, for one 
another in the e3cpressions My iV, P, Q, in 5 of the pre- 
ceding 4) ^^ eKpressioni Jf 9»i, P Mqafua the same ; the 
expressions N and Q, on the contrary, are transformed 
into '^N) — ^. If .% we pu<; 

/: (xO (^0 (^'0 in = - fi^^^i; 
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theti 

/: (xO (:r'0 (a-'O (.t'") = - ^Zq^Z\ 
Therefore 



or 



I^rotu these funetibn^ tfa^ equaticms for p and ^ nitfjr be 
ftc^tualty fotind hy th« method given in the third chapter. 



SBCTION CXXXIV. 



The results in the two foregoing Sections may also be 
immediately derived from considering the equations (^) 
in 2, § CXXXII. Thus, in § CXXXIl, in order to 
eombine the four values of x with the foar values of y in 
aU possible ways, instead of pre-supposidg a transfivnui- 
tidn ef ifae' fiffinefy tof^ks &mte done^ ire assume a tnul»- 
ibrmaticm of ijie latter* The equaridns (^), by the finat 
as wt9U a6 the dtbet ttan^imiatien, undergo twenty-finar 
^ngfA I a«4 s»!iee eacfti sueh ebai^ giv«i » vah» of a, 
w« idbtbhi nrentyi^r valuM of it, ^ whidt^ as we bvre 
tBMAy aeen^ no nidfe th^m are difltoent 

'thk eeneKKdon, however^ might have been foicieen, 
i fgkAf with^t knowing tfae^ value* of a» Anumgst ike 
twenty-four combinations of dkcioots x^y t/^ 9^\ ^^ With 
Sfi"*^^^ y'V'-"i»j-^y V-^»> tlrtreaied«Pth#ftltowing 
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a///3+ ar^^^^+ ^:i/^^+ c =-y^ 

and these four equations might have been obtained from 
those in % \ CXXXII, by substituting throughout 
yf >v/— 1 for y . However, by such a substitution as this, 
the value of a can undergo no change ; for after we have 
eliminated^, it matters not in the least what we sub- 
stitute for it. Hence it follows, that these equations must 
give the same value of a, as the former ; and since the 
former might also have been obtained from the latter by 
substituting the roots x^, j/^, x/^^^ x/^y for a/^^, j/% j/^, a/, 
consequently it follows, that the expression for a must be 
such, that it suffers no change by the above substitution ; 
it must . * • necessarily be of the form 

/; (x^) {x") (x"0 ix^") =/; {x'^') (^^ (^0 (^ 

which coincides with 6, § C XXXI I. 

If in the equations (^) in 2, § CXXXII, we sub- 
stitute — \/— 1, for v'— 1, we again obtain a new set 
of equations, which only differ from the equations (^) in 
this, that in, the former j/'' is combined with y >/— 1, 
and x/^^ with — y \/— 1 ; whereas in the latter the reverse 
of this is the case ; we might .*. have obtained them also 
merely by substituting x/^^ for x^^. But hence it follows, 
that the expression for a must be such, that we obtain 

/; (x^) (x^O (^) (^'0 from/: (^ (x^O (^^0 (^0 
when we merely put — v'— 1 for v'— 1, which agrees 
with § CXXXIII, CoroUary. 

' Further^ since the functions p, 9 of the preceding §, 
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as sum and product of the two functions^*; (j/) {x^^) 

(^c^^O ('^Oj/- (^0 {^') ('^'O {^^% by the substitution 
of — •V'— 1 for s/ -—X suffer, no change, so likewise 
they undergo no change by the substitution of oc^^^ for fr^ ; 
and they are consequently functions of the form 

*.• (^0 U^O (^''0 (^0 = *• (^0 (^0 W) (^''0 

and since they are also functions of the form 

^ : (jtO (^0 (^^^0 C^^'') = * • (^^'0 C^^'^) (^^0 (^^) 

because they are compounded of these ; it follows then, as in 
the foregoing §, that they can have three different values 
only, and they consequently depend on equations of the 
third degree. 

SECTION CXXXV. 

Prob. To transform the equation of the fifth degree 
x^ '\- Ax^+ Bx^ -{■ Cx^ + Dx + E-o 

into one of two terms y^ — F = o, assume the auxiliary 
equation : 

jr 4 ^ Qji^ + ia:^ + CI" + d =i ^ 

required to find the degree of the equations, which 
must be solved, in order to determine the coefficients 
Oy b, c, d* 

Solution 1. If <» denote one of the imaginary roots of 

the equation y^ — l = o, and we put N/ V =^2/9 then 
1/9 «y> »Wi *y» «y> *s we know already, are the fiv6 
roots of the equation y — r=o. If we introduce these 
values of ^, together with the values of :r, into the 

2 L 
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auxiliary equation^ we then obtain the iive following 
equations . 

x'^ + oo:^ + fcx^* + cj/ + rf = y 

a///4+ ax/'f^j^ Jj///2^ cj/^' + d = o^y 
i^'-^^- ai^*'* + 6:e^'^ + cx^"" + i = «y 

2. By these equations, which, with reference to a, 
fc, c, d, are only of the first degree, we can express 
each of these coefficients by the roots x'^ x/^ x/^\ x/^^ x^^ 
and then, as Was done in the foregoing § in equations of the 
third and fourth degrees, permute in the expressions thus 
found the above roots as often as possible ; in the present 
instance 1.2. 3.4. 5=1 20 times; the number of 
different values, which we obtain by these means, will 
then determine the degree of the equations on which 
the magnitudes a, i, c, d depend. But let it not be 
supjibsed, that tho elimination, and also the comparison 
of the 120 results, are very laborious in themselves : 
another particular inquiry will always be required, if the 
equations obtained last cannot be reduced lower. We 
wish • * . to try whether, from the nature of the above 
equations themselves, there are not certain indications by 
which we may more easily attain the desired object. 

S. Since the number of the values of each of the 
coeflBcients a, 6, c^ d, say Cy (the same conclusions may 
be made fin: the others) has it^ foundaticm merely in this^ 
that the values of x and y mAy be comUiied in more ways 
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than one^ it only remains to examine the results of these 
different oombinations. But we obtain all the possible 
combinations of the values of x and y, when in the above 
five equations we either permute the values of Xy or the 
values of ^ in every way. If we make choice rf the first 
method, and, according to Hindenburg's Rule of Permu* 
tation, let j/ retain its place in the first equation, when 
we transpose the roots j/^, x^^\ xf^^ x^, we then (^tain 
twenty-four sets, each consisting of five equations. If 
aftar this we introduce the roots x/\ x/^\ a/% x^^ succes- 
sively into the first equation, when we permute the 
four remaining roots, we then obtain 120 sets in all, 
each consisting of five equations, and consequently all 
the combinations of the values of x with the values of y. 
Each such set gives a value of a; .*. collectively 120 
values of a. 

4. Now I assert, that amongst these 120 values of a, 
there are no more than twenty-four different ones, and 
that these different values are obtained from the first 
twenty-four sets. For, in the first place, it is easily seen, 
that it is quite immaterial whether we introduce the 
roots x^'i x/^^i x/^j x^y successively in the first equation, 
and permute the other roots, or whether we substitute in 
all the five equations «y, err/ o^yf^ a*y, successively for 
y\ and after each such substitutibn permute the roots 
a/'', x"^^ x/^^ x^^ when x^ retains its place in the first 
equation. Now, since j/ occurs only once in the value of 
a, because it was eliminated at the very beginning in the 
^ve equations, so with respect to this value it matters 
ncrt what we substitute for y ; and . • ., by the above-men- 
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tioned substitutions, we shall find no other values than 
those which we obtain, when we let j/ retain its place, 
and merely permute the roots xf^ 3/^\ x^^^ x^. 

6. Now, we are certain that the expression for a, 
which we obtain by actual calculation, is such, that 
amongst the 120 values which arise from the transpo- 
sitio;ni of all the five roots, x\ x'\ x/'^^ x/^^ x", there are 
no more than twenty-four different ones, and that these 
last values are those which are obtained exclusively fi'om 
the transposition of the four roots x^\ ^xf" ^ j/% x^. The 
equation for a . • . rises no higher than the twenty-fourth 
degree. We shall now see whether this equation cannot 
be reduced to others of lower degrees. 

6. Since we do not know the expression for a, we shall 
. * . immediately assume the transposition of the roots xf^^ 
x/^'^ a/*", x^^ in the above five equations, while in this we 
set the first completely aside, because x! may be considered 
as a constant magnitude. For this purpose, according to 
Hindenburg's Rule of Transposition, we again let j/^ 
retain its place, and only permute the roots j/^'', x/^^ z% 
we then obtain six sets, each consisting of five equations* 
If, after this, we put a/^'', x/^^ x^^ successively for j/'' in the 
second equation, and after every such substitution per- 
mute the other three roots, we then obtain in all the 
twenty-four sets of equations, which give the twenty-four 
different values of a. 

7. Instead of the above method, we can also make use 
of the following one. First put in the above five equa* 
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I 

tions «% i?i a^ successively for a, we then obtain, since 
a^=«, c?=o?^ o?=^o^i &c., the four following combina- 
tions of the values of x and y : 

3^^ «y> **i/^ «j/^ «y 

3^^ «y, «j/^, «ty^ «y 

'y>*y> ^y^ ^y* «y 

and if we permute in each of these combinations the 
three roots ot/^^^ j/^ x^^ we then obtain the twenty-four 
combinations of the values of x and ^, which are possible 
only under the condition that x^ continues to be combined 

with y . 

8. If . *. we had expressed the coefficient a, from the 
five equations in 1, by the roots x^, a/'', a/^'', i/'', x^^ it 
would only have been necessary, in order to find its twenty- 
four difi^erent values, to have transformed « into »^, «^, «*, 
ill each of these four values merely to have permuted 
the three jroots a/^^, oi/^^ x^. 

9. Now, if we assume that the values of a, which give 
the four combinations in 7, are the roots of an equation of 
the fourth degree 

a* — pc? + qc? — ra + « = o 

and if we denote these roots by a/^ a!^^ a!'^^ d^^ then 

f^d ■\-a" ^- d" + d"" 
qz=Ldd^ ^- dd^' + aV^ + d'd" + &c. 

&c. 
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Now, since the functions a^, af^y d^'^ ol^^ are such, that 
by the substitution of » ioft a?^ o?^ e^^ th^y merely are 
transformed into one anothei:, consequently p, q^ r, 9, are 
symmetrical junctions of the roots of the equation 
y — 1 =0, and . * . they cani^ot contain ». The functions 
|7, y, r, », consequently contain neither y^ nor a ; and . • . 
in all the transpositions of the roots a/, a/^, s/^^^ x'^^ x^y 
have no more than six different values, viz. only those which 
arise from the permutation of the roots j/^^, ot^*", x^. 

10. Consequently the coefficients j>, 9, r, s^ all depend 
on equations of the sixth degree ^ and if we do not mind 
the trouble, these equations may be actually found by the 
method given in the third chapter. But whether they are 
capable of any further reduction or not, will be seen in the 
sequd. I shall now only observe, that it is quite sufficient to 
solve otie of these equations, viz, that for p, because th^i, 
as will be seen in the following chapter, the co^cients 
9, r, «, may be found directly. 

SECTION CXXXVI. 

Fb0B. T» txanslGbrm the giveD equ^ion 
9f + A;Kr' + BpT-^ -f CjT^ + &»,== o 
into one of two terms, viz. y — F = o, we assume iJbe 
auxiliary equation 

af"* + ax^^ + bxf^^ + + kx -{- I =:y 

with n— 1 undetermined coefficients ayb,c, k^ I: 

on the supposition that n is a prime number^ required to 
determine the degrees of the equations, which must be 
solved, in order to find the assumed coefficients. 
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Solution 1. If we put \/ F = j/, and « denote an 
imaginary root of the equation y* — 1 = o, then j/, ai/^ 

«y, «y, a""Vj are the w roots of the equation 

y*— F=o. If we combine these values with the roots of 
the given equation, we obtdin the following n equations : 

x^'^' + aj/*^' H- bx^"^ + + kx^ + l^ t/ 

a^/"-» + ax^^^^ + Ja/^»-3 + + kx^^ + /= «/ 

:i^//'^^+ 0^//*-^+ i:t'//'^+ + kx^^^+ /=*y 

&c. 

from which we first eliminate t/, and from the n — 1 
equations obtained by this elimination, the values a, b^ 
c, d, &€• may be determined by the roots j/, j/^, x^^^, x/% 
&c. 

!S. The coefficient a (and this, as well as what feUdWs, 
obtains also of i, c, d, &c.) in general contains ai$ many 
values as the n values of x may be combined with the ft 
values of ^, in sets of n equations, as those in 1, on thd 
condition, that every such set is different from the otheirs 
in the same set. Of these combinations, however, there 
are exsiotly as many as there are transposition!^ in the n roots 
in the above set of n equations ; consequebtly the number 
of the values which the coeffibieht a can have =:: 1 • S . 5 

n. Consequently also the equation on which d 

depends^ must be of the 1 . 2 . 3 nth degree, 

supposing that amongst these valu^ there are ho equd 
ones. 

9. Wh^ in the above equMibtiss w« isublMitute a/, 
^5 ^9^9 .•i..w.*. «""y successively for y, We then 
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obtain n sets of equations, in which the values of x and 
y are arranged according to the following scheme : 



X 



/ 



x^\ x"\ a/^ a:^ .a^«> 



y, «y, «y, «y» «y. »"~y 

*y, «y, «y, «y, «y. y 

<ty, «y, ay, «y, «y, «y 

»y, «y, «y, «y, *y, «y 

«-y, «"-y^ y, «y, «y, ««^y 

^'y^y y> «y> «y» «y> *"^y- 

Here we find, as may be seen on inspection, x^ always 
united with another value of y^ while at the same time 
the remaining n— 1 values of x are combined with the 
remaining n — 1 values of y. If now, in each of these 
» combinations we permute the roots a/^, x/'\ x/^ ...x^*^, 

we tlien always obtain 1 . 9, . 3 n—l combinations, 

and consequently from the whole together all the 1.2.3 

n combinations, * in which the values {Ax can enter 

with the values of y. 

4. In order . * • to find the results of all the possible 
combinations of the values of x and y, it is only necessary^ 
in the above equations, to substitute ay', afyf^ «y5«-«""y 
successively for y^^ then transpose the roots x/'j x^^\ j/^, 
... o;*^'^ in all possible way s^ and from each set thus ob- 
tained find a value t)f a ; or^ which is here the same, find 
first the expression for a, and then make use of the above 
substitution and transposition. But since y^ has totally 
vanished in the expression for a (l), so by the substitu- 
tion of ^y, «*y, «y, «'^y fory, this expression 
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sniFers no change, and .*. there are no more different 
values of this magnitude, than arise from the transposi- 
tion of the n — 1 roots a/^, a/^^ xf^^ ...... a?^"\ 

5. Consequently the magnitude a depends on an equa- 
tion of the 1 . 2 .^ 3 n— 1th degree, and its roots are 

the values of the expression for this magnitude, which 
arises from the transposition of the roots oe!\ a/^\ ••• ^*^ 
Hence, then, this equation may actually be found, by the 
method given in the third chapter, and may be expressed 
in known magnitudes. 

6. Since the unequal values of a belong exclusively to 
the I • S . S : n^\ sets, which arise from the trans- 
position of the » — 1 roots a/^, x^^\ a/% 3if^\ in the 

above equations, it is allowable to consider the first equa- 
tion, together with its roots 2/, y, as constant and inva- 
riable, and consequently we only require to take into 
consideration the n — 1 equations 

^/—i j^ aa//»-» + + *j/^ + / = ay 

3/^^"^' + at^//«-'»+ + k3/^'+ I = a^j/ 

&c. 

If in these equations we transpose the roots x*', j/^^, 
•.•j:^'^ in all possible ways, we obtain all the combina- 
tions between these roots and the roots aj/^ c?^^ o^, 
... «"~'y. But these combinations may also be found 
as follows. 

7. In § LXXXVII, Cor., it was shown that, when in 
the series of roots a, a', a% ... c^^ we successively substi- 

2 M 
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tute aS a^ aS «""* for a, the same roots, but in a 

different ordeir, always present themselves; Hence it 
follows, that when in the equations in 6, we substitute 

successively a^ a^ «S «""' for «> the n — 1 sets of 

equations thus obtained, only differ from one another in 
the combination of the values of x with the values of y. 
Now since also every set has also another of the magni- 
tudes, a/, o^y, a^, ^''"V in the first place, it 

follows, that we obtain all the combinations of the values 
of X with the values of ^, when in each set we permute 
the n — 2 roots x^^\ x^^j a;<"^ in the n — 2 last equa- 
tions in all possible ways. 

8. The changes- which we have effected with the equa- 
tions themselves, we can also effect with their result, the 
expression for a. Thus, if by the equations in 1 we have 
expressed the magnitude a by x^^ x^\ x^^\..,x^''\ we then 
substitute in it succ^sively a\ a\ «*,......«'*"* for a, and- 

permute in each of the values thus obtained^ merely the 

roots x^^\ a/% x% x^''\ while we let a/ and x^^ retain 

their places. 

9. Now, if we denote the n— 1 values of a, which arise 

from the substitution of a^, «',«*» a""'} for a, by 

off af\ d'*^ a^"V and assume that they are the roots 

of the following equation of the n— 1th degree : 

a-* -pa"-* + jo"-^ — rcT^ + &c. = o 

then the coefficients f^ q^ r, &c. merely as functions of 

a^9 d\ d"^ a^*"*^, in like manner can have no 

more different values than the 1 . 2 . 3 n— 1, which 
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arise from the substitution of a for a«, a^ «*,,.....«•"*, 
and from the transposition of the roots j?^^^, a/'', x'',,,,*^"^ 
But since these coe£Scients are also at the same time 

symmetrical frmctionsof^x, a*, o^, a^*"^^, consequently 

of the roots of the equation ^" — 1 =o ; . • ., by the fore- 
going chapter, they must be rational^ and consequently 
do not contain a. Wherefore these coefficients have 
no more than the 1 . 2 . 3...n— 2 different values, which 
arise from the transposition of the roots x/^'j s/^^ x% 
...JT^"^, and .'. they all depend on equations of the 
1.2.3 n— 2th degree. 

10. Let 1.2. 3 n— l=y[i, and let 

p" + ^y*-' + B^p"^ + cy-^ + &c. = o 

be the equation for p ; then, as is already known from 
the third chapter, the coefficients A^, B'^ C\ &c. may 
always be found, and expressed rationally by the coeffi- 
cients Af By C, &c. of the given equation x" + -4a;""* + &c. 
= o. If, then, we can solve this equation, and from it 
determine the values of py then also we may, as will be 
shown in the following chapter, find the coefficients 9, r, 9, 
&c. directly, and without solving any other equation. Now, 
if we denote the values of j?, 9, r, &c. which we thus obtain, 
by p/, q'y /, &c., p'^y (i'y r"y &c, /^ j^^ r^^ &c. &c. 
wc then obtain the following 1 . 2 . 3...n— 2 equations: 

a-' + p^a—* + (j[cr^ + r^dr^ + &c. = o 
a— 1 + p/v-» + f^iff^ 4. .fJicT^ + &c. = o 

<f-» + //^a-2+ j//V^+ T^fdr^^ &c. = o 

&c 

into which the equation for a in 5 may be analyzed. But 
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whether or not the equaticm &r p is capable of any reduc- 
tion, this is not yet th^ proper plaoQv to inquire. 

R^MA&K* Henoe it follows, that an equation of the 
9ith d^ee, when n is a prime number, leads, according 
tp this mod^ ci transformation, to an equation of the 
I . ^ . 3.».n'^2th degree; consequently an equajtion of 
die fifth degr^ to an equation of the sixth degree^ and 
an equation of the seventh d^ee leads even to one of the 
J^Ptb degree ; and so on. 



SECTION CXXXVII. 

Fbob. All that has been said in the problem in the 
foregoing § obtains, only n is a compound number: 
determine the degree of the equations on which the 
assumed coefficients a, &, c, d, &c. depend. 

' Solution 1. When we suppose a, not to be, as in the 
preceding §, any arbitrary imaginary root g£ the equation 
y— 1=0, but only a primitive root of it, then indeed 
all the conclusions made in 1, fi, 3, 4, 5, 6, of the pre- 
ceding § are applicable to this case ; on the other hand, 
the following scdutions, (7, 8, 9$ 10), on account of 
this^ very circumstance, must undergo some alt^ations. 
Thus, if we substitute here, as in 7 of the preceding §, 
in the series of roots a, o^, a^,..*...a"'~* the powers o^, a?, 

a^y OE*"^ indiscriminately for a, we shall tiot always 

find again the same roots, but this will only be the case 
for those powers amongst them, a", a% of, &c. whose 
exponents v, w, p, &d. have no commpn measure with n, 
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because these ovly are primitive roots of the equation 
y*~ 1 =0 (§ XCI). Thus, if a be a primitive root of the 
equation^— 1=0, when in a, a% o^, <**, ofi, we succes« 
sively substitute o^, a^y a*^ ofi, for <z, we obtain the follow- 
ing results: a*, c^, 1, a?, »*; a^ 1, a?, 1, a?; a^, ««, 
1, a% a^ ; o^, a^, a^, a% a, of which only the last cx)n« 
tains again the same roots. 

2. Hence it follows, that what has been said in the 
preoedmg § in 7, and the following tolutions, respectmg 

the substitution of the roots a*, a\ o^, a""^ for a, 

must be limited to a% a% ar, &c. whose exponents v, tt, ^, 
&c. have no common measure with n. If .* . we assume, 
that X is the number of the primitives a% a"^, of, &c. and 
that the X values of a, which we obtain by the substi- 
tution of these roots for a, are the roots of the following 
equations : 

a!" + pa^"^ + qa!"'* + ra!"-^ + &c = o 
consequently p (and the same obtains also of f , r, &c.) 
is such a function, as by the substitution of the root a 
for a*, <9^, a?, &c., or, which is the same, by the substi- 
tuticm of the root a/^ for a^**^, ar('>, x^f\ &c. it remains 
unchanged. Now, since by these means all the 1 . S • 5 
...9t— 1 values of p, taken X and X together, are equal, 
it follows, that this magnitude depends on an equation, 
whose degree 

Moreover, in order actually to find the equation a^ + 
jDa''~' + &c.=o, it is only required in the expression for a, 
which we obtain firom 1 of the foregoing §, to eliminate 
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the root on by means of that equation which only contains 
the primitive roots, the method to find which was given 
in § LXXXIX, 

Remaek. Therefore the equation of the nth degree, 
^'when n is a compound number, leads to an equation of 

the — *' — *' — T-— th degree, in which X denotes the 

number of the primitive roots of the equation a:"— - 1 =o ; 
consequently an equation of the fourth degree leads to an 
equation of the third degree, because the equation x^ — 
1=0 has two primitive roots, a and o?\ an equation 
of the sixth degree to an equation of the sixtieth degree, 
because the equation ^ — 1 = o has also two primitive 
roots, viz. a and o^ ; an equation of the eighth degree to 
an equation of the 1260th degree, because the equation 
a:® — i = has four primitive roots, viz. a, a^, a*, J ; 
and so on. 

From this and the foregoing §, it follows, that the 
reduction of the equation a^ + AsP^^ + &c. = o to one 
of the forim y — F = o, always leads to a higher equa- 
tion than the given one itself, whenever the given equation 
exceeds the fourth degree. However, I shall not enter 
here into the proof of other methods of transformations, 
because the whole of this subject will be considered here- 
after in a higher point of view, to which this is only 
preparatory. 

SECTION CXXXVIII. 

When wc make the equation x = aS/p + b \/p^ 
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4 c\/p^ + + A:\/jp""S or more generally the 

equation x = a + 6 \/p + c \/ p^ + d\/ 'f + 

+ A: \/p*^^ rational} we arrive, as we know from the 
foregoing chapter, at an equation of the nth degree, which 
I shall represent hy jT + ai«"* + 33j:"-* + Cr""^ + &c. 
= 0, in which the coefficients 3, 33, C, JB^ &c. are cer- 
tain rational functions of the magnitudes a, b^ c, dj &c. 
and p. Conversely, if an equation of the nth degree 
JT" + AiT-^ + Bj^"^ + Cx"-^ + &c. = be given, and 
we assume that the roots have the above form, we then 
have, for the determination of a, ft, c, d^ &c. the n con- 
ditional equations 9 =i J, 3S = j9, C = C, &c. If we 
solve these equations, and from them determine a, ft, c, &c. 
we then have at once the n roots of the given equation, 

when we substitute successively for \/p its n values. 

Consequently all depends on the solution of these con- 
ditional equations. How difficult and troublesome this 
solution must be for equations of rather high degrees? 
may be perceived from the form of those equations, which 
were found for the fifth degree in 7, § CIX. Waring 
and Euler thought, that in this way we must arrive at 
the general solution of equations, by properly arranging 
and finishing the calculation, without regard to the trouble. 
But this trouble may be spared by subjecting k priori 
(as M. Lagrange does in the third volume of the New 
Memoirs of the Berlin Academy) the method to a preli- 
minary proof. 



• 
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SECTION CXXXIX. 

F£OB. Let it be assumed that 



.11—1 



x=:a+b\/ p+c\/ f'{'d\/f+ +k\/p' 

is a root of the given equation 

X" - J:xf^' + Bx^ - Cx^ + &c. = o 

on the supposition that n is a prime number, required to 
determine the degrees of the equations on which the coeffi- 
cients a, by c, d, &c. depend. 

Solution 1 . Put \/p = y ; then y, ay, $i/, yy, 8^, 

&c* are the n values of \/|>, when 1, a, |3, y, 8, &c. are 
the n roots of the equation a^ — 1 = o. If . ' . we 
denote the roots of the given equation by a/, x^\ xf^'. See* 
we have the following n equations : 

a/ =:a+ by+ cy^+ dy+ + A^*"* 

a/^ =a + a&y + a^cy^+«^d/+ + «"-%"-' 

&c. 

from #hich the n unknown magnitudes a, b, c^ d, ...*. k, 
miust now be determined. 

2. If we multiply these equations, in the order in 
which they stand verticaHy, first by the powers 1, a% /3", 
y", &c., then by the powers 1, a*"', 0**', y*~*, &c., after 
this by the powers 1, a*^, jS"^, y**"*, &c., and so on; 
lastly by 1, a, |9, y, &c., and add the n results ob- 
tained by every such multiplication together; we then 
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get, since ^[n] = w, and every numerical expression 
^[p]y whose radical exponent ji is not divisible byn=o, 

^^*=:t^+a^^/4.^V/' + y^^V+ Ac. 
ny c = a/ + a"-^:i^/ + jS^;r^^/ + 7»- V + &c. 
n/rf= j/ + <:^a/'' -h |9^:c/// + y'^^x^ "" + &c. 

3. Hence now we may immediately determine a ; for, 
sinee a/ + a/^ + j/''^ + x^"" + &c. = [1] = A^ we then 
obtain from the first equation 

A 
n 

Consequently a has only one single value ; on the other 

hand, all the remaining magnitudes by Cy dj h A:, 

have more values than one^ which may be obtained from 
the n— 1 following equations, by transposing th^ roots 

j/, x^i xf**y a:<"^ in all possible ways. The equation 

on which each of them depends, is .*. generally assumed 

to be of the 1 .3 . 3 • ftth degree. But if amongst 

these values there should be any equal ones, or any re- 
lation amongst them, then the degree of the equations 
can be reduced. 

\ 

4« Since one of the ii+l magnitudes a^ hy c, <{,.••&, j?, 
may be assumed to be arbitrary, we shall put p = 1 ; 
.* . also^ =1. At the same time, in order to make the 
formulae more simple, We shall put 

2 N 
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, of . of' d'^ , a««-^> 

n n n n 

By these means, if we omit the first, and set down the 
others in an inverted order, the equations in S are trans- 
formed into the following ones : 

d = a/ -h oj/' + ^x'" + ya/'' + &c. 
d* = a/ +• o^y^' + ^x^^^ -f 7*^/^ H-. &c. 
c//' = a/ + aV^ + i^j:''^^ -f 7 V + &c. 



a^»-^' = a/ + a"-> 0:^^ 4- ^* a/^^ + y—* a:'*' -f 



&c 



6, Since the roots of the equation ar" •— 1 = o (because 
by the hypothesis ;} is a prime number) may be expressed 

by 1, «, «% a^, a""*, let a denote any imaginary 

root whatever ; then we can put a*, o^, a*, &c. for 0, 7, 8, 
&c. ; by these means we obtain the first equation 

a^ = x'' + as/' -V aH'" + o^x'"" -V + oP^^ ar^"' 

and the values of a^^, d'\ al\ ^•... a^*~^^ are derived from 

this value of a'', when we substitute a^, a^, a^, a*^* 

for a, consequently when we substitute for a every imagi- 
nary root of the equation y" — 1 = o. If . * . undetermined 

t denote each of the magnitudes a\ d'^ a!^'^ a^*"', 

then . 

< = a:' + ax^' + aV^^ + o?x/'' -^ + a"-'a^"' 

6. Now, in order to find all the values of which t is 
capable, it is only necessary to permute the roots a/, x/';xf^\ 
..«.i. 0^% in all possible ways. For our purposje, how- 
ever, it is more convenient, in this case, to proceed as ^ 
follows : 1st, we only transpose the n — 2 roots a/^', xf^^ 



^, 
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x^, ...... J7^"', while we let x^j df/' retain their places, 

consequently we obtain 1.2.3 n — 2 results; 

2ndl7, we put in each of the results thus obtained, first 
a% afterwards o?^ then a^, and so on, and lastly «*"' for 

a; then generally we have 1 . 2 . 3 ft-— 1 results, 

which we should also have obtained, if we had let i/ 
retain its place, and merely transposed the roots j/^, tx/^'^ 

xf^ a?^"^; Srdly and lastly, we multiply the 

1*2.3 n — 1 results so found, successively by 

a, a*, a^, a*"^, and we obtain, together with the 

former, the 1 . 2 . 3 n results^ which arise from the 

transposition of all thexoots a/, a/^, x/^'j a?^"^ and at 

the same time also all the values of U 

7. If .•• we denote the 1 • 2 . 3 n— 1 values of 

ty which are obtained by the two first operations, by 

/^, i^\ i'^*i tf^^ &c, then all the 1.2.3 n values 

of i may be expressed in the following way : 

if^ atf^ a^tf^ a^tf^ cftf, oiTH' 

a^f, aif",o?t!';, a¥^(**</^ dTH'^' 

&c. 

If we put «/• = V, <//• = W', i!^*"" = W'f &c., then the 
values in the first horizontal series are the roots of the 
equation T — 0^ == o, those in the second series are the 
roots of the equation ^ — 0^^ = o, &c. ; consequently the 
equation for i is the product of the equations 

r-. 6' = o, r - r = o, r - r^ = o 

&c. 
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8. Hence it follows, that the equation for t only con- 
tains SHch powers as are divisible by n. If . * • we put 
I"at0, so that 

e =8 (a/ + ««^^ + aV/'' + aV*' + + ^tf^VO" 

we then obtain an equation for 0of the 1 • S . S...ft'^lth 
degree, whose roots are 6^, ff^, W"^ ftc. which We obtain 

from d, by transposing the n—l, roots j/'^ x^^' a/^ ^"^ 

and allowing x to retain its place. 

9. Instead of transposing the roots a:^^ x^^\ x/^ x^^ 

in the expression 9, it will be quite sufficient, as in t, 

merely to permute the n-^2 roots ^'^ x/^^ x^^ , J*% 

then substitute a-, a^, a*, a^* fbr a, and in the 

n — l values of thus obtained, transpose the roots x^^^, 
x^,x^, ^<«\ 

10. We now assume, that the n— 1 vrfues of B, which 
arise from the substitution of ^, a*, a^ ..*... «""** for «, 
are roots of the following equation : 

(^) ©••^-jj(J^+j0^— rfl*^+&c. =so? 

then the coefficients j?, 9, r, &c. are functions of these 
values, andean .*., as is the case also with these last, 
ftofier no chlinge by the transposition oj^ j/« But »bce 
tli#y arcfaho ifymiiietrieiil with ra^t td th^sf^ values, 
eens^eindjf they can likewise undergo no dhmtge by 
the dubiitittitidh of o^^ o?^ (t^ r..... a*^' fiMP <^> betoils<» ii» 
only consequenee atising ih>m thii substitmfion i»5 thai 
of the n — 1 values of 0, one is merely transfiNrtted into 
the other. Hence^ however, it follow!^, that these coeffi- 
cients can have no more unequal values^ than those 
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which arise exclusively from the transposition of the 

« — 2 roots x"\ 3/^^ x^, a;^*\ and that consequently 

they all depend on equations of the 1.2.3 ...... n— 2th 

degree. 

11. Therefore the equation for 0, which, as we have 

seen, is of the 1.2.3 n — 1th degree, may always, 

when n is a prime number, be analyzed into 1 . 2 . 3 .,.• 
... n — 2 equations of the n — 1th degree. Now, if {A} 
be one of these equations, and 0^, 0^^ 0'^^ 0^""'^ 

its n - 1 roots, then \/0^, \/e^', \/&^', \/0<-'', 

are the corresponding values of ^, or of a^, df^^ af^^j 

... a^"~*^, and if we substitute these values in any order in 
the expressions in 4, we then obtain 

o = ' ^' ■, c 3= *^ , a = ^^- — - , «c. 

n n n 

consequently, since we have put jp = 1, 

ft n 

But that for only those of the 1 . 2 . 3 n — 1 

values may be assumed, which belong to one and the 
isame equation, it matters not which, 0*~* — p 0"^+&c. 
-sz o, appears ficom this circumstance, that the n — 1 
values of f, consequently the corresponding Values of 
must so depend upon one another, that we obtain them 
all, when ill one of them we substitute «', a^ tx*, ..... a*^^ 
for «, 5. 

12. If we wish actually to find the equation {/f)^ first 
of all we solve the function 
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according to the powers of «, which may very easUy be 
done by means of the polynomial theorem* But since 
a", a"+^, «"+*, &c. are no other than 1, a, a^, &c. conse- 
quently this development, after the proper reduction^ 
takes the following form : 

and ?^, 5^^, 5''''^ ?^*"*' are mere ftinctions of a/, a//, 

a:^^^, a?^""*^ without «. If in this value of fl we put 

a^^ o^f a\ a^' successively for a, or, which is the 

same, p, 7, S, &c. for a, we then obtain the values of 0^, 
r, r^ 0^-'>,viz.: 

tK = ?/ + ?/^a + K^''c^ + + ?"^«"-' 

r = r + K''0 + ^''ff + + ?"^5""' 

r^ = $^ 4 ^7 + rv + + 5^"^' 

&c. 

from which the equation ^A) may be compounded in the 
usual way. The coejQScients />, 9, r, &c. are then still 

functions of the roots a/, r'^, j/^^, a:^% but such, that 

they only change when the roots a/^', y , x^^ x^'^ 

are transposed. The equations for these ftinctions may 
be found by the niethod given in the third chapter. 
Moreover it is quite sufficient, as will be shown in the 
following chapter^ to find one of thqie equations; for 
instance, that for p, because from the known value of /?, 
the values of 9, r, &c. may be found directly, and without 
the solution of any other equation. It is likewise suffi- 
cient, as follows from 11, to find only a single value for 
each of the coefficients p, 9, r, &c. 
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13. From all that has hitherto been said, it follows, that 
the solution of an equation of the nth degree, when n is a 
prime number, depends on the solution of an equation 
for j> of the 1 . 2 • 3 ... n — 2th degree ; and this result 
coincides with that which has been found by another 
method in § CXXXVI. With the view to further 
elucidation, I shall now apply it to an equation of the 
fifth d^ree. 

Remark. When n is a compound number, then the 
conclusions drawn with respect to the substitution of the 

root a for a^, a^, a\ .a^V suffer the same changes, as 

the conclusions, § CXXXVI, § CXXXVII, must un- 
dergo in the same case, and we shall then find, as we did 
there,^ that an equation of the nth degree leads to an 

equation of the — — -"t^ ^ degree, when X denoteis 

the number of the primitive roots of the equation^" — 1 
= o. 



SECTION CXL. 

Pbob. From the given equation of the fifth degree 
^ 0^ - ^0^ + JBa^ — Cx« + JDx — jB= o 

find actually the reduced equation for the magnitude p of 

the foregoing §. 

Solution 1. The equation (^) in 10 of the foregoing 
§, when n=5j is here 

fl* — pfl3 + 70« - rd + « = o 
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and the roots of this equation are, when a, fi, y, S, denote 
the imaginary Mots v( the equation j^ — 1 e=o, 

r = 5' + r^ + rv + r"^ + r^ 

2. If we add these equations together, we then obtain, 
when(y+e^^+fl^^^+e^''=p, anda+|3+7 + 8 = '[l]-l 
= -1, «« + ^ + 'y« + 8«=^[2]-^l=r-^l,«? + i8« + r' 

3. The second part of the expression for|i, viz. Js/-^- 
^//^g///^g/K^gF^ may be found immediately. For 

from 18 of the foregoing § it fdlows, that the develop- 
ment of 

assumes the following forms : 

and this form of the development is always correct, which- 
ever root of the equation j;^-^ 1 =;o we substitute for a ; 
consequently alsoj when we put a= 1 . If this is actually 
done, we find 

r + r^ + r^' + s^'^ + r = 

We have .•. also 
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4* In order . * . to determine py it is only necessary to find 
^^, consequently that term in the development of (j/ 4- 
aj/^ + a^j/^^ + aH^^. + a^x^Y^ which does not contain a. 
For this purpose we can give this expression the following 
form: 

or, since «^^= 1, the foUbwing one 

{ax + o?x^' + olH'" + «*:r/'' + c^^x^f 

from which we derive this advantage, that the dashes over 
X coincide with the exponents of a. For now we have 
nothing more to do, as is shown in the polynomial theorem^ 
but to combine the roots x', x/\ x^"^ a/^, x^, in all 
possible ways, in such a way that the sum of the dashes 
= 5, =10, =15, =20, =25, because a*=ai°=a*«=a«® 
sra^=l. In this way we find, when [5], [1^, are sub- 
stituted for x^^ + x^^^ + s/^^^ + ^'^^ + x""', ^^V'' V^% 

r = [5] + [1^ + 

20 ^a;V//3x^ + ^^^V^x^ + a/V^^V^+ x^x^^x"^"^ 

+ 30^ ^^'"J^"^ +j:V''/V^ +a//V//%^+a/^j//V'^ 

or when, for shortness' sake, in the value of %\ we denote 
by ^ that which is not to be found in the crotchets we gel 

5'= [5] + [1^+2 

p = 5? + 5[5] + 5[1«] - A^ 

5. Amongst the 120 values, which the function ^ con- 
tains by the transposition of the roots x\ x'^^ x/^' ^ a/% x^^ 

2 o 
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we find no more than six unequal ones, and they will be 
exactly those which arise exclusively from the transpo- 
sition of the three roots j/^'^ i'^^ x^. If we denote these 
values by X!j V\ Vj ^""^ Z^, V\ and the corresponding 
values of p by p^ j/^ p'^'^ j/^^ z?*", p*"^, we then obtain 
/ = 5Z' +5[5] + 5[1«]-^* 
p'' z^SZ'' -{^ 5 [5] + 5 [1«] -^ ^* 
///= 5 Z^''+ 5 [5]+ 5 [1«] - A^ 
^^^ SXJ^ ^5 [5] + 5 [1«J- ^« 
1,'^ = 5 $^ + 5 [5] + 5 [1«] - A^ 
1)^^= 5 ?:^^ + 5 [5] + 5 [1«] - ^« 
and these six values of p are the roots of the required 
equation. We already know, from the third chapter, 
how to proceed further, in order to find this equation 
itself. It would be, better, however, instead of the equa- 
tion f<Nr p to find that for Z\ for if we have ?, we bav^ 
also p. 
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VIL A GENERAL METHOD BY WHICH, FROM THE 

KNOWN VALUE OF A GIVEN FUNCTION OF THE 
ROOTS OF AN EQUATION, TO FIND THE VALUE 
OF EVERY OTHER FUNCTION OF THESE ROOTS. 



SECTION CXLI. 

ALL the methods which we have hitherto applied to 
the solution of equations, are founded either on analysis 
or transformation. The first, from its very nature, cannot 
be general, because every equation will not admit of being 
analyzed into others of lower degrees. Consequently, in the 
general solution of equations, we have no other mode left 
us but to transform the given equations into others, which 
in themselves are either solvible by the methods already 
known, or may be made so by analysis. 

Now, let it be assumed that we have transformed in 
any way, no matter which, the given equation 

0^ + ^x"-' + Bx'^'^ + Cx»-' + &e. = o 

into another 

r + A^€^^ + Bfr-^ + Cf^ 4- &c. = o 

then the roots of the last equation must stand in some 
one relation to the roots of the first, or, in other words, 
t must admit of being expressed by some function of the 
roots j/, xf'y 3/^\ &C. Now I affirm, that it is always 
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allowable to assume ( to be a rational function of these 
roots. For, let F: (xO (a/0 (a/^0 — (^"0 be any 
irrational function of these roots, and let t^F: (x^) {3/^) 
{3/^^)..^(x^"^) ; then this equation, as has been already 
shown in the -fifth chapter, can always be made rational 
by removing the irrational magnitudes. We shall thus 
get an equation 

tf" + A'^V"^ + B'V"^ + G'V"^ + &c. = o 

in which the coefficients A'J^ B"^ 0\ &c. are all rational 
functions of x\ xf\ s/"^ &c. Now if we eliminate from 
this equation and the equation r + A^f^^ + B'f'^ + 
&c. = o all the powers of t, as far as the first, we then 
obtain for ^ a rational function only. 

In the first place • * . it is only necessary, in the trans- 
formation of the equations, to find such rational functions 
of j/, x"^ xf'^^ &c., for which the transformed equation is 
either immediately solvible, or at least may be made to 
depend on solvible equations. But this is not all ; it is 
not sufficient to know the values of the assumed function ; 
we must also be able, from these values, to find the roots 
x'^ x!^^ x^" ^ &c. I shall first handle the second subject, 
and, according to Mr. Lagrange, in the third volume of the 
New Berlin Memoirs, show the method by which, from 
the known values of a given function, the value of every 
other function may be found, consequently also the 
roots themselves. Here two cases must be taken into 
consideration, viz. first, the case in which the given and 
the required function are homogeneous; secondly, the 
£ase in which they are not so. 

For the sake of greater perspicuity, when I treat of the 
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values of a function, I shall sometimes distinguish the 
values of forms from numerical values; the first are 
the different forms themselves, which arise from the trans- 
position of the roots a/, x*'^ x/^\ &c. ; the latter, the 
actual values of these forms expressed by given magnitudes. 

SECTION CXLII. 

Pbob. Let it be assumed that the given equation 

l.oir + AjT-'^ + Bo(r^ + CsT^ + &c. = o 

by the introduction of a new magnitude t ^^f: (jx/) 
(x^^) (j/^^)...(x^"^), according to the method in the third 
chapter, is transformed into an eqiiation 

II. r + Pr-^ + Qr-^ 4- i?r-^+ ... + U = o 

which is completely solvible, consequently all of whose 
roots may be found : from these known numerical values 
of the function t, it is required to find the numerical 
values of any other function y ^ <^ : (j/) (j/^) (j/^^^ 
...(i:^"^) respecting which it is assumed that it is homo- 
geneous to the former. 

Solution 1. Since the frmctions t^ y^ according to the 
hypothesis, are homogeneous, then, by the transposition 
of the roots a/, j/^, x^'^^ &c. the former must contain 
exactly as many unequal values as the latter. The frinc- 
tion ^, however, has tt values, because the equation II, by 
which it is represented, has been assumed to be of the Trth 
degree, consequently the second function has also tt values. 
I shall denote the values of forms of t by t'^ tf\ i^''^ 
.../^'^^, and the values of forms of y byy, y^y^^..vy^'^ 
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and assume besides, that those which have the same 
number of dashes^ arise fi^om the same transpositions. 

2. Since I and y are homogeneous fiinetionsi conse- 
quently any expression whateveri which is compounded of 
these functions, can have no more unequal values of forms 
than these functions themselves. Consequently, also> such 
an expression as t^y can have no more than ?r different 

values, and these are t^y\ r^'^V^ if'^^i/^^-\- + 

(^»>y»)). If we take the sum of all these values, we 
obtain the function 

{^) //y + «^/y^ + ^^^V'' + - + (^'^)V'^ 

and this function has the property of remaining the same, 
however we transpose the roots a/, a/^, j/^^, &c. ; it is . • . 
symmetrical with respect to the former roots, and con- 
sequently, let X be any number whatever, may always be 
expressed rationally by the coefficients J^ J?, C, &c. of 
the given equation. 

3. If we denote the numetical values, which the func- 
tion (;//) contains, when we substitute 0, 1, 2, ^j.-.tr— 1 

sucessively for X, by z^^z^ z^, z^j 2,^1, we obtain the 

following fT equations : 

y'+ y-^ y'-f -f y^^^^^o 

i'/jt *V+ <^'y'^+ + t('y') = Bj 

^Y + f//y/ + <wy// ^ ^ (/wyy) = %^ 

in which ^o, «i, jsts, js^s, ^r^n are all known magmtudes 

expressed by the coefficients of the equation I. 



/ 
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4. Now, let ^, i^'^ i^'\ ^W, instead of the valuw 

of forms of the function, denote its numerical values, 
then these are no other than the roots of the equation II, 
consequently, by the hypothesis, are all known. There- 
fore in the foregoing tt equations there are no other un- 
known magnitudes buty^, y^\ J^^'^^-.-y^*^ ; and since their 
number is tt, consequently we have exactly the same 
number as of equations ; they may . • ., with a few excep- 
tions (which will be inquired into hereafter), always be 
calculated and expressed rationally by the magnitudes t\ 

t^'^ t'^^ t^^^ and 3o5 z^^ z^^ 5^3, ... ^^_i, consequently also 

by the magnitudes i^^ tf^, i'^* ^W^ and the coefficients 

A^ JB, C, &c. of the given equation. 

Example. When ir = 1, we only have 

y = ^0 

which must also be the case, because then t and y are 
symmetrical functions of a/, x'\ x'"^ &c. and . • . y no 
longer depends on f, but only on the coefficients A^ B, 
C, &c. 

When TT = 2, we have the two equations 

y^ + y^ = z^ 

and hence 





y 
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288 
and hence we obtain 

,, g, - (t' + i''')z, + t't'^'zo 

In the same way, when tt = 4, we find the foUowmg 
values for y, y^^^ yf-'^ y . 

^3 - (f + i'^ + O^. -f- (<V^ + t!i'" + ^^V^Qgx - t-^^^Y^^JTo 

from which the law of the progression may be very easily 
seen* 

SECTION CXLin. 

Fbob. All that has been said in the problem in the 
foregoing § holds, with this single difference, that all the 
roots of the equation 11, as was there assumed, are not 
known, but merely one of them : required now to find 
the numerical value of the function y corresponding to 
this numerical value of the function t. 

Solution 1. Let ^ be the known root of the equation 
!!• If we divide this equation hj t —- tf, we obtain 
another equation 
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I 

ill. r-» +/r-2 + Q^r-=^ + + U' = o 

in which 

Q! z=z i'^ + P^/ + Q 

B! = i"' + P//« ^ Qt' ^^ R 

&c. 
and the roots of this equation are i^^ tl"^ i'^^ i^"^^* 

2. But since in this case the single root t^ was assumed 
, to be known, we must merely endeavour to express y^ 

by t^ ; and this object is most easily attained in the follow- 
ing way by means of the method of elimination given 
in § LVIII. Multiply the equations in 3 of the fore- 
going §» beginning with the last but one, and proceeding 
upwards, by P\ Qfy jR^, &c. viz. the last but one by P\ 
the one preceding it by Qf, and so on to the first, which 
is multiplied by U\ and then add the results thus ob ! 
tained to the last equation ; by these means we obtain 

=y {t^^'\ + P^t^""-^ + Qft^"^^ + + u^) 

^y/ (^//ir-l _^ Jfy^//,r-2 ^ Q/(//^-3 + + JJ/) 

&c. 

3. Since t^^, i^'', i'% ^'>, are the roots of the 

equation III, then all that which has been multiplied by 

y^y^^y^j y^ ^^ ^^^ second part of the equatioa 

just found, = 0. We only .*. retain 

Z.^X + P^^,-2 + 0^^.-3 + + V'^^ 

2p 



^ 
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and hence it follows 



j_ z^^, + P%-^ + Qfz.^ + + U% 

4. If in this we substitute for t^ every other root of 
the equation II, we then obtain the numerical values of 
j/'ty'"j y'v^ y^^- If .'. < and J) which are unde- 
termined, denote two corresponding values of the ftinctions 
just given, we then have generally 

'^""r-* + P'r-* + C^v^ + + U 

and it is then 

Q^ = «2 4- p^ + Q 

&c. 

Example. In § XXXIX we find, that when jr* - Ao^ 
+ jBj:^— Cx+2)=o is the given equation, the Amotion 
t = a/o/^ + a/''V depends on the following equation of 
the third degree : 

I shall now assume, that we have so far solved this equa- 
tion, that we have found one of its roots, and that we now 
wished to determine from it the value of another function 
y = {pifx" — a/^V)^ which is homogeneous to the 
former. 

Since here tt = 3, we then have 
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Further, since P =: -^ B, Q=: AC --' 4fDj we have 

Q' =zfi + Pt+ Q=:zt^ --Bt + AC -4>D 
It only remains now to determine the values of jZo* ^i» 
Zi, But 

which^ when we take the numerical expressions from the 
annexed Tables, give the following values : 

2, = ty + t^Y + ^^'V'^ = [3^] - [1-22] 

= iB* - 4^jS2C + 2^2C2 + 4,BC^ + 44«S2) 

If we substitute the values of P^, Q^^ Zq, Zi^ z^ here 
found, we obtain 

AB''^2AC'^4,D)t^^{ABC'' 3C^sAW)t\ 
_. [ +l6D^-'4iB^D-^BC^+A^BD-4iACD ) 
^^ 3t^ ^2Bt-j- AC-- 4iD 

and by means of this expression we are now enabled, for 
each numerical value of the function t, to find a numerical 
value of the function .7/. 

Remark. By means of the differential calculus, we can 
give. the denominator of the general expression for ^ in 4 
a more simple form. Thus, since 

(«-«0 0''"' + ■P''*'"'" + 0^^""" + + ^0 

= (r + Pr-^ + Qr-2 + + U) 
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vfQ then have, when we differentiate both sides, in ref^enee 
to t, and divide by the differential dtj 

H- 1"^^ + Fr-« + Q'tr-^ + R^t"^ + &c. 

^'-» + (tt- 1 )P^'-H (tt - 2)Qr-' + (tt - 3) jRr-* + &c. 

If in these we substitute t^ for ty we obtain the equation 

=:irt'''-' + (tt-i) Pe^'^-' + (7r-2) Qe'^'^-^ + &c. 

jand since this equation must be correct, whatever root 
we assume for <^, we then have generally 

r-* + P'T-^ + Q^r"^ + &c. = 
^r-' + (tt - 1 ) Pr-^ H- (tt -2) Qr-^ + (tt - 3)ff ^'^ + &c. 

Consequently the value of ^ may also be expressed in the 
following way 

_ z^, + Fz^^^ + (^z^ + + U'zo 

a 

SECTION CXLIV. 

If the formula of the forcing § be generally appli- 
cable, we are enabled, from the given value of any function 

/: (a/) (x^O {x^^^) (jrf«>) to find the value of every 

other function 0: (a/) (j/^) (o/^^) (j^^*0> homo- 
geneous to it, and that immediately merely by a rational 
expression. But it is also actually applicable in all ima- 
ginable cases, with the single exception of the one in 
which the value of t is such, that the denominator of the 
expression for ^ = o ; a case which was mentioned in 
§ LK. In order to see how the casp is here, I shall 
jconsider the denominator t^""^ + P^^^^" + QY'"-^+&c. 
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in the expression for j^ in 3 of the foregoing §. It is, 
from its origin, no other than the product of the fiictors 

t! - i!\ if - <///, «/ ^ 1/"", if - ^''K If •• . it 

Tanishes, then one or other of these &ctors 3= 0, and ^ 
. * • must be equal to one, or even more of the roots t/'^ 

^/<, «'% «^'\ Hence it follows, that the case ia 

which the denominator in the expression for y vanishes, 
can only obtain^ when th^ equation II has equal roots. 
But now it may likewise be seen, why this expression 
cannot give the value of j/. For so long as a numb^ of 
roots t^y t^\ t/^^y .••••. t^"^ are different from one another, 
i^ gives the value of ^^, t^^ the value (rf y^ &c. But if 
they are equal to one another, then the single root t^ must 

at once give the v yalaest/yt/\t/^\ y*'^; but since 

the expression found for^ is rational j diis is impossible. 
Hence it may be further concluded, that the v values ^^, 

3/^9 j/^^ 9 y^"^ must be given by a single irrational 

expression, which contains exactly v values, or, which is 
the same, that they must depend on an equation of the 
nth degree, whose coefficients are all rational. How this 
equatio]^ may be found, will be seen immediately. 

SECTION GXLV. 

Auxiliary Rule. 

Pros. Let n denote any function of x^ and let the 
equation 

y = (x — a)*" n 
be given : required to find the value of the differential 

proportional 7-^ for the case, where jr = a. 
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Solution !• Let wi = i ; .•.j^=(x— a) n. If we 
differentiate this equation, we find 

dy = (x—d) dU + TLdx 
If in this equation we put x =^ a, then the first term of 
the second part vanishes, and we consequently have, 
when n^ denotes what II becomes when we put a: = a, 

dy = Ufdx. and -f = 11^ 
'^ ^ dx 

2. Let m = 2 ; ••. j( = (or — ayn. If we differen- 
tiate this equation twice successively, we find 

dy = {x-af dn + 2 (x-'d) Udx 

d?y = {x-'dfd^W + 4 (j?-a) dWdx +1.2 Ddi^ 
If we put j: = a in the second equation, the two first 
terms of the second part vanish, and we then have 

d?y =1.2 n^dr^ ; consequently -^-^ = 1 . 2 n^ 

3. Let m = 3 ; . • . ^ = (j: — a.y n. If we differen- 
tiate this equation three times in succession, we then 
obtain successively, 

dy = (j7-a)3dn + 3 {x—dfWdx 
d?y = (x-aYd^Yl'\-Q(x'--afd\\dx^9. .Z (jc--d)X\d3? 
d?y = {x - dfd^n + 9 (^ ~ dfd^ndx + 1 8 (a; - a)d[nda.» 

+ 1-2.3 ncir^ 
and when we put x = a, d?y = 1,. 2 . 3 Il^dr^, .•• 

dx^ 

4. Generally, as is easily seen from the continuation of 
the calculation, we find for d'"yy after differentiating the 
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equation J/ = (a— a)*!! m times, a differential expression, 
whose last term is 1.2.3... iwEEcir'", and in which all 
the remaining terms contain the factor x^a. If •*. we 

put j:=a, we then obtain d"y =1,2.3 mU^dx^f 

and consequently 

^=1.2. 3 mU^ 



SECTION CXLVI. 



Pkob. When t audi/ denote two homogeneous func- 
tions of the roots a/, j/^, j/^^, &c. of the given equation 

I. a:" + ^x«-* + BjiT^ + Cr"-^ + &c. = o 

from the known value of the function t it is required to 
find the value of the function j/ in the case where the 
equation 

II. r + Pr-* + Qr-* + Rt"^^ + &c. = o 

on which the first depends, contains equal roots, amongst 
which is the known value of t. 

Solution 1. In the remark in § CXLIII, we find 
the following expression for y : 

_ Jg.^i + P'z^^, + Qfz^ + + U\ 

Trr-' + (tt- 1) Pt"^^ + (tt— 2) Qr-' + &c. 

in which P^z=zt + P^ Qf=t^ + Pt + Qy &c. ; and from 
this general expression we obtain the particular values of 
y^9 y^ y^^ &c., when we substitute t^, i^' , *% &c. for U 
Now we wish, in the first place, to give this expression a 
form which will be more convenient for our purpose. 
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Si. Smoe t', tf', i"'t &e. are the roots of the equatunt 
II, then 

r + Ft'-' + .Qr-» + &C. = 
(<_(/) (t-f) {t-t"') (t-t"^ (t-t^") 

If we differentiate this equation in reference to t, we 
obtain, after dividing by dt, 

jrr-' + (it - 1) PV-' + (ir- 2) Qf^ + &c. = 

(t-iff) (f-l/") («-0 («-<"') 

+ (t-tf) (t-tf") (t-tf^ («-<<") 

+ (/_«/) (<_(//) (f_r) (t-tr') 

&c. 

If in this we substitute tf^ if', t"', &c. successively for t, 

we obtain 

■Kt"-' + (jT-l) Pt"-' + (ir-2) Qt"-^ + &C. = 
(</_«//) ((/_^'/) (*/_(/'') («^-<(") 

Trf-"-' + (it- 1) Pf"-^ + (ir-2) Qf ""^ + &c. = 

(t''-t') {l/'-i/") {l/'-t") («"-«<»>) 

vt/'"-' + (tt- 1) P«^'"-^+ (ir-2) Qn/"^^ + &c = 

(t^'-tO (^''"-t'O (<''"-0 (<^//-p') 

&c. 

3. Now, if we denote ihat which the numerator of the 
expression for t becomes by the substitution of t\ i'\ 
t^^\ &c. for e, by Q,\ Q,^\ Qf^^^ &c., we then obtain, by 
means of the results in % 

„__ ^ 

y - (i^^-o o^^-<'^o (^'^-o (t'^-t^"^) 

&c. 
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From the form of these values it is evident, that when 
t^=zt^\ the denominators in the values of y andy'^, are 
both = ; whence, by § CXLIV, it may be concluded, 
that these values cannot be determined singly by a 
rational expression, but depend on an equation of the 
second degree. In like manner, when we put t^ = i^^ 
= t^^\ the denominators in the values of j/, ^\ ^^\ all 
vanish^ and consequently in this case these values must 
depend on a single equation of the third degree ; and in 
a similar way it holds, when more values of t are equal 
to one another. 

4. In the first place we assume, that the equation II 
hfts no more than two equal roots t\ tf\ First let them 
be unequal, and let them differ by an infinitely small 
magnitude A, so that <^^ =«'' + A. Further, let, for 
shortness^ sake, 

(</ _ ^//) (</ - ifv) (^ - «(-)) - n' 

we then have 



and 



^'' "" (<// - 1/) W' "■ hU" 






5. If we omit the infinitely small magnitude in this 
last equation, we then can put 11^^ = H^, and we con- 
sequently have 

2 Q. 



y^ -^j/' = 
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But according to Taylor's Theorem 

di' 1 dJt/^ 1 .2 

If •*. we divide this expression by A, and then put A^o, 
we obtain 

^ ^^ dt' n^ 

6. We now assume, that the equation II has three 
equal roots, which are <^ 1"^ i'^^. As before, consider 
again these roots at first as differing, by an infinitely 
small magnitude, and put t^^ s= f" + A, i"^ ^t! •\-k ; 
further, put 

{tf - o (<^ - o («' - ^''O («' - r^) = n; 

Then we have (S) 

, O^ 1^ O^ 

^ -"(<^ -</0(«' -«''On'i ""Ait'nr 

If we add these three results, we obtain 

J . J/ . J// I Q>\ 1 Q^^ 1 Q^^^ 

^+^+^ =B-n;+2<A3ifc5-nT + fc(*3Tynf 

or, when we omit the infinitely small magnitude in this 



299 
lait equation, and put II'' = 11 ■ = IIj, 

7. But by Taylor's Theorem 

^ ^ ^ dt' 1 ^ A^ 1.2 ^ dt^ 1.2.3^ 

^ ^ dt' 1 ^ dt'^ 1.2^ dt^^ 1.2.3^ 

If we substitute this sum in the expression for j/-^f/^ 
•\-y^^\ and omit what ought to be left out, we then 
obtain 

Now, if we put A and fc=o, we get 

8. In like manner, if four roots t\ i'^^ tf^\ <^% of the 
equation II are equal to one another, when in the beginning 
we assume these roots as differing by an infinitely small 
magnitude, and ^^ = /''+*, t^^^z=zt+ky tf^^^tf-^-I^ but 
after completing the calculation, we put A, k and 1=^0, 
we then find the following result : 

when we put 

9. Hence we may perceive the law. Thus, if v roots 
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i'^ i"^ i"'^ ^^^.•...•^*'^ are equal to one another, we have 

^^VZ+y^// •,(v)_ ^ ^ I 

:f-^yT9 y ^^/^, l.2.3...v-l.n^ 

when we put 

10. The expression 11^ contains the roots r+*, r+% 

<^*\ Now, since it may happen that we know no 

other root of the equation II, except t\ it remains to be 
shown, how we can determine this expression directly 
from the above equation. 

11. By the assumed nature of the equation II, when 
we put 

(<_e^v+l)) (^_t(H-8)) («_<(v+3)) (f-t<'>) = n 

we have 

(«-.</) vji -- r 4. pr-' + QfT-^ + &c. 

If we differentiate this equation v times successively with 
reference to t^ and then substitute t' for t^ we then obtain 
(foregoing %) 

„, _ d- (nt'^ + P<^-' + Qi'^^' + &c,) 

I , 35 • o******!/ • 11 — ' ' ■ - . " ' ' ' 

CM'*' 

or, when we actually differentiate it once 
1 . 2 . 3...V . n^= 

d"-' (nt^^-^ + (^ ^ 1) pe-"^ + (tt- 2) Qt^^-^ + &c. 

12. If we substitute the value of 11^ which we derive 
from hence, in 9 we then obtain 
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the differentials taken with reference to t'^. 

18. We have .*, found the sum of the values corres- 
ponding to the equal values of ^. But in like manner 
also, we may find the sum of their squares, cubes, and 
so on. To effect this, we only require in the equations 
in 3, § CXLII, for the function y to substitute its 
square ^^, its cube ^, <&c. Since by these means the 
magnitudes Zq, Zi, 22*. ••••.^•-i, only undergo any change, 
nothing remains to be done, but to change the expression 

Q = z^i + P%^ + Qf2w>~3 + + f^^^o accordingly, 

and moreover to retain the formula just found £ort/+t/^ 

+3/^^ + +y*'^ Having obtained these sums, we 

may likewise always find the equation, which has the 

values j/, i/\ i/'\ .y*'> as roots, and this equation 

must necessarily be solved, if we wish to find the above 
v^ues. 

Remark. From what has been here said, we see the 
reason why it was said in 10, | CXXXVI, that it 
would be sufficient to solve the equation for the coeffi- 
cient p, in order to find the other coefficients 9, r, 8cc. 
immediately, and without the solution of any other equation. 
For since p, ^, r, &c. are all homogeneous fimctions of 
x'y x^\ x!'^^ &c. firom the known numerical value of one 
of them, we may represent the numerical values of all 
the others by mere rational expressions ; because the cases 
in which the denominators of these expressions vanish, 
belong to the exceptions, and can only occur in particular 
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equations, and not in general ones, of which we treated 
in the above-mentioned §. 

SECTION CXLVII. 

Foi^ the sake of the use which we might, perhaps, make 
of this, I shall now arrange the results found in the 
foregoing § together, and for the greater generality, instead 
of the function J/ itself, I shall assume any power of it y. 

If we denote the symmetrical functions expressed by 
the coefficients of the given equation 

y* + y^« + y^^« + + (y^'O* 

<y* + i^'j/f* + i^v^''* 4- + {i^^) (yo* 

in the order in which they succeed each other, by Zq, z^, 
22«......2r^.i, and put, for shortness^ sake^ 

wt^"' + (ir-l)Pt^'"^ + (^-2) Q«/'-^ + &c. = ^ 

£,-1 + P^z^^ + Q^z^ + + U% = Q^ 

(in which i^=«/+P, Qfc^t"^ + Pt^+Q, R^=ztf^ + Ptf^ 
+ Qi/ + R, &c.) ; we have for a simple root of the trans- 
formed equation for tp 

for a double root 

for a three-fold root 



y --A/» 



y^*^ + y^^* + y^^^* = 
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« 

for a four-fold root 

and, in general, for an v-fold root 

y" +y'" + y"'' + + {y"'Y = ^^; 

all thje differentials taken in reference to t\ 

By means of these formula, we may find the sums of 
powers of all those values of y, which belong to the 
complex root t\ Having now found these sums of 
powers, we may also, by § IX, find the equation on which 
they depend. I shall now elucidate what has been just 
advanced by an example. 

Example. I shall assume, that in order to solve the 
equation 

I. ot^ — Sa:^— Sj:« + 11^ — 6 = 

we have transformed it into another 

II. <« - 9^ + 21<* + 9^^-54/2 4- 32 = o 

when we put t = x^ + oi/\ I shall further assume, that 
we are able to find a root of this last equation, and that 
we now wished firom it to determine the value of the func- 
tion y = a/x^\ 

Here we have the following corresponding values of t 
and^ 

^^/ ^J^i/ yj^jv ^i^l/ -^//y/F rJfljJv 

and these give, when k = I, 

= m 
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= [13] + 2[2«] 

= [14] + 3 [23] 
2, = (x^ + a:/OVjr/^ + (a/a/^0 Va/''^ + (^ + x'^'^s/a/'' + &c. 
= [15] +4 [24] + 6 [32] 

= [16] + 5 [25] + 10 [34] 
If we take the numerical expressions from the annexed 
Tables, and then put for ^, J5, C, 2>, their values 
3, — 3, — 11, — 6, we then find 2ro = — 3, 2, = 24, 
Z2 = 90, Z3 = 390, z^ = 1542, Z5 = 6174. If we sub- 
stitute these values in the expression for Q,^y we then 
obtain, since here P^ = ^^ — 9, Q = t^^ -- 9t^ + 21i 
R^ = «/3 — 9«/2 ^ 21*^+ 9, aS''' = t^^ — 9t^^ + 21 «/2 + 
9i^ — 54, T = e^^ - 91^^ + 21^/3+ 9^/2 _ 54,^^ after 

the usual reduction : 

Q^ = ;?5 + /y^, + Q/;t3 + R'z, + *y^ir, + T^^o 

Also 

0^ = 6 <^^ — 45«^* -f 84<^3 + 27/^^ — 108<^ 

consequently 

^ -■ 3<^^ -f 51 ^-'^ — 189/^ + 57 1^^ + 300<^ 
•''"■ 6«/^— 454/-* + 84<'3 4.27«''*— lOSt^ 

One root of the equation II, is < = 1 . If we substitute 

this root for t^ in the value of 2/ here found, we get 

f/ = j/o// = — 6. Of the accuracy of this result we 

can convince ourselves by solving the two equations 

a/ + x^^ sz 1, xV^ = — 6 ; for by these means we obtain 
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S and — 2 for x^ and x^^, and these are actually two roots 
of the equation I. 

Another root of the equation II, is <= 2 ; and this 
root substituted for t^ in the value of ^, gives y = 1. 
But from a/ + j/^ = 2, and x^x^^ == 1, we find a/ =. 
x^^ = 1 ; whence it follows, that a' = 1 is also a root of 
the equation II, and that a double one. 

But ^ = 4 is also a root of the equation II. If we 

(/ 
substitute this root for f in the value of a/, we find y = — * 

•^ o 

which denotes that 7/ can be determined from t^ in no 
other way than by an equation of the second degree. IG 
however, we differentiate Q,^ and tj)^, we then find 
dQ^=(-15<^4 ^ 204</3 — 567 ^^ + 114^^ + 300) dt^ 
d^=:(^30t^^ — 180</3 + 252(/* + 5^(/ - IO8) dt^ 

/ , J. 2rfQ^ 
-^ '^ d^ 
g -.15<^^ + 204<^g + 567<^^f 114<^ + 300 
* 30<^^— 180<^H252<^2+54f^ — 108* 

If in this we put ^ = 4, we then get 

y +y/ = 6. 

In order to determine t/ and y^ singly, we must now 
find the value of y« + y^. 

With this view, we put ic=2 ; we then have 

;8o=a/V^2 + &c. = [2*] 
z,^(x/+x/^) x/^x^^+&c.=il23] 

;?,= (^ + :t^/)W''2 + &C. = [24] + 2 [32] 

:?3=(:t^ + a/0^2^^^^ + &c. = [25] + 3 [34] 
^,=:(a/+:t^0VV''2+&c=:[26] + 4 [35] + 6 [4«] 
;^,= (a/ + ^0*'^^^^^+&c.==[27]4-5 [S6] + 10 [45], 

2 R 
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If we take the Dumerieal expressions from the annexed 
Tables, and then put for A^ B, Cj 2>, their values 3, 
— 3, — 11, — 6, we then find Zq = 6S, z^ = 102, 
z^ = SS6j z^ = n 88, jsr^ = 4668, % = 18492. If we 
substitute these values in the expression for Q/^ and at 
the same time for P', <y, R', S\ T^y put the above 
expressions, aAer the requisite reduction, we find 

Q.':=z, + P^z, + Q^z, + R^Z2 + S^Zi + Tz^ 

=:63^«— 465^^4 4.741^^3+ 873«^2—1452«^— 1056 






rfD/=:(S15f'^-1860(/H 2223 t^+1746t'- 1452) &/ 
the values of ^ and i^ remain the same as before. We 

obtain .*• 

,2 ,/2_ 315<^^-18gO<^ + 2223<^+1746t^-,14>^2 
y +y —2 . 30 r'*— ISOr'^H- 252«'24. 54 1'— 108 

If in this we put <^ = 4, we obtain 
We have now . * . the two equations 

y +y^=:6, y^+y'2 = is, 

whence it follows, that the two values y, y^, depend on 
the quadratic equation 

y - 6y + 9 = o 

which contains the double root 3; and .•. y^=y^s=s^ 
That the result is correct, appears immediately^ when 
we solve the two equations a/ -f- a/'' = 4, x!xf' = 3 ; 
for these give 1 and 3 fov the values ofV and j/^, which 
are actually twa roots of the equation \» Besides, because 
herey depends on aa equation of the second degree,, wemay 
in£r firom henpi^,. that t^ ^ must be a double rodt of the 
equflttion rll ; which is also correct* 
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' If we put ^ = -* 1, which is also a double root of th6 
equation II, we find, when in the above expressicm for^, 

we put — 1 for t^, J/' = — , as required. But if in 

the two expressions found for y' + jjf' and j/^ + y^, we 
put — 1 &r i'^ we then obtain 

and consequently the values of y, y''^ depend on the 
equation 

y + 4y + 4 = o 

which has the double root y = — 2. We have .*. 
y =y^ = — 2. But when we solve the two equations 
4/ -f j;^'' = — 1, dcfxf' = — 2, we then obtain for x! and 
s/' the values 1 and — 2, which are actually two roots of 
the equation L 

Besides that for^, as well as for t = 4, and for ^= — 1, 
we found such quadratic equations as have double Toots> 
is merely accidental, and this will only be the case, when 
the equal values of y also correspond to the equsd values 
of*. 

SECTION CXLVIII. 

F&OB. Let ^and^ beany two functions of the roots 
of a given equation : required to find a general method 
by which, fiN)m the known value of one, to find the value 
of the other, however the functions are constituted. 

: Solution 1. In order to solve the problem in its most 
general form, we shall assume, that both funetions contain 
all the roots of the given equation. This jsupposition is 
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always allowable; for if one function does not contain 
all the roots at the same time, we then can, as was already 
observed in § XLIX, add those that are wanting with 
the coe£Scient o. Thus, if we had the Ainction o/^i^V^^, 
and the given equation were of the fifth degree, it would 
only be necessary, instead of these, to put x^s/'xf" + o 
• %'^ + 0. x^. 

% The method in § CXLII for determinmg the 
numerical values of y from the numerical values of t 
assumed as known, in the case in which both these func- 
tions are symmetrical, may also be applied, when they 
are not so, by merely making the alterations which 
are requisite on this account. It was said in the 
above place, that, when t\ tf^ t'"^ <^'^ denote the 

unequal values of forms oft, zxAj/^yf^j/'^y ^^^ ^'^ 

unequal values of forms of ^, the function il^y! -f t"^%/^ 
-f ^///y// -I- + (/tir))Xy(ir) js symmetrical, because 

the function i^y can have no more unequal values of 
forms than those of which the former function is com- 
posed. This is correct, when the functions t, y, are no 
longer symmetrical, because they do not in this case 
change, or remain unchanged, at the same time, 

8. But the function i'^j/ + t"^y'^ + .... + {f'^^y^'^^^ 
in every imaginable state of the functions t, y^ are as* 

suredly always symmetrical, when i!^ i!'^ t"^^ t^"^ and 

}/^!/\ yl^^'i y*^ denote not only the unequal values 

of forms, but generally all the possible values, which 
arise from the transposition of the roots :x/j x'*^ x^^' , &c 
whether equal or unequal. That in certain cases, and in 
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certain forms of the functions t, y^ we often get a much 
less number of these values, is nothing to the purpose ; 
because here we only are treating of the general method 
applicable to every case. 

4. The method in § CLXIII for determining the 
numerical value of a function y from a single known 
numerical value of t^ may in like manner be extended to 
functions which are not homogenous, provided by «^, ^^, 

t^^^j i^'^ vxAjjf^y'^j/"^ y^'^j we merely denote 

all the possible values of forms of t and y^ which arise 
fifom the transposition of the roots :»/, o/^, x^^'^ &c., and 
the transformed equation II be composed of all the values 
of forms of t^ and not, as has always been the case hitherto, 
only of the unequal ones. This equation, however, will 
be found by the following method. I shall assume, that 
amongst all the ?r values of forms there are /i unequal 
ones, and that the equation for these last t^ + /?P~* + 
jP-2 + r^-^ + &c. = is already found. Further, if 
"we put TT = \iVj then v is necessarily a whole number, 
because by § LV, Corollary, jic is always a submultipk 
of TT, and all the ?r values of forms, taken v and v 
together, will then be equal. The equation II, which, 
9& is now required, is composed of all the values 

of forms t!, t^'j t^^\ *^"^, is consequently no other 

than 

(JL^ + pt^' + jP-* + rP-^ + &C.)*' = 

and it may • * . be obtained by solving this equation. If 
the values of forms tf^ i^^, if^^y t^""^ be all different 
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fiom one another, then v =r 1^ knd tlie equation II uthe 
equation t*^ + p^"""* + qlf^ + &c = oitselfc 

5. With respect to the equation on vhieh the nume". 
rical value of the function y depends, two cases must be 
distinguished; viz. 1st, the ca$e ia which the given 
equation is die most general one of its degree, and con- 
sequently whose coefficients are in no way c(mibined; 
2ndly, die case in which the coefficients are determinate 
numbers, or else have some relation to one another. 

6. In the first case, the equadon II can only contain 
roots which are all unequal, when the values of forms t'^ 

tl'y i!'^ i^^ are all di&rent irom one another; and 

if this be the case, as we have seen in the foregoing §, 
the numerical value of ^ may be expressed rationally by 
the numerical value of t. But if the above values of 
forms of ^, consequendy also the roots of the equation II, 
are equal, taken v and v together, then each of these 
roots is v-fold, and consequently the numerical value 
of y (when all the particular relations between the 
funcdons t and jf are first laid aside), necessarily 
depends on an equation of the vth d^ee, which may 
always be found (§ CXLVI); and this equation gives 
the V values of ^, which at the same time correspond to 
this root. 

7. In the second case, on the other hand, it may 
Jiapp^, tbat this or diat root i' of the equadon IJ, 
besides the v ^ 1 equal values, which arise from the 
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identity of the vahtcs of forms, has also other equal 
ones, which have their bases in the particular property 
of the given equation itself, and consequently in a case 
of this kind die numerical value of ^, whidi coruesponds 
to the root t^y must necessarily be given by an equation of 
a h^her degree than the vth» 

8. Hitherto yre have net noticed, in the general inquiries 
respecting the dependence of the numerical values of the 
functions t and y, the particular nature of these functions; 
it is now time to consider this. We have already seen, in 
the preceding §, that, when the above functions are sym- 
metrical, the function tf^j/ + f^y^' + + (t<»')V*^ 

becomes symmetrical, when for ^, tf\ if"^ *^'^ we 

merely take the unequal values of forms ; by which means 
not only the calculation is essentially shortened, but 
likewise in the case, in which the transformed equation 
for t has equal roots, the numerical values of y, yhich 
correspond to these equal roots, are expressed by lower 
equations than we should have obtained if we had tntro* 
duced all the values of forms of ^. But a similar abbre- 
viation may generally be used, when die fonctions t 
and y are such, that ndien the nature of one of them i^ 
expressed by the equation 

between die p types -4^ A"^ A^'^ -4«*>, Jt*+^ 

J^^^ the nature of the other is determined by the eq;ua- 
tion 

meiely between the k types A'\ A'\ A^"y ... A^^K ¥m 
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if we try to find all the unequal types> which a function 
contains, whose nature is expressed by the type-equation 

A = A' = A'" == = ^^*>, and then find aU the 

values of forms of the function t and y corresponding to 
these unequal types; consequently, when if^ t^^y t/^'^ 

^^'^andy, y^, yf'^y y*^ denote these values, 

the function t!^ij' + t^^^j/' + + (e^'>)y»> will neces- 
sarily be symmetrical, because there is no value of forms 
oft^y^ which is not included amongst those of which this 
aggregate is composed, 

9. As for the formation of the transformed equaticm 
for t in the assumed property of the functions t, y, we 
must distinguish the two cases, where t or y is that func- 
tion, whose nature is determined by the equation A^ = 
^//--^///_ =^(*>. If the first be supposed, then 

the values of forms t\ t^^, t^^^, t^''\ are all difierent 

firom one another, and the equation II, which is com- 
posed of these values of forms, is actually, as in the case 
of homogeneous functions, only the result of the unequal 
values of forms. But if the second supposition be taken, 
then amongst the values of forms t^, t^\ t^^\,.,f'^ there 
are several equal ones ; and when we put the numbers of 
the unequal ones amongst these, consequently the number 
of the unequal values of forms which that function has 
whose nature is determined by the type-equation A'-ss^A'* 
i=i A^^' =- ... '=z A^\ equal to jic, the number tt is a 
multiple of the number /i. If , • . we put tt = /iv, and 
assume that V*- + pt^"^ + qt^-^ + &c. = o is the equa- 
tion, which is merely composed of the unequal values of 
forms of ^ thein the equation 11^ which is composed of 
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the values of forms i'^ i'\ i^^^^ t^''\ is no other than 

the developement of the equation 

10. Further, since to each root t of the equation II 
there are v corresponding values of ^, consequently the nu- 
merical value of y depends necessarily on an equation of 
the vth degree. If the functions t and y be homogeneousi 
then v=l, and consequently this value depends only on 
an equation of the first degree, as required. But all this 
only obtains so long as the given equations are general 
ones; for in particular equations it might certainly 
happen, as was already observed, that the equation for y 
were of a higher degree. 

11. Besides the relations given in 8, between the 
functions t, y^ there are numberless others, in which the 
calculation may, in like manner, be simplified. Such a 
simplification as this is always practicable, when in all 
the values of forms of f, which arise from all the possible 
transpositions of the roots ol\ x'\ x^^\ &c., such as lf^ t'\ 

i/'^^ ^'^^ may be omitted, which are all either different, 

or the periods of the different values -occur more than 

once, and at the same time are such, that the function 
t/xyf + ^//vy/^ ^///xy// + .^.... + (t(M))Xj^(M) is symme- 
trical. 

IS. Although there are cases where the caldulation 
may be simplified, when, instead of all the values of 
fi)rms of the function t, we only use those which possess 

2 s 
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the properties just mentioned, yet for the determination 
of the value of y from the value of t, there is no further 
disadvantage arising from it (with the exception of the 
calculations being extremely prolix). It may indeed be 
objected, that in this case the equation for y rises to a 
higher degree than is necessary, and that it may happen, 
that we cannot solve an equation of this kind, notwith- 
standing, perhaps, that in the calculation properly arranged, 
we arrive at a solvible equation. But since in this case 
amongst the roots of the former equation, there must be 
more than one which are equal, and in the sequel it will 
be shown^ that an equation of this kind may always be 
reduced to another, which only contains the unequal roots, 
consequently in the present case the lowest rational equa- 
tion for ^, . • . this objection is removed of itself. 



SECTION CXLIX* 

Prob. Let i and y be two functions of the roots of a 
general equation of any d^ee: required to give tlie 
degree of the equation, by which the numerical value of 
y is deteroiined from the known numerical value of t. 

Solution. In the function t perform all the transpo- 
sitions of the roots j/, j/^, o/^^, ftc for which its value of 
form remains unchanged; in the function ^ perform the 
same transpositions as in {. Let v be the number bf 
the unequal values of {oxms of ^, which we obtain by 
these means ; dien the equation between y and t, mith 
refi»ence to^, is of the vth degree. For since tihe equal 
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values of forms of t have only a single numericsd value, 
the V unequal values of forms, on the other hand, v 
different numerical values, consequently v numerical 
values of y belong to a single numerical value of ^ ; . ' . 
the former can be determined from the last in no other 
way than by an equation of the vth degree. 

Example I. With respect to the general equation of 
the fourth degree, let « =/: (^) (^0 (^^0 C0> 
y = ^ ; (j/) (a/^) (x^^^) (x"^^), and let the nature of these 
functions be expressed by the type-equations 

/.- (a/) (^0 (ar/^O (^0 =/•• (^^0 (^0 (^^'0 (^0 = 
/; (x^) (x^O (j/"") (a/^') =/; (x'^') (x^^) {x') (^0 

= ^ : (^) (^0 (^0 (^'0 

Now, if we try to find the equal values of forms of t 
(§ LV), and then perform the same transpositions in 
y, we then obtain the following corresponding values of 
t andy : 



f 
f 

f 
f 
f 
f 
f 



(a;') (a/0 Qc"') (a/O 

(a/0 (^) {x"') (j^") 
(a/0 (x') (_x") {x'") 
(x"') (x"') (a/) (^0 
(a/") (x/'O (:r^) (x") 

(j/'O (^0 (^0 (x') 
Ix"^ (x"') ix") (a/) 



« 
* 
* 
* 
« 
« 
« 
* 



(a/) Ca/') (a'") (a/") 
(a/) (x") (a/') (a/^O 
(a/') (xO (a^'O (a-"-) 
(/O (a/) (x") (y'O 
(x^'O (x"') (x/) (x^O 

(x/O (x^'O (^ (^0 
{x"') (x^") (x'O (^0 

(x'O (^^'0 (^0 (^0 



Of the eight values of ^, which we have here found, the 
four first, as well as the four last, on account of the sup- 
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posed nature of this Ainction, are equal to one another ; 
consequently two values of y belong to a single value 
of U Therefore the equation, which gives y in terms 
of ^, is of the second degree. 

To the numberless functions of the assumed nature, 
the following ones belong, viz.: 1-=- x^x'^ •\' x'^^x'^^ 
y = x/x" = x!xf' + x"^ + x'^y Kxt y ^ xf -\- x" -=> 
j:^ + a/^ + Qxf^* + o^''^ Consequently, if the nume- 
rical value of x^x^^ + x'^^x/^ be known, we may find from 
it both the numerical value of j:V^, and that of j/ -f- ^'% 
by the solution of an equation of the second degree, which 
agrees with § XLI, where we merely had to solve an 
equation of the second degree. 

Example II. For any general equation, let t = 
x/xf^x:"' ->r x!\y^ x/-x^' = x^ ^ x^' + oCx"^' -h x'""). 
^ow, in order to find the degree of the lowest rational 
equation, by which y may be determined from t, pro- 
ceed as follows : 



Equal values of forms 


Corresponding values of forms 


o(t 


of J' 


x/oi/'x"' + a:'" 


a/ _ y/ + {x"' + x/"^ 


3^x"'x" + cc/" 


jJ - j/^' + (a^' + x'") 


x"x'x"' + x"' 


3/^-3/ + {x"' + j/") 


x"x"'x' + x'" 


3JI -x"' + {x' + x'^) 


x/"x'x" + x'" 


3/" - x' + (a/' + x"^ 


x"'x"x/ + x"' 


x"> -x" + {x' + x'^) 



Consequently six difierent values of y belong to a single 
value of ty viz. : j/ — x^^y x/ — x^^\ x/^ — x\ x/' — x"^^ 
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jr /// _ ^/^ ^/// _ jr// ; and . • . y can only be determined 
from t by an equation of the sixth degree, when its 
coeflScients are rational functions of t. Besides, since the 
values of forms of y^ taken two and two, are equal, this 
equation ••. only contains even powers of^. 

SECTION CL. 

PftOB. Let t, y, be any two functions of the roots 
x*x"x'^' &c. of a general equation : required an operation 
to find the lowest equation, by which the numerical value 
of ^ may be determined from the numerical value of ^, 
under the condition that the unequal values of forms of 
i only are made use of. 

Sohdion, Find, as in the foregoing §, the equal values 
of forms of f, and the corresponding values of forms of ^, 
and from these last take away the unequal ones ; let them 

be y^y^,y''^ y"^: then the required equation 

will be of the vth degree, and it has the above values for 
roots. Let 

y + vy"^' + ?j^ *^ + ry-^ + &c. = o 

be this equation ; then 2^ = y + y^' + yf^' + &c. q = 

y'^' + yfy^'^ + yy^'' + &c. r = 2/y^'2/'^ + &«• ^c; 

Consequently, since the functions ^, q^ r, &c. with refer- 
ence toy^y^, y^^, y"^, are symmetrical, then in 

those transpositions of the roots a/, x/'y oi/^^ &c. for 
which the function t continues unchanged, they in like 
manner undergo no change. If . • . we denote the une- 
qual values of forms of <, by ('', i^\ 1^"^ i^'^^y then 
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t'^/, i^V'^ «''V^ (««'^)y^ are all the pos- 

sible unequal values of forms of t^p^ and in the same way 

<^Y* ^'V* ^'V^ (t^'OV^ a» all the possible 

values of &rms of t\, and so on. But if this be 

symmetrical with reference to a/, a/^, a/^^^ &c 

then also are the functions t^^ + t^^'^p/' + il^'^^" ^ ... 

... + (<^'W^ i^Y + <''Y' + «''V + + 

^^ir)jXy(ir) necessarily symmetrical with reference to a/, a/^, 
s/^'y &c., and consequently the unequal values of forms 

t!y 1/^y i^"^ ^^'^ are sufficient for the determination 

of 1>> ?> ^> &c. Therefore the operation given in § CXLVI 
may be applied immediately, and, without any alteration 
to the coefficients^, 9, r, &c. Thus, if we wish to deter- 
mine /?, we find, in the first place, the transformed equa- 
tion for the function t according to the third chapter ; 
it is 

r + Pr-' + Qr-« + Jir-^ + &c. = o. 

Having found this, we immediately get 

r^-, -f f 'z^-2 + (y.-3 + H- u'to 

in which P^ = * + P, Q^ = <« 4- p^ + Q, &c., and 
the symbol of the form z^ denotes the numerical value 
of the symmetrical fiinction if^p/ + i!^^p" + tf^'^'j^^f 4- . . , 

+ (<^'^)y'"^ For the coefficients 9, r, &c. the 

same equation and the same expression obtain, with this 
exception, that by Zk we must understand the numerical 
values of the functions <^y + t^'^<^^ + ^^^^Y^^ + 

... + («^'0V'^ ^v + t^v^ + t'^'^v/^ + + 

O^'^yr^'J, &c. 
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SECTION CLI. 

So long as x\ x^^, s/^^^ &c. may be considered as the 
roots of a general equation x"" + Axf^^ + Bxf~^ + &c. 
=0, consequently of one whose coefficients ^, B^ C, &c. 
are undetermined, we shall always find rational functions 
of t for the coefficients p^ q, r, &c. But if these roots 
relate to a particular equation, then it may happen, 
according to the nature of the function ^, that the common 
denominator wr-' -f- tt—I . Pr"* -f 7r-2 . Qr-^ + &c. 
in the expressions for p, q, r, &c. is equal to o, and that 
it even continues equal to o, when it is differentiated more 
than once. We now assume, that we must differentiate 
it ft — 1 times before the denominator ceases to vanish, 
consequently it follows, from § CLXVI^ that the coeffi- 
cients j7, q, r, &c. depend upon the same number of 
equations of the jicth degree 

p^ +aY'' + bY"^ + (/p^"^ + &c. = o 

qf' ^a^Y"^ + ^^Y"^ + ^Y"^ + &c. = o 
r^ +a/^/,.M-i + J//V-2 ^ c'^v-=* + &c. = o 

&c. 
which may always be found by the method there given, 
and in which the coefficients a\ V^ cf, &c a^^, V\ c!\ &c. 
of/f^ yii^ ^//^ ^Q^ ayg jj] rational functions of U 

All that has been said in this chapter respecting 
the function y^ may also be applied to the function x^ 
Thus, if we wish to determine a root, say x/y from the 
known value of a function t =y: (^x^) (x/^) (x/^^)»>*(xf)f 
nothing further is necessary, than to put ^=a/, and to 
proceed besides in the way already pointed out. 

We now perceive the reason why we are not able, from 
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the known value of a symmetrical function of the roots of 
an equation, whatever the nature of this function may be, 
to determine these roots. For since a Ainction of this 
kind, in all the transpositions of the roots, always retains 
the same value, . * . it must necessarily giye all the roots 
at once ; and, however we begin it, we shall consequently 
always again g^t an equation, which is not different from 
the given one. 
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VIIL — A GENERAL METHOD FOR THE SOLUTION OF 
EQUATIONS OF ALL DEGREES. 

SECTION CLII. 

IN § CXLI we have seen that the requisites for the 
general solution of equations may be reduced to two ; viz. 
first, to find such fiinctions of the roots, by means of which 
the equation, into which we have transformed the given 
one, is. adapted to theselution ; and secondly, to determine 
the roots from the known value of the assumed functions. 
The second requisite we have handled in the foregoing 
chapter ; the first, together with its application to the 
general solution of equations, will form the subject of this 
chapter. 

In order to render the notation more easy, and the 
inspection more convenient, I shall henceforth omit in the 
types the letter x, together with the superfluous brackets, 
and for the dashes substitute numbers ; thus : /: (12S45 

n) instead of/: (^0 (jx/') (^oi/^^y (:r^^)...(x^«05 and 

/: (342651) instead of/: (i^^O (y"") (^^0 (^""0 ("^0 

SECTION CLIII. 

Rule. When from the period of n types A^, -4„ A^, 

Ai J^,...Ay A„, which may be derived from the 

equation 

S T 
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/: (12S456 n — In) =/: (284,567 nl) 

we take away any two ^^ ji^, and find all the possible 
t3rpes, which may be derived from the transformation-rule 
Af^^A^: then we shall get a period, whidiy in the e^se 
where v — ju and v are prime httmbers to each other, 
consists of all the n types Ai, Ag, A3, ...... X; on the 

other hand, when v— /i and n have a common measure 

m, this period only consists of — of these types. The 

111 

types, which we successivdy obtain by deduction, succeed 

ea^h other in the foUowing order : 

80 that the dashes fc, v, 2v — /u, 3v — 2ju, 4v— S/i, &c. 
form an arithmetical progression, with the difference v— ju, 
when from all the terms of this progression, which 
exceed the number 91, we omit this number as often as 
possible. 

Thus the equation 

/: (12S45678) =/: (23456781) 
gives the pmod 



^. / 

A- / 

A / 

^« / 

^. / 

A / 

^.•.- / 



(1S345678) 
(83456781) 

(3456781S) 

(45678123) 

(56781234) 

(67812345) 

(78123456) 

(81234567) 



If we equate every two of these types, we obtain 
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For the 
equatioii 



^1 = ^3 

A^ = A^ 

A I = Aq 
A\ ^ A^ 
Ax ^ A^ 
A 2 = A^ 



The period 



•^i> -"s* At,, A'j, 

A 19 A^, ^7, A^, Aj, A^y A^f As 

A 19 A^ 

Alt Aq, Aq, Aq, Ai, A2, A'J, A4 

A\i Afjj A^, A^ 

Aif Aq, Afj, Ag, A^j A^ A^f A2 

A^i A3, A4, As, Af, Afj, A^9 Ai 

A 29 A^, A ^9 Aq 

Ai9 A^, A 9, A^y Asy A\f ^49 Aji 
&c. 



OC. 6CC. 

The reason of this is easily found, and depends 
properties of numbers. 



oathe 



Coroilary I. The rule is also correct,^ when, instef^ 
of die type-equation Afj^^^A^ we take the type-equation 
A^^Afj^f if in the progression which is taken away, vus. 
V, ft, 2/i — V, S/i— 2i/, 4iju— 3v, 5ix^^Vf &c., when we 
ccmie to a negative term or o, we add the numl^ » so 
many times, till it becomes positive. Thus w$ have 



J^OT tne 
equation 


The period 




A2 = Ai 


Ags Ai9 Ag, Aij, A^p A^p A^, 


A 


A3 == Ai 


Ai, Ai, A'J, As 




A = A 


Ai, Ai, Ag, A2, A%, At,, A2, 


A, 


A=A 


Ai, A I 




A = ^ 


Aq, a I, A A, Aif -^2% At,, A^, 


A 


A^4i 


A 19 A 19 Ai, Ai 




Ag =s Ai 


As, A^, A 29 As* A^9 Ai, Ap, 


A 



&c. I 



&c. 
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Corollary II. If .*. 71 be a prime number, we then 
always obtain the same period again, whichever two of 

the types Ai^ A^^ A^y -^n we put equal to one- 

another. 

SECTION CLIV. 

Transpositions of the kind, which the equation J^ =r 
Ayf or A^ = Af^y gives in the preceding §, are called re< 
curring transpositions, and the periods which are obtained 
from them, recurring periods. 

The characteristic feature of transpositions of this kind 
consists in this, that each root is removed one place 
forwards or backwards, and in the first case the last- 
takes the place of the first ; but in the second case, the 
first takes the place of the last, so that there is a kind of 
circular motion ; as if, for instance, a number of persons 
stand in a circle, hiaving their backs to each other, and 
all walking at the same time either backwards or forwards. 

The transpositions are called recurring ones, when only 
some of the roots move in the manner just mentioned, 
but the remaining ones retain their places. Thus the 
equation /; (12345678) = /: (34512678) only gives 
recurring transpositions of the first five roots. The 
law of the preceding § is also true for this, when we 
take for n merely the number of the roots to be 
transposed, and the remaining ones are considered, as 
though they did not exist. 

SECTION CLV. 

Rule. If the equation \r" + Ax^"^ + Bx^^ + &c. 
=0, by the introduction of iafunction <==/: (12345. ..n), 
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be transibrmed into an equation of two terms T — if s^ o : 

then the roots of this last equation tl^ 1"^ t^^\ t^"^ are 

always the numerical values of such values of forms of 
the function t, as, taken together, form a period. 

Proof, The roots of the equation e" — iST = o may 
always, as may be seen from the fifth chapter, be 
expressed by «', a<^, aH^, o^i\ a""* t'^ when a de- 
notes a primitive root of the equation T— 1 =o. There- 
fore i'' ^ai', i"f = ai^f, e = at'", ^'"^ = a^«-'>, 

t' =s af^'\ Now, let Ay^ Aij Aiy -4„ A„, denote the 

values of forms, which correspond to the roots t^, t^\ i'^^^ 

<^"^, then also must Ac^ = aA,^ A^ = a^,, A^ssaAs, 

A„ z= aA^i, A I = aA„; and since every such 

equation Av = aAy^i, independently of the particular 
values which we may assign to the roots x\ x^'^ x^^^y &c. 
must be true, it will also remain true, when in the two 
parts of this equation we transpose the above roots in any 
way, provided it be the same, because this is precisely the 
same as when the values of these roots are changed. If 
.'.we assume, that in ^,^i> we have so transposed the 
roots j/, x^\ x!"y &c. that it becomes A^ and that by 
the same transposition A^ is transformed into any other 
value of form A^ ; then we have also A^ = aA^ But if 
also ilj^i = aA^t consequently -4^+, = -4,. Hence it 
follows that A^^x is generated by the same transposition 
from A^y as A^, is from A^^ ; . • . -^2 is produced from 
Ai^ as A^ is from ^2, as A^ from A^ ; and so on ; lastly, 
as An is from -4^j, and A^ from -4„. Since .• . all the 

values of forms ^„ A^, A^, A^, -^„ are deduced 

from one another by the same transposition-rule, and 
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from the last J^y the fir^t A^ is again obtained ; . * . 
it follows, that these » values of forms constitute a 
period. 

SECTION CLVI. 

Fbob. Amongst all the possible foni^ons of the roots 
a/ J xf'y of the general equation of the aeoond degree 
x^ — Ax + -B = o, find that one which is fit bt its 
solution ; under the supposition that we know not how to 
solve any other equations, than those of the first degreOf 
and those of the form ^ — iT s? o. 

Solution 1* Let t =/ : (12) be that function^ which 
IB fit ibr the solution of the given equation. Since it has 
two values, viz. /: (12),/; (21), then th^ equation 
finr tf taken generally, is of the second degree. If we only 
wished it to be of the first degree, then must/; (12) =s 
/; (21) ; but then/; (12) would be symmetrical ; and 
the roots z^, a/\ could be determined ficom tbe known 
value of t only by the solution of the given equation itj^df 
(§ CXLIX). There now remains nothing fiirther than 
to assume that the twn values of fonxMi/: (1^)^/' (^Of 
are th^ roots of an equation (tf the form ^ — iT =s o^ 
because it was assumed that we know not bow to i^olve 
an equation of the second d^^ tf any (^er form bu( 
this. That they may be so, appeftrs firom h^ce^ th^t 
ihey &nrm a period (preceding §)• 

2. Since K — -- i'X'^y when i\ i" dewoto the two 
roots of the equation J^ — 4^= o; then also K^ — 
/; (12) x/; (21); and since this product i5erown« 
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the same when we substitute xf for tf'^ r.K\% a syln- 
ttietrical function of these roots. Consequently this 
magnitude may be expressed rationally by the coe£Sei6nt^ 
of the given equation. 

8. Since/: (18),/: (21) are the roots of the equa- 
tion «2 — if = o, theidbre /: (13) = - /: (21) and 
this is the only condition which we have to fulfil. 
Having once found the numerical value oSt szf: (18), 
then also the roots a^, s/^^ may be determined without the 
solution of any other equation, because the values of forms 
/: (12),/: (21) are diflTcrent (§ CXLIV). 

4. This condition, however, is evidently sufficient, 
when we put/: (12) = ^ : (12) — ^ : (21), where it 
is allowable^ for ^: (12) to assume every arbitrary 
function of x^^ s/^ which is not symmetrical. For 
from/: (12) = ^; (12) — ^: (21) we obtain by the 
substitution of j/ for a/^/: (21) = : (81)— : (12) : 
consequently/: (12) =x — /: (21), as was required. 

5. Hence it follows, that all ftinetions of the form 
^ : (12) — ^ : (21) are fit for the solution d the gitm 
equation. 

SEeTlON CLVXI. 

Pbob. Solve actually the general equation of the second 
degree a:* — ila: + J? = o. 

Solution 1. We have se6n in the foxtegoing §, that all 
functions of the form t =s ^ : (12) ^ ^ : (2^1) are fit for 
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the solution. Amongst the infinite number of functions 
which we can assume for ^ ; (12)9 the root z is the most 
simple. Put .-. ^; (12)=^:'', then <=^; (12)-^: (21) 
=a/— x^^ But the equation «*— Jr= o gives ir= <* = 
is/^a/y- = :r^2 +^/2 _ 21/j/^ = [2] -2[l«] = ^«-4.J? ; 
the transformed equation consequently is 

and this gives < = + \/ (il^— 45). We . * . have the 
two equations 

and hence.-^i^^^i!r:^),:^/= ATViA^^^B^ 

2 2 

as was required. 

SECTION CLVIII. 

Frob. Find the functions which are fit for the solu- 
tion of the general equation of the third degree 

z^ -- Ax^ -{- Bx ^C = o 

under the supposition, that we know not how to solve any 
other equations than those of the first and second degrees, 
and those of the form <® — iST = 0. 

Solution 1. Let t =f: (123) represent all those func- 
tions which are fit for the solution of the given equation. 
Since the roots x^, x'^^ x"'^ admit of six transpositions, 
consequently the function t contains six values; and 
these are 

/:.(12S), /: (2S1), /: (S12) 
/: (213), /; (132), /: (321) 



329 

Consequently, taken generally, the equation for t is of the 
sixth degree. 

2. The six values of forms in 1 are arranged in 
recurring periods* Thus, in the first horizontal row, we 
have the recurring period^: (123), and in the second 

f: (213). If we assume, that the three values of forms 
of the first period are the roots of the equation of two 
terms, viz. <^ — Jr=o, then K is the product of these 
three roots, and .• . =/; (123) x/: (231) x/: (312). 
But this product, as may be easily seen, is such, that 
in all the recurring transpositions of the three roots a/, 
a/^, x^^\ it undergoes no change : for if we perform these 
transpositions, we then obtain the period 

/; (123) x/: (231) x/; (312) 
/; (231) xf: (312) x/: (123) 
/; (312) xf: (123) xf: (231) 

dnd these three values of forms of K are evidently not 
different firom one another. The six values of forms of 
K, which arise firom all the transpositions of the roots 
j/, j/^, x^^^, are . • . equal, taken three and three, and 
consequently this function has no more than two different 
values ; and these are 

/; (123) xf: (231) x f: (312) 
/; (213) xf: (132) xf: (321) 

of which one can be derived from the other merely by 
putting the roots x^, a/^ for each other. 

3. Since . • . JT has no more than two different values, 
consequently this function depends on an equation of no 
higher degree than the second, and the roots of this equa- 

2 u 
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tion are these two values* But these values admit of a 
more simple form ; for since K = <^, and t =/: (12S), 
then also Jr= (/: (128))* ; and since the second value, 
as we have already seen in S, is obtamed from the first, 
merely by putting the roots j/, s/' for each other, con- 
sequently (/; (2 IS)) 3 is the second value of K. 

4. Let 

if^ - j> JT + 9 = o 

be the equation, on which the function K depends, . * . 
p the sum, and q the product, of the two values of K. 
Consequently 

p=(/.(l23))9+ (/; (213) )» 
g = (/.• (12S))» X (/; (213))' 
and these functions p, q are such, that in all the trans- 
positions of the roots x\ x^\ j/''^ they sufier no change. 
Since /? and q are symmetrical functions of the roots 
a^, x"^ x'^\ they may always .'.be expressed rationally 
by the coefficients of the given equation. 

5. We have consequently reduced the transformed 
equation for f, which origmally was of the sixth degree, 
to two equations 

«3-ir=o 

if^ - p jr + 9 = 

and we are always able to determine the coefficients p, q, 
from A^ By C, when the function/: (123) is known. 
Having once determined the coefficients j?, q^ we then 
obtain, by the solution of the second equation, the two 
values of JT, and if these be successively substituted in 
the first equation, by its solution we obtain the six values 
of ^ 
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6. Since all the values of t are different from one 
another, we may always determine (which is known from 
the foregoing chapter) the values of the roots a/, x^\ 3/^\ 
immediately from the values of the function t already 
found, and that without the solution of any other equation, 
however constituted this function may be. 

7. It now only remains to determine the function 
t = jT: (123) in such a way, that the three values of 
forms/: (123), /: (231), /: (312), may be the roots 
of an equation of the form t^ — JT = o. If this be the 
case, then these three values must have such a rela- 
tion to each other, that 

/; (123) = «/: (231) = a^: (312). 
In order to perform this, we assume any other arbitrary 
function ^ ; (123), and put 

/; (123) = ^^: (123) + S^: (231)+ C^: (312) 
in which A, By C, denote coefficients hitherto unknown. 
From this equation, by a proportional transposition of 
the roots, we obtain 

/: (231) = J^ : (231) + S^ : (312) + C^ : (123) 
/: (312) = Jffi : (312) + J?^ : (123) + C^ : (231) 

and when we substitute these values in the foregoing pro- 
portional equation, we get 



(231) + C0 
(312) + C^ 
(123) + C^ 



(312) 

(123)) 

(231)) 



A^p : (123) + B<ti 
= a (-^0: (231) + JB^ 
= a* (-^^: (312) + JB^ 

If we equate the coefficients of these values of forms^ we 
obtain, for the determination of J^ JS, C, the following 
equations : 
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B- aJ=za^C 
C^aB =: a^A. 

Since «^=1, the first gives B=^aA^ C=^a'^Aj and these 
values verify also the second and third. The coefficient 
A remains undetermined, and we may . ' . put it equal 
to 1. Consequently 

/: (123) = ^ : (123) + a^ : (231) + a*^ : (312). 

8. We can, as was observed already, for ^ : (123) 
assume every arbitrary function ; yet, for another reason, 
those which undergo no change in the recurring trans- 
positions of all the three roots, cannot be used. For 
in the case where ^ : (123) is a function of this kind, 
we have ^ : (123) = ^ : (231) = ^ : (312), and con- 
sequently/: (123) = (1 +a + a^) ^ ; (123) = o, because 
1 + a + a« = o. - This restriction .'. might with good 
reason be omitted, since it is a necessary consequence. 



SECTION CLIX. 



Frob. Required to solve actually the general equation 
of the third degree x^ ■— Ax- + Bx — C = o. 

Solution 1. In the foregoing §' we saw, that all func- 
tions of the form ^ : (123) + a^ ; (231) + a«0 ; (312) 
are fit for the solution of equations bf the third degree. 
Consequently there are numberless ways in which these 
equations may be solved. The most simple supposition 
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is^: (123) =j/; then ^: (231) = a^^ ^; (312) 
/.• (123) = :r/ + w''' + aV^^ 

2. Hence we obtain 

(/;(123))3=[3] + 6[13] + 

and when in this we substitute x! for a/'', we get 
(/•; (21S))'=[8]+6[131 + 

or when, for shortness* sake, we put [s] + 6[1'] = P, 
ir'V + jfj.'"^ + a// V» = Q, x""a/» + a/a^^ + x'V''») = JR, 

(/; (123)») = P + 3«Q + 3«*iJ 
(/.• (213))' = P + Saie + 3«»Q. 

3. Hence, by 4 of the foregoing §, we further obtain 

!>=:(/; (123))3+(/. (213) )3 
= 2P + 3(a + ««) (Q + U) 
or, since a + a* = — 1, and Q + fi = [12], 

Tf = 2[3] + 12[l3] - 3[12] 
and when for the numerical expressions we put their values 
taken from the annexed Tables, 

;i = 2^4' — QAB + 27C. 

4. Further, by the foregoing § 

j=(/:(l23))^X (/.•(213))3 = 
(P + ZaQ, ^- 3««fi) (P+3aU + 3a*Q) 
=P(P + 3(a+««)(Q+J?))+9(a+«')Qfi+9(<?+lt«) 
or, since a + a* = — 1, Q+i? = [12], Q/2 = [3*] + 
Sl23] + [124], (? + ii« = [24] + 2 [J 23] 
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9 = ([8] + 6[1T ([8] + 6[1»] - 3 [12]) 
+ 9([24] + 2[12S] - [S*] - SpT - [l*4l) 
or when for the numerical expressions ve put their values, 

= (^ — 3S)». 

5. Comwquentlj, the two equations in 6 of the fore- 
going § are 

£> _ (ija - gAB + 27C) K+ (A* - SBy = o. 

6. Let K', K" be the two values of K, and (^ t/'^ the 
corresponding values of t, then 

i'=/.- (123) = ^ + a^/ + «»a//' = V'JP' 

i"=f: (213) = a/' + «/ + a'j/'' = \/K". 

We have .'. for the determination of j/, a/^, x/''^ the 
three equattons 

j/ + x" + i''' = A 

If we multiply the third equation hj efiy and then add it 
to the two first, after dividing by 3, we then get, since 
1 + a + «? = o, 



s/ 



—— ■ T . . . , . ; . Ji ... , ,» 



If we multiply the second by a^ and then add it to the 
other two, we then get 
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Lastly, if we multiply the two last equations 6y a, and 
then add theni to the first, ve obtain 



7. But since each of the two irrational magnitudes 

S/jf, \/ K^\ has three values, for instance, the first 

the values oSj K\ c^Sj K^ ycfSj K\ and the second the 

values oSJk^^ a^ K^\ ocSjK^^y we must first deter- 
mine which are to be taken. I assert, in the first place, 

that the two roots S/K^ \/K^\ must always be com- 
bined with one and the same power of a. For let 



in which the exponent v may either be one, two^ or three. 
If in this equation we put the roots x^ and j/^ for one 
another, we then obtain 

because in this case K^ is transformed into P^^ . * . also 

\/ K^ into \/ Jf^. Hence it follows, that in the two 
last of the three equations, consequently also in the results 

derived from them, the roots \K^, \/ K^^, must always 
be combined with the same power of a. It only remains 
now to determine the exponent v. 
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8. With this view, if we put in the values of a/, a/', a/'', 

found in 6, a'S/ K', a'Sj K"iotS/ K', \/ K", respec- 
tively, then 

, A + a'\/K' + a'+'sjK" 

3 

„ _ ^ + a'^*\/K' + ar\/K'' 

3 

^„^ A+a''*^{\/K' + <jK") 

3 

Now, since these three roots must also be found, when 

for a the other primitive root cfi is substituted, then also 

must be a root. But since this one is not to be found 
amongst the three here given, consequently no other 
assumption is allowable, except this one, that a'''^^ = a? 

= 1; .-. v=2. Consequently a^Y/ff^, o?\/K''y must 

be substituted for Sj K\ \/K^^. If we actually do this, 
we find the three following equations : 

(A + a^K' + oSJk''): 3 
in which it is only necessary for K' and K^' to substitute 
the two roots of the second equation in 5. 

9. If, for the sake of greater simplicity, we put A = o, 
then this equation is transformed into 
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uid the two values of K are 

27[i6' ± ^/ (i(? + ^ B^)\ 
If we substitute these values in the three roots in 3, we 
obtain 

which agrees with Cardan's formula. 

SECTIOIJ CLX. 

Prob. Find the functions which are fit for the solu- 
tion of the general equation of the fourth degree, viz. 

^4 JL. ^^3 + ^:r2 — Cx + D = 
under the supposition that we only know how to solve 
equations of lower degrees, and those of the form 
<* ~ JT = o. 



Solution 1. Arrange the twenty-four values of forms of 
f: (1234) in recurring transpositions, under and opposite 
each other ; (the symbolical function and the brackets^ 
are omitted for shortness^ sake) 



12 3 


4 


2 3 4 1 


3 4 12 


4 12 3 


2 3 1 


4 


3 14 2 


142 3 


4 2 3 1 


3 1 2 


4 


12 4 3 

13 4 2 


2 4 3 1 

3 4 2 1 


4 3 12 


2 13 


4 


4 2 13 


13 2 4 


3 2 4 1 


2 4 13 


4 13 2 


3 2 14 


2 14 3 


14 3 2 


4 3 2 1. 


Thus, in the first vertical column, we first putjT: (1234) 


with its recu 


irrii 


ig transpos 


litions oft 
2 X 


be three first rootis. 
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this gives the recurring period f: (1234), /; (2314), 
f : (3124). Then we in like manner put /: (2134) 
with its recurrbg transpositions of the three first roots, 
and we obtain the period /:(2134), /: (1324), /; 
(3214). From the value of form /: (1234) by a 
recurring transposition of all the four roots, we Airther 
derive the values of forms /: (2341), /: (3412), y*; 
(4123), and place them near f : (1234) in a hori- 
zontal row; we do the same with the remaining five 
values of forms in the first vertical column, so that in 
each horizontal row there is a recurring period* 

2. Since the four values of forms in the first horizon- 
tal row form a period, they may • * . be the roots of an 
equation of the form 

^- jr=o 

(§ 155). Now, since — JTis the product of all the four 
roots, we have 

— ir=/: (1234) x/: (2341) x/: (3412) x/: (4123) 

and this product is such, that in all the transpositions 
of the roots we can obtain no more than the following six 
difierent values: 

/: (1234) x/; (2341) xf: (3412) x/: (4123) 
/: (2314) x/: (3142) x/: (1423) xf: (4231) 
/: (3124) xf: (1248) xf: (2431) xf: (4812) 
/: (2134) x/: (1342) x/: (3421) x/; (4213) 
/: (1324) xf: (3241) xf: (2413) xf: (4132) 
/; (3214) x/: (2143) x/; (1432) x/; (4321) 

which arise merely firom the transposition of the three 

roots a/, x^\ x^'\ 
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3. From the equation <* — JT = o, we obtain K = 
(*= (/:(1234))4. Consequently also (/: (1234))* 
must be such a function, that in the recurring transpo- 
sitions of all the four roots it remains the same, and con- 
sequently has no more different values than those which 
arise from the transposition of the roots x^y a/\ j/'^. 
Therefore the six values of K can also be expressed 
thus : 

(/; (1234) )S (/: (2314) )S (/: (3124))* 
(/: (2J34))S (J: (1324))S (/: (32^14) )^ 

4. Since the function K has still six different values, 
consequently it necessarily depends on an equation of 
the sixth degree. If this equation be solvible, then it 
must admit of being reduced to such equations, whose 
solution is assumed to be known. I shall .*. assume, 
that the three functions (/: (1234))*, (/; (2314)),* 
(/: (3124))*, which arise from the recurring transpo- 
sition of the three roots x'^ x/^y x"'^ are the roots of an 
equation of the third degree 

consequently the coefficients p, ^, r, are no longer ra- 
tional, because otherwise K can have no more than three 
values. They must .*. depend on certain equations, 
which we shall now seek. 

5. Since (/: (1234))*, (/*; (2314))*, (/; (3324))*, 
are the roots of the equation I, then 

;>=(/; (1234) )*+(/; (2314))*+ (/: (3124))* 
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q^{f: (1234) )*x(/: (2SU))* 

+ (/; (1234) )4x(/: (3124))* 
+ (/; (2314))4x(/: (3124))* 

r=(/: (I234))*x(/: (2314))*x(/: (3124))*. 
The functions py q, r, are evidently such, that in the 
recurring transpositions of the three roots j/, j/^, x/^^ they 
undergo no change. But in the recurring transpositions 
of all the four roots a/, a/^, j:% a/^, they in like manner 
suffer no change, because the functions (/: (1234))*, 
(/: (2314))*, (/: (3124))*, remain the same after 
this operation (3). 

6. Consequently the functions p^ q, r, can have no 
more than two different values, viz. those which arise 
merely from the transposition of the roots x'', a/^. If . • . 
we put, for shortness' sake, p z=if : (1234), then p has 
no more than the two values y''; (1234), y': (2134). 
Let these two values be the roots of the following equation 
of the second degree : 

p2 _ p/p + ^ — o 
then 

p^ -f: (1234) x/: (2134) 

(j[ -f: (1234) x/: (2134), 

The functions p^, ^^, are . • . such, that when 3/ is substi- 
tuted for x"^ they remain unchanged. But since in the 
recurring transpositions of the three roots a/, a/^, xf'^^ as 
also in the recurring transpositions of all the four roots, 
they also suffer no change ; they . * ., are necessarily sym- 
metrical, and consequently admit of being expressed 
rationally by the coefficients of the given equation. 



• 
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What has been here said of p, may, in like manner, be 
said of q and r. Consequently these coefficients also 
depend on equations of the second degree mth rational 
coefficients. 

7. The function ^ =y: (1234) .•. depends on the 
equation of two terms of the fourth degree, viz. 

<4 - X = 

and the coefficient K depends again on the equation of the 
third degree 

whose coefficients p, q, r, are represented by three equa- 
tions of the second degree 

p^ -- p^ p + q^ ^ o 

^—piq + ?i = 

r^ — pir + ^ = o 

whose coefficients p\ q^y p[^ ^1, p'^ q!i9 are all rational 
functions of the coefficients -4, By C\ D. 

8. It only remains now to determine the function 
/; (1234) in such a way, that the values of forms 
/: (1234), /; (2341), /; (3412), /; (4123) may be 

the roots of an equation of the form i^— liC=o. If this 
be the case, then they must have such a relation to one 
another, that 

/; (1234) = a/: (2341) = a^; (3412)=a7^; (4123). 
Now, in order to perform this, we put in a way similar 
to that in T, % CLVIII, 

/; (1234) = 
Ai^: (1234) +jB0; (2341) + C0.- (3412) + D0; (4123) 
and derive from hence the values of/; (2341),/; (3412), 



Atp: (1254) +JB^ 
= « {a^: (2341) + ^^ 
= ««(^^; (3412) +5^ 
^tL^{A(p: (4123) + -S^ 
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f: (41 £3). If we substitute now these values in the 
foregoiDg proportional equation, we then get 

(2341) 4- C(p: (3412) -f-/>^; (4123) 
(3412) + C^: (4123) + D^; (1234)) 
(4123) + C^; (1234) -fZ>^; (2341)) 
(1234) + C^.- (2341) +I>^: (3412)) 

and when we put the coefficients of these values of forms 
equal to one another 

The first equation gives B^aA, C^a^A, Di:±a^A ; 
and these values verify also the second, third, and fourth 
equations. We hive consequently 

/; (1234) = 
^s (12S4) + a^- (2S4l) + a*0.-(S412) + «»^:(4123). 



SECTIOU CLXl. 

PnoB. Solve actually the general equation of the fourth 
degree 

^-* - ^^ + jBj2 - Cj? + D = o 

undbr the tame conditions as those of the foregoing problem. 

Solution 1. We have seen in the foregcHng §, that all 
functions of the form ^ .• (1284) + a^; (2341) + 
o^^ : (3412) + a^ : (4123) are adapted to the solu- 
tion. If, for the sake of greater perspicuity, we put 



'V 
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^; (1234) =5x^ then 

/; (1234) = o/ + ax^^ + aV^^ + «V^ 

or, when we briefly substitute for a one of the primitive 

roots of the equation *^ — 1 =:= o, say -h \^— 1> 
/: (1234) = a/ - x^^^ + {,x'' _ j/^ ^/ - 1- 

Hence we obtain 

/; (2314) = a/^ - o;^ + {x^^^ - a/"") ^f - I 
f: (3124) = x^'^ -x^^ -^ {x/ ^x^r) ^ ^ \. 

% By 5 of the foregoing §, we . • . have 

9s:(a/-j/^'+(:K^'-^'')V'-l)*x (y^^+(^''-^OV-l)* 
+ (i^-i^^/+(:r^/.j/0 V-1 )*X (rr^^^V^+C^r'-^r'Ov^-l )* 

x(:t^'^-x^'+(a/-:r/'^)^/-l)* 

The ftmctions |?, ^, r, are evidently such, that each of 
them can only have a single value which is different, viz. 
that which arises from the one here given, when we 
substitute x/^ for 2^, and, vice versd, x/ for a/^ Conse- 
quently each of these functions depends on an equation of 
the second degree, which may be found by the method 
already well known from the foregoing §. As the subject 
contains no difficulty, and the calculation is rather diffuse, 
I shall dwell no longer upon it. 

3. In the preceding chapter we have seen, that in two 
homogeneous functions the value of one may always be 
determined from the value of the other by a rational 
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expression^ so long as we have to do with general equa^ 
tions. Consequently also the values of f, r may be 
found immediately from the known value o( p. Now, 
since p has two values, consequently the magnitudes- 
Pj g^ r may be determined in two different ways. Every 
such determination gives an equation 

K^'^pIP'\'qK'^r^o 
and we . • . obtain generally six values of K. If we put 
K=if : (1234), then the six values of forms, which 
correspond to these numerical values, are those which 
arise from the transposition of the first three roots 
(§CLX, 3); .-./: (1234),/.- (2314),/: (3124), 
/: (2134),/: (1324),/: (3214), of which the three 
first correspond to the three roots of one equation &r JT, 
and the three last to the three roots of the other. 

4. Let JSl^, K'^j K^'^^ be the three roots, which cor- 
respond to the values of forms/ : (1234),/: (2314), 
/ : (3124). If we substitute these values of ^ in the 
equation «* — ^ = o, we then obtain for t three values 
sJk^, sJk'', \/k^'\ and to these .-. the values rf 
forms/: (1234),/: (2314), /: (3124) correspond. 
Now, since/: (1234) = j/ + ax^^ + aV^^ + aV, we 
then have, including the equation a/+a/^ + a^^^ + y^ 
= A, the four following equations : 

jf' + aoiJ" + c^j/ + aV = \/k^' 
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8. If t7c multiply the three last by a^ find thefi add 
them to the first, we obtain, after divIdiDg by four 

and the remaining roots j:^, j:^'', j/^^, are all of the form 

aA + 6\/X^ + c\l K'f + d\/X/^ in which a, J, 
c, <Z, denote certain functions of a, which are different 
for each of these roots. 

6. It may now be shown in a similar way with that In 7 

§ CLIX, that the roots s/k^, \/K^^, \/X^^ must 
Ibe combined with the same power of a. For if we put 

then also must 
and 

because K^ in the first transposition is transformed into 
JfC^^j and in the second into K^^^, but a^ remains the 
same. Now I assert, that necessarily v = 3, since other- 
wise a would not vanish firom the value of x\ and conse- 
quently amongst the roots a/, j/^, x^^^^ there must be 
another of the form of the root x^^, because for a we could 
also have substituted the other primitive root of the equa- 
tion a:* — 1 = 0, We are certain .* ,, that 

X 

is a root of the given equation ; and we could also have 

2 Y 
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found the other roots, if we had given ourselves the trouble 
to solve the four equations in 4. 

SECTION CLXII. 

Paob. Find functions, which are fit for the scdutioh of 
the general equation of the fifth degree 

a:* - ^a^ + iBj^ - Cx2 + Ur — E = 
under the supposition, that we know not how to solve any 
other equation but those of lower degrees, and those of 
the form «* — Jr= 0. 



Solution 1. Arrange the 120 values of forms of the 
function t ^f: {12345) in recurring periods, as follows : 
(symbolical functions and brackets are omitted) 



12 3 

2 3 1 

3 12 


4 5 
4 5 
4 5 


2 3 4 5 1 

3 14 5 2 
12 4 5 3 
13452 
3 2 4 5 1 

2 14 5 3 

3 4 15 2 

1 4 2 5 3 

2 4351 

3 2 15 4 


3 4 5 12 
14 523 

2 4 5 3 1 

3 4 521 
2 4 5 13 
14 5 3 2 

4 15 2 3 
4 2 5 3 1 
4 3 5 12 

2 15 4 3 


4 5 12 3 
4 5 2 3 1 
4 5 3 12 
4 5 2 13 
45132 
4 5 3 2 1 
15 2 34 

2 5 3 14 

3 5 12 4 

15432 


5 12 3 4 
52314 
5 3 124 


2 13 

1 3 2 

3 2 1 

2 3 4 

3 14 
1 2 4 

•••••••< 

4 3 2 


4 5 
4 5 
4 5 

1 5 

2 5 

3 5 

t • • • • 
1 5 


5 2 13 4 
5 13 2 4 
5 3 2 14 
52341 
5 3 14 2 
5 12 4 3 

5 4 3 2 1 



Thus in the.first vertical column we find the 24 transpo- 
j»itk)BS of the four first roots arranged under one another, 
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in the same way as they Vfere in 1, § CLK. The tout 
following columns contain the recurring transpositions of 
all the five roots^ and in such a way, that in each hori^ 
sontal vow there is a period. 

2. According to this arrangement, the 120 values of 
forms of the fimctiony*: (12345) may .'.be generated in 
the following way. From the two values of forms, 

y.' (12345), f: (21345), which form a period of recur- 
ring transpositions of the two first roots, we derive, by 
recurring transpositions of the three first roots, the six 
values of forms, /; (12345),/: (23145),/: (31245), 

/: (21345),/: (13245),/: (32145). From these, by 
recurring transpositions of the first four roots, we get the 
24 values of forms which are contained in the first vertical 
column in 1 ; and lastly, from these again, by recurring 
transpositions of all the five roots, we derive all the 120 
values of forms. 

3. Let the five values of forms/; (12345),/: (23451), 
/: (34512),/: (45123),/: (51234), be the roots of 

the equation of two terms 

<*- jr= 

then JTis their product, consequently 

Jr=/: (12345) x/: (23451) x/: (34512) 
xf: (45123) x/: (51234). 
If, for the sakpqf brevity, we put K —f^ : (12345), then 
/: (12345) is a function such, that in all the recurring 
transpositions of the five roots, it remains the same, be- 
cause in each such transposition, one of the five factors, of 
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which it is composed, merely changes place with another. 
Consequently all the values of K include 24 times five 
equal values, and . *• this function can contain no more 
than 24 unequal values, and they are those which corres- 
pond to the 24 transpositions in the first vertical column 
in 1, and consequently those which arise exclusively 
firom the transposition of the four roots^ a/, xf'^ a/^\ j/^m 

4. The equation fort, which, taken generally, is. of 
the 120th degree, is consequently already reduced, by the 
introduction of the function JT, to an equation of the 24th 
degree. Each root of this last equation gives five values 

of t, viz. \/jr, a\/K, a^\/K, a^K, ol^s/K^ and 
• ' • all the 24 roots together give all the 120 values of U 

5. Since X = <* and t =/: (12345), then also 
K =/ .• (12345) =/: (12345)«. The 24 roots of the 
equation for iC are . * • no other than the results of the 
transpositions of the four first roots in {^f: (12345))^. 
We must now endeavour to reduce this equation. 

6. With this view I shall assume, that the four values 
of forms /; (12345), /; (23415), /: (34125), 

f : (41235), which together constitute a period of re- 
curring transpositions of the four first roots, are the roots 
i)f an equation of the fourth degree 

then the coefficients /i, f, r, «, are symmetrical functions of 
these four values of forms, and, consequently, in each re- 
curring transposition of the roots xf^ x''^ x/" xf % thqr remain 
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ihe same, because in each such transposition, one of these 
values merely changes place with another. Therefore they 
can contain no more unequal values than those which arise 
from the transposition of the roots j/, xf^^ x/'^ ; conse- 
quently six values. Therefore the coefficients p^ q, r, e, 
depend on equations of the sixth degree only. 

7. Since p, q, r, Sy are homogeneous functions, be- 
cause they all change only when the roots j/, a/^, j/^^, 
are transposed, we are .*. always enabled, from the 
known value of one of these coefficients, say p, to find 
directly the corresponding values of the remaining ones 
9, r, 5, (§ CXLIII). It is consequently quite sufficient 
to solve the equation for p. Moreover, the six corres- 
ponding values of p, jr, r, s, give six such equations as 
those in 6 ; and since each of these equations gives four 
values of X, consequently all the six equations together 
give the 24 values of JT. 

8. If we put ;>=///; (12345), then///; (12345), 

///; (23145),//; (31245),//; (21345),/; (13245), 

//; (32145), are the six unequal values of forms of 

p, which form two periods of recurring transpositions of 

the three roots j/, j//, j///'. I shall now assume that 

the three values of forms of the first period// ; (12345), 

//; (23145),//; (31245), are the roots of an equa- 
tion of the third degree 

j,3 _ pfp2 + j/^ — y/ = 0; 

.•./>/, q\ r/, are symmetrical functions of these three values, 
and consequently in each recurrmg transposition of the 
three roots x\ x^\ xf"y they remain the same. They 
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• *« can have no more than two differmt values, vus. those 
which arise merely from the substitution of %^ for x^^.v 
Besides, if j/ be found, then also ^, r^ may be found 
immediately, because these three functions are homo- 
geneous. 

9. Letp^=/^^• (12345), then//^- (12345), Z''^- 
(21345) are the only two unequal values of forms of 
this function. If . ' . we assume, that they are the roots 
of the equation 

then p^'', t][^ are symmetrical functions of the roots a/, 
dif'^ j/^^^ j/^, x^j and may consequently be expressed 
rationally by the coefficients ^, 5, C, 2>, J5, of the 
given equation. 

10. We have now .• . reduced the equation for ( of the 
120th degree to the following equations: 

I. (" --Kz=:0 

II. ^*-/>^3^5K2-rX + s = 

III. p^ — f^p^ + 5^jp — r^ = 

IV. y«-yy.+ 5^'' = o. 

Havmg found the equation IV, we obtain from it two 
values of ^ . If we substitute one of these values of p' 
in the equation III, and for 9^, r^, the corresponding 
values, we then obtain, by the solution of this equatimi, 
three values of p. Lastly, if we substitute one of these 
values in the equation II, and for ^ , r, #, their corres- 
ponding values, we then obtain four values of £, and 
from one of these values that of u 
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11. We now wish to inquire, how the function t must 
be constituted, in order that the five vahies of forms 
/; (12345), /; (23451), /.• (34512), /.- (45123), 
f: (51234), may be the roots of an equation of the 
form <^— X=o; for this was the supposition with which 
we set out. If this condition be fulfilled, we then must 
have: 

/; (12345) = af: (23451) =s a^f: (34512) 
= a^f: (45123)= ay.- (51234). 

Of this kind, however, are all the functions of the form 

: (12345) + a0 ; (23451) + a^0: (34512) 
+ a^^ .- (45123) + a^ji : (51234). 

Consequently all functions of this form are fit for the 
solution of an equation of the fifth degree, under the 
supposition that we are able, from the known value of this 
function, to determine the roots a:^, 3/^, 3/^^, x^^, x^. 

IS. But I affirm, that this last supposition is always 
correct, whatever Amction we may assume for 
; (12345). For since ^, in every recurring transpo- 
sition of all the roots, changes its value^ • * . it can have 
at most only twenty «four equal values, viz. those which 
are in the first vertical column in t. Now, since amongst 
these values there is not a single one which has j*^ in the 
first place,, consequently, these can only at the same time 
give the roots a/, a/^, j/^^, «'% but the root x^ would 
always admit of being determined rationally from t. 
Therefore, equations of the fifth degree may be solved 
in an infinite number of ways, smd we shall see in the 
sequel, that this is goieraUy the case with all equations* 
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13. Since/; (1234,5) =2 (/; (12345) )*, and Ji » 
/: (12345)+/: (23415)+/.- (34125)+/; (41235), 
then also, since we have put p =/^ ; (12345), 

/'; (12345) = (/; (12345) )« + (/: (23415) )« + 

(/; (34125))*+ (/; (41235))*. 

Further, since/ =/^- (12345) +/^- (23145)+/^.* 
(31245)=/^^; (12345), then also, when the requisite 
transpositions of the roots are made. 



//^• (12345) =(/ 

(/ 
(/ 
(/ 
(/ 
(/ 



(12345) )*+(/ 
(34125) )*+(/ 
(23145) )*+(/ 
(14235) )*+(/ 
(31245) )*+(/ 
(24315) )*+(/ 



(23415))* + 
(41235))* + 
(31425))* + 
(42315) )* + 
(12435) )* + 
(43125) )*- 



If in this we substitute z^ for x^\ we obtain 



///; (21345) = (/ 

(/ 
(/ 
(/ 
(/ 
(/ 



(21345) )*+(/ 
(34215) )*+(/ 
(13245) )*+(/ 
(24135) )* + (/ 
(32145) )*+(/ 



(13425) )* + 
(42135))* + 
(32415))* + 
(41325) )* + 
(21435))* + 
(13425) )*. 



(14325) )*+(/ 

Hence we see, that the two functions /^^ ; (12345) and 
/^^ ; (21345), taken together, give all the possible values 
of (/; (12345))*, which arise from the transposition of 
the four first roots, consequently all the unequal values 
of this function. Therefore, since //^ =/^^* (12345): 
+/// ; (21345), j/^ is a symmetrical function of j/, j/^ 
a/^'', j/% x^s which is obtained immediately firom the 
function (/; (12345) )*, when we take the sum of all 
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the values of this function, which arise from the trans* 
position of the four roots a/, oc!^^ oi/"^ 3/^. 

14. Further, because 5/^ =/^^- (12345) x/^^- (21345), 
we then immediately obtain the function q^^y by taking 
the product of the above two values ixxtf^': (12345) and 
f'^: (21345). Besides, it is evident, that both in ^^ 
and 9^^ the root a must vanish, because otherwise ( would 
have more than 120 values. 



SECTIOK CLXIII. 

Pros. Solve actually the general equation of the fifth 
degree 

^ - ^j;^ + 5x3 - Cx^ + i3x - £ = 0. . 

Solution 1. Since for ; (12345) in the foregoing §, 
we can assume any arbitrary function, in order •*. to 
simplify the calculation, I shall assume for it the root ^, 
and put <p : (12345) = a/. Then ^ ; (23451) = a/\ 
<p: (34512)=j/^^ <p: (45123)=a/% ^: (51234)=^''; 
hence 

t =/: (12345) = ^ + aa// + aV^^ + aV + a^x^ 

and . * . 

(/; (12345) )« = (x^ + ax^^ + a'^x'" + aV + ot^x^)^ 

to which expression we can also give, as in § CXL, the 
form 

{ax' + aH^' + «V// + «V -Vofxy. 

2. If we solve this expression according to the powers 

2 z 



354 

cf a, it has, for the reasons given in 12, § CXXXIX, 
the following form : 

and then 

r= [5] + 120[lT + 

+ Zo}x'x"'H'' +i"x"'^if'' +x'x"x'^ + a/'V^x" 
( +x'x"'x'^^-x"x"'x''» 

x«j//'x'^+ x'^'x^'V + x'V^y + x//«x'''x'»V 
+ x'»x/Wx''+x'''x//'*x'' ) 

5 (x'V + y'V^' + x^^'V + x^x"* + x/'-V) 
+ 1 (x^x"^ + x/^3/"^ + x'^^'* + sf'^x"^ + x^^^x*») 

/x^W + x'x^%''' + x'x"'x'^ + x^V^-'X 
+^^1 +x'Vx'' / 

/ y»x''*x'' + x^x"*x^"^ + x^x^^x"^ + x'V^x"' N 

/x^x^ W" + x'x' Vx"^ + x'x^'x^x^X 
"^ \ +x'.r/'«x^x''4-ir"V"x'^x'' / 

5 (x^V" + x^' V + X V* + x^'^x^^- x/^x"*) 
+ 1 (x«x"« + a/^x/"* + x'Sx'^ + x'/'»x''« + x"'^x'«) 
WV+xVV4V^x'-+x-^-x'-N 
\ +x"'x^x'^ / 

W'x- + x«x'-x-+x'x^-x-+x'-x^''x-N 

V +x''V»*r'' y 
5-0 1^3/' 3^" x'' + x/x/^y'V + x'y W«\ 

V ' +x'x//V"x*'+yVV''x'' / 
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5 (x' V + x'x"'^ + y^" + X^ V* + x^'x"*) 

r = 

5 (a/V + x'x"^-\-x"x"'* + ^' V* + a/''x''*) 
+ 1 (x'^x'"* + a/» + a/''3 + a//3^''2 + a/^«i'''3 + iJ/'^x"^-) 

■^^° V +x/s/'^x''^+x/"H'^x'' ) 

fi/*x^"x"'x'' ■\-x'x"^x"'x''+x'x"x"'*x''\ 

8. Now, if in the expression ^' + ^"a. + %'''a* + 
^"'c^ + %'ai\ ve perform all the possible transpositions of 
the roots a/, a/', a/", a;^'', and denote the sum of all the 
results thus obtained by 

we then find 

2;'=24 [4!] + 8 .20 [1*3] +8 ,30 [Ig^^ + Z*. 120 [l»] 
?//=6 . 5, tl4] + 6 . 10 [23] + 4 . 20 [l»3] + 4 . 30[12«] 

+ 6 . 60 [1^2] 

ajfuol for ?'", Xf\ V, the same values as for g". There- 
fore 
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V + Vol + v'oL^ + v'o? + r«* = 

because a + «* +a^ + <«* = [l] — 1 = — 1. 

4. But by 13 of tbe preceding § tbe coefficient ff' is 
the sum of all the values of forms of (/: (12345))*, 
which arise from the transposition of the four first roots ; 
we have . * . also 

p// = $^ + Xj'oL + ?''V- + ?'V + ? V = ?^ - V'^ 

Now, if we substitute for XJ^ Zf\ their values already found, 
we then get 

p^^ = 24 [5] - 30 [14] - 60 [23] + 80 [l«3] 
+ 120 [12^] — 360 [1^2] + 2880 [l*] 

and when for the numerical expressions we substitute 
their values taken from the annexed Tables, 

// = 24il«- 150 A^B^ IBOAB^-^-QBOJ^C 
— 250 BC - 1250 AD + 6250 E. 

5. By a method not much different from this, we may 
also find the coefficient q^\ Having, however, found j/^ 
and q^^, then the solution of the equation IV in 10 of 
the foregoing §, gives the value of p^. Having obtained 
p^f then we may also find the coefficients j/, r^ of the 
equation III ; and the solution of this equation gives the 
value of p. From the known value of p we may now 
again find the coefficients q^ r, «, of the equation I. But 
the calculations by this method would be extremely 
troublesome, and almost impracticable. I shall, in the 
third part of this collection, show how it may be short- 
ened essentially, and at the same time give the complete 



357 

solution of equations of the fifth, sixth, and seventh de- 
grees. 

6. Let K', K", K'", K'", be the four roots of the 
equation II, consequendy 

/'; (12S45) = K> ,f': (23415) = K" 
f: (34125) = K"',f: (41235) = X'". 

If we substitute K', K", K'", K'", for K in the equa- 
tion I, we then get for t fcur values \/ K'. V K.", 
V X^^/, N/ K^"", and the values of forms /; (12345), 
/: (23415), /: (34125), /; (41235) correspond to 
these values ; we . • . have 

/; (12345) = \/K^ ,/; (23415) = \/ K^f 
f: (34125) = \/K^^\ f: (41235) = \/ K^"". 

If we substitute here for f: (12345), its value a/ + 
a a/^ + a^s/^^ + aV + a^x^y we then get, including 
the equation a/ + j/^ + d/^'' + j/^ + j:'' = -4, the five 
following equations : 

a/ + a// + x^^^ -f x^"" Jt x"" z= A 

x'f + o^^^ + aV + aV + a*^'' = \/ K^ 
x^" + oa/*^ + «V + aV + aV = \/ K!" 

7. If we multiply the four last equations by a, and 
then add them to the first, since 1 + a + a^ + a^ + 
^=^[l]=o, we get immediately 
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- ^ + ^i\/K' + \/k'^ -f \/K''' + \/ K^) 



X = 

5 

and the remaining roots' o:^, x^^^ x^^\ x^, are all of the 

form (lA + 6X7 K^ + c\/ K'' + dv/ii:^^/ + e\/ J^^ 
in which a, 6, c, d, e, denote certain iVnetions of a^. 
Hence now we ma; cont^Iude, in a similar way ^s in equa- 
tions of the third and fourth degrees^^ that 

x^-^. = 

is a root of the given equation. 

8. Having . * . solved the equation II, we immediately 
have a root of the given equation, and the remaining 
roots may be determined from the five equations in 6, by 
elimination, if, after having performed the calculation, we 

merely substitute «%/ K^ a^K'', o^s/K''', u^x/K"^ 

for \/K', \/r'\ \/k''\ X/K'". 

SECTION CLXIV. 

Peob. Find functions, which are fit for the solution of 
the general equation of the sixth degree 

jfi^ Jjfi + Bji^'--Cx^-{- Da^-Ex + F=0 

under the supposition, that we know not how to solve any 
other equations than those of lower degrees, and those of 
the form <« - X = 0, 

SohUion 1. With th^ view of arranging th^ 1 • 2 • 3 . 
4,^.6=: 720 values of forms of/: (12^4^6) In a re- 
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Ctimng order, if we put the 120 values of forms in 1, 
§ CLXII, in a vertical column under each other, and 
add to each the root oH^' in the last place, wie then have 
120 values of forms, all of which end with d^'. From 
each of these, if we derive, by a recurring transposition of 
all the six roots, five others, we then get 120 periods, 
each consisting of six values of forms, consequently the 
720 values of forms of/: (123456). 

% I shall now assume, that the six values of forms of 
the first period /: (123456),/: (234561),/; (345612), 
/: (456123),/: (561234),/: (612345), are the roots 
of the equation 

<«--liC = 0; 
then — K is the product of all these roots, and hence 

— X=/; (123456) x/; (234561) x/: (345612) 
x/: (456123) x/.- (561234) x/; (612345). 
This product, however, evidently undergoes no change 
in each recurring transposition of all the six roots oJ^ o(/\ 
x^^\ a/^y x^y x^\ because in each such transposition, one 
factor merely changes place with another; consequently the 
720 failles of forms of K, tak'eii six and six together, are 
equal. Therefore K can have no tnorethdn 120 different 
vadues, and these 120 values are no other than thdse which 
have x^' in the last place, and which consequently arise 
imerely fifom the transposition of the five remaining roots. 

3. Since jK = ^, arid t =/; (123456), then also 
X= (/: (123456) )^ Consequently the function 
(/; (123456))^ caii have ho more diffident values than 



360 

•those which ' exclusively arise from the transposition of 
the roots a^, x'*^ x!'^^ j^, :i^. For shortness^ sake, I shall 
denote them hy^^: (123456), and assume, that the five 
values of forms/: (123456),/: (234516),/: (345126), 
/: (451236),/; (512346), which arise from the re- 
curring transpositions of the five first roots a/, x^\ x^^\ 
x'^^ x^f are the roots of the following equation of the 
fifth degree : 

then p, q, r, s^ u^ are symmetrical functions of the above 
values of forms, and consequently undergo no change in 
each recurring transposition of the first five roots. But 
since they also remain the same in the recurring. transpo- 
sitions of all the six roots, they consequently can contain 
no more different values, than those which arise exclu- 
sively from the transpositions of the roots a/, x^^, x^^^y x^. 
Therefore each of these functions depends only on an 
equation of the 24th degree. Since they are homoge- 
neous, it will be su£Scient to have determined one of these 
functions. 

4. If for the sake of brevity, weput j)=/^: (123456)> 
then/'' •• (123456) can only undergo a change when the 
four first roots are transposed. I shall now assume, that 
the four values of forms /^- (123456), /^- (234156), 
f^: (341256), /^• (412356), are the roots of the 
following equation of the fourth degree: 

p* — j/ji^ + q^jj^ — r^p + 5^ = ; 

then the coefficients />^, j/, r^, ^, are sjrmmetrieal func- 
tions of these values of forms, and consequently in eadh 
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recurring transposition of the four first roots they remain 
unchanged ; and since they ako remain the same in the 
recurring transpositions of the first five and of all the six 
roots, consequently^ amongst the 720 values of forms^ 
there are no more than six which are different, viz. those 
which arise exclusively firom the transposition of the three 
first roots x\ xf\ oif"* 

6. I put y =:/^^^- (123456), and assume that the 
three values of forms f" : (123456), f^^ : (231456), 
f: (312456), are the roots of the following equation of 
the third degree : 

. then j/^, q^^, r^\ are symmetrical functions of these values 
of forms, and consequently in the recurring transpositions 
of the three first roots sufier no change ; and since they 
also remain unchanged in the recurring transpositions of 
the four and five first, likewise of all the six roots, • * • 
each of these functions can have no more than two differ- 
ent values, viz. those which arise firom the transposition 
of the two first roots. 

6. If.*, we put y^ =/''': (123456), and assume 
that the two values of forms/^^; (123456),/'^ ; (213456), 
are the roots of the equation 

then the fimctions p^^\ ^'^ undergo no change in the 
transposition of the two first, three firsts four first, five 
first, and all the six roots^ consequently they are symme- 
trical, and • * . may be express^ rationally by means of 
the coefficients A^ B^ C, Dy E, jP, of the given equation. 

3 4 
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7. T)k equadoii for t, wfiicfar arigmdty was of die 
i^Oth degree, hmr oonsequently been reduced hy tkcse 
itfiic6^ive cfpetntionB to the following^ equation^ : 

; I, <« - X = 

li. K'^-pK^'i^ gK^-rk^ + 8k^u=zQ 

III. p^ — p^p^ + 5r/;>* — r^p + «^ = 

IV. p/3 -/ya + y^y - r^/ = 

V. /^ - p//y + j/// = 

wBibb lire s6 constituted^ that the ooeffldeats of earir ^ 
them depend on the sbliition of all the feDdWh^' tui- 
tions. The equation V gives two values of p^^y .*. the 
equation IV six valules of p/^ cohscqu'ently die equation 
III M values of p, atd •«• the equation II 1SX> vidtLte 
of Ki consequently the equatioAr I 720 valuei of I; 

8; THei^fo^^, iftfi^ ftindtioii t he stteft, tft^ the VdH^s 
of fiSrtts /; (i 25*56), /: (2*4^1), /* (M56i2), 
/: (45611^^),/; (5«i«i*), /: (6<2*44), kite tftb itibfa 
iff the el^iiafitei f^^K^z^, corisequ^tly k iSd^^ysflt 
for the solution of an equation of the 6th "ik^jt^ Bdt 
nothing more will be required to effect this, than that 

/; (123456) = af: (234561) = »«/: (S466ia) 
== ay.- (456123) = a^f: (561234) ^ a*/: (6iaS45) 

when a denotes at ^prhriifivB rodt ctf file elation <^— 1 =0. 
fiHitI allf;§fA6doM of tb^ Brm 

'f .• (1234^6)+ a^ ; (23456l) + a^^ ; (3^5^12) 
^ + i^^ ; (4i6i'23) +«V ' <5Bl2S4) + «*^ ; ^S^iiiMS) 

^^reof.this nature. Consequently adl funoti^fll of tlvs 
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IdqA are fie tqx t^e ^QJtutipQ of «)g[ja^tibn$ joS ^^e^ fit^ 
dfff^. Besides, ^is d^ ^ot .bjB a^rehen3iye ^qf nqt 
l^^g ^e to i^fiilierinii^e tl^ root^ of the ^yc^ iBq\i{itipn 
fyim ii^e fi^nctiqns.; ^for, 4nce i^e .e9\i9l vftluQ^ ;0f iqrjQ[^8 
ftf /; (1^^A|56), if ipdeed it should [hayp anjr, c^w^p^ly 
be lfom4 an^osgst ihqsie :wJUpt have x^^ in .tl^e Ja^t plaoe^ 
(ons^eq^ezM^jr ;r^^ icaxmot be ^xpopgst ^he roots, w^icih 
0Qn»sppp4. to |th|e a^nal yaI,UQ3 of t^/: .(^2di&56), and 
«^.9 ibjT (^e foi^egoing chapter^ ^l^s root f^t ^t viust be 
det^iEiv^ed from tljie kiiiaFn ;y(^lRe x)f t bjr .» r^tjionfd 
expr««i|ioii. 

S-fiCTiON €LXV. 

FiiOB. To solve actually ^e gen^fil eg^fi|iqn .^ jt{ie 
f tih degree :in the foregoing §. 

Solution 1. If, to facilitate the cqpocatlcm, jvr.e |>]at 
^; (123456) =a/, then 
/: (123456) = a/ + oj/^ + o^y^^ ^ ^Sj^/k ^ aV + ^Sj^F/^ 

We have .-•• 

/; (123456) = (/; (123456) )« 
= (^' + ax^^ + afia/^^ + cfix^'' + c^x"" +.ofix''y == 

This transformation was performed 9iere]jr in prder to 
make the^hes over.x agree with the powers of (ij by 
Whi^h-meaiis the solution of the .polyno^iial is rendejred 
more easy. 

2. By 2 of the foregoing §, f^ ; (123456) is.tbe.SiJ^ 
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of all the results which are obtained from the recorring 
transpositions of the five first roots inj^: (123456)^ con- 
sequently also the sum of all the results, which arise from 
the transposition of the five first roots in (/: (128456) )^ 
Further, by 3 of the foregoing §,/'^- (123456) is die 
sum of all the recurring transpositions of the four first 
roots inf^: (123456), consequently also the sum of all 
the recurring transpositions of the four and five first roots 
in (/; (123456) )«. By 4,/'' ; (123456) is the sum of 
all the recurring transpositions of the three first roots in 
f^^: (123456), consequently also the sum of all the 
recurring transpositions of the three first, four first, and 
five first roots in (/: (123456))®. Now, since by 5^ 
///=/''; (123456)+/^ .-(21 3456), .'. also/^^isthe 
sum of all the recurring transpositions of the two first, 
three first, four first, and five first roots in (/: (123456) )®, 
consequently the sum of all the values, which are 
obtained from this frinction by the transpc^ition of the 
five first roots. 

3. In order .*• to find the coefficient ff^^ we must first 
solve the power 

this solution, since a®=l, a^=a, <c^=a^, &c. assumes 
the following form 

V + t/'a + z/f^c? + ?/ V + vc^ + rv 

in which i:\ V\ V", ?'^ V, V'. are functions of a/, 
a/^, a?% a/% a?'', x^'^ without a. If we then perform the 
120 transpositions of the roots j/, x'^y x/^\ a/^, x^'<, then 
the sum of all the results thus obtained, gives the coeffi- 
cient p 



/// 
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4. Further, if we multiply the two functions /"^^ : 
(123456), f'*: (21 3456) together, we then obtain also 
the coefficient f^^'* The equation V of the foregoing §, will 
then give the coefficient 'p^^ ; and having found this, we^ 
may directly find 5/^, r^' by the foregoing chapter. Now, 
the equation IV gives the coefficient |/, . • . also 5/, r^, «^, 
and lastly the equation III gives the coefficient j7, and at 
the same time also the remaining coefficients of the equa- 
tion II. 

6. Let K!y K^'y JST^^ X^^ K\ denote the five roots 

of the equation II; then x/jT^, sJk'^, sJ K''\ 

\/ J[^% \J K^y are the five values of ty and the values 
of forms /; (123456), // (234516), /; (345126), 
f: (^^51236)yf: (512346) correspond to these values; 
we .*. have the six equations 

a/ + ^/ + ^//+ 0/''+ jr''+ x'''= A 

jJif +ca/y + o?x'' ^c^x' -V aV^ + ol^x'^' = \J K'f' 

^r ^ ax^ ^ o?o^f + ^^// + aV'' + tf^o?''/ = \/jP. 

. 6. Hence now, when we multiply the five last equa- 
tions by a, and add them to the first, we immediately 
obtffib 

JO SSC ■ ■ ■ — ^■^— ■ ■ I I » I I » ■ I I ^-^^-^ 
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and wAienA for tiie<sanie reasons as in theoise jo[ loirer 
equations, we put df\/ K\^\/lP^,x^\/K^^,(J»\fw^^ 

a^x/K^, ftr v/ir, \/K''y "s/k^'^ s7s:^% \/J^^ 

so that a vanish, we get a root oF the given equation 

a: g 

and we obtain ij^ r^ipi^imqg ones ii:om .thc.ajjpy^ >i^ 
equations by elimination. 

Pbob, Bolve^he general equation df the ^th degree 
ar» - ifj:^-* + JSa?^ - <}3f^^ + Ac. =? 0. 

iSclhititm'l. Lete 3=/; '(L3'S4f5 n)(be'afuiiqtion 

of such a nature, that the n values df '^rns^ which arise 
frotapi therrecufringtrapspositiop of.pll t)ie niroots, 9^ the 
rc!0ts\df . the ^equation 

r — JST = 0. 

Since, then K is the product of all these values of forms, 
Itinust consequently remain thesame in all these -^ans- 
poinitiQns. Therefore >its values of fgrms, 1 ..^2 ..3 . 4 
^^••y.'^n, taken n and n together, are equal. Hence it 
follows, that iC'has no more than 1 • 2 • 3 • 4 ......rn— 1 

different values, and that these values are those which 
arise ex6lui^ively firom the transposition df the n — 1 'first 
roots. 

\ 18. ,8ince .*. K still v^pen^ .oft an e^u^tipn X tjie 
1 • 2 • 3 • 4 n — Ir'th degree, we must consequently 
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^dea^i^ to reduce this equafiidi^ T(^ effiral th% 1 p«t 
K =/" : (1«S45^ *...*. li), attd- astnime thift« the )fc -* I 
values of forms of this function trhich iftrise from a recur- 
ring transposition of the n — 1 first roots, are the roots of 
tltte feUowing equation : 

X"-* = pX-* + qK"^ - rK^ + &c. = 0. 

Then' th^ coefficients p, q, r, &c. are symmetrical functions 
of thdse values of forms, and consequently in tke recurring 
transpositions of the n — 1 fi^rst roots remain the s£lme. 
But sinbe they also undergo no change in the recurring 
tr^spositions of all the n roots, because by that means 

/: (1S34 /i)" 6u£Pers na change, comSeqxiently only 

those of their values are difiPerent, which ariae from the 
tra&sposkien of the n-^ 2 first roots. Therefore eaeh of 
thei^ codicients has only 1 .24^.4 w... n -^ fit diffisr- 
€At values^ anfd consrequently eadh of them depends on 
an elation of the 1 . 3 . 3 < 4 •..4.. fi-^2th degree only. 

3. Since it is quite suffident to have found p, because 
Pf qj r, &c. are faomc^eneoui ftmetionsy I shall put p ^ 
f t (12345^ ...... n)^ and assume^ tha* the » «-* 2 Values 

of fcMmas of this fbnctioii, which arise from, tt recmxiag 
tvanspositidn of the it ^ d first lootsf, are the roots of the 
equattoii 

p*-* — j^l)*-* + ^f^^T^f-^ + &c. at 0; 

tliett pfy /, t^, kt. ftte symtfi^trical fiinatioiid of these 
fftbi^sl, iiHd they . ' . i^m^afn the satne in the f ecutting trans- 
positions of the n — 2, n — 1 first roots, and also of all 
the n roots. Therefore these coefficients have only 
1.2.^.4 ...... ^^3 differetft vajtue^s^ vin. thoise which 
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ans6 from the transposition of th^ n -> 3 first roots, and 
they consequently depend only on equations of the 1.2. 
S . 4 It — 3th degree. 

4. In a similar way we successively form the equa- 
tions 

p//-- * -.j///p//«-4 + j///p^/-6 - y^//p//«-l + &c. = 

&c. 

viz. the first firom the recurring period of the n — S first 

roots of the function j/:=f^^^: (1234 n); the 

second firom the recurring period of the it — 4 first roots 

of the function //^ =^J^^: (1234 n) ; the third 

firom the recurring period of the n — 5 first roots of the 

function jj'^ .z=zf^ : (1234 n) ; and so on. We 

continue this operation till we arrive at an equation of 

the second degree 

• (p(— ♦))» — pC-3)pC— 4) + j(-3) = ; 

then p^•~^^ 5'^""^ are such fiinctions of a/, a/^, j/^^ 

... ^^"^, as remain the same in the recurring transposi- 
tions of all the n roots, also in the recurring transpositions 
of the n — 1, n — 2, n — 3 first roots, and so on, and 
likewise of the two first roots. They .*. undergo no 
diange in all the transpositions of the roots, and conse- 
quently they are symmetrical. Therefore they may he 
expressed rationally by the coefficients of the given equa-- 
tion. 

5. We consequently have a series of equations 



369 
jfiT-* - pK"^ + j/iT"-^ - rK--^ + &c. = a 

i/*-« ^p^/p/'^ + 5^y«-5 — r^y "-S + &c. = 

which are so constituted, that the first coefficient of each 
depends on all the following ones. Now if the first 
coefficients p, p^ p^^, p^^^^ &c. are found, then also the 
remaining ones gr, r, &c. 5^, r', &c. jf^^, /^, &c. &c., may 
be found by the foregoing chapter. 

6. It only remains now to assume for t ^f: (12345*. • 

n) a function^ such^ that its values of forms, which 

arise from the recurring transposition of all the n roots 
a/, o(/\ x/^^y &c. may be the roots of an equation of the 
form r — K = 0. With this view, we assume any 
other function 2r =: ^ : (12545 ...... x) at pleasure. Let 

z!, 2/^ ^'^y z^, sr^"^ denote the values of forms of z, 

which arise firom the recurring transposition of all the n 
roots, and a a primitive root of the equation ^ — 1 == : 
assert, that then 

t^zf ^az^^ ^ 0?%^" + o?z^ + + a'^^^"^ 

is always a function of the required property. For since 
in this function, in each recurring transposition of the 
roots a/, a/^, a/^^, &c., the values of forms 2/, 2/^, z'"^ 
zf^j •••••• js^"^ are in like manner transposed in a recurring 

order (for by these means z' changes place with 2^, zl^ 
with z'^\ zl'^ with z!^, and so on, lastly «^"^ with »^), there- 

S B 
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fore the function (, in the recurring transpositions of the 

roots x\ xf^^ x^'\ &c. has the following values : 

</ =:zf ^asf' -{•o^z'^'^-aH'^'-V +a«"-'V"^ 

(//=2//+a5/^/ + a2;8^ + aV + +a«»-V 

e///=r^// + a2^+aV+«V^+ ^-a^^-V 

<^=2^+a«^ 4.a2^F/^^3^//^ 4.a('*-'V/^ 

&c; 

and we immediately see, that t!^ = a*~'<^, i"^ = a"~^<^, 
^/p = ar^i\ and so on. Therefore the functions t^ <^^, 
<^^^, &c. have exactly those relations which they ought to 
have, in order that they may be the roots of an equation 
of the form ^ — iST = 0. 

7. That the value of the roots 2^, x^'^ x^^\ &c., may 
always be determined from the known value of the 

function z^ + az'^ + aV^ + aH^ + + «""¥"* 

let the function z be what it may, appears from this, that 
the root x^"^ never can correspond to the equal values of 
this function, if it should have any, because these equal 
values must necessarily be amongst those which arise 
from the transposition of the »— 1 roots x\ x"^ x'^'^ x/^, 

:c^"""*\ Consequently this one root at least may 

always be determined from the known value of t, without 
solving any equation. But then the remaining ones may 
also be found, when the solution of equations below the 
nth degree is pre- supposed. 

S. There&re all equations may be iimiid in num- 
berless ways. If, in order to make the caloiilatimi mckre 
simple, we put z = x, we then have 

t = x^ + ax^' + «V// + aV + + a"-'x^"^ 
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Hence we immediatelv obtain 

it 

Ji: = r = (r' + ax^^ + aV^^ + -f a^-'jc^"^)' 

9. Now, in order to solve actually the given equation, 
we must first of all endeavour to determine the coeffi- 
cients p^"""^^, q^"*^^ of the last reduced equation in 4. 
Since p is the sum of the n— 1 values of forms of K^ 
which arise from the recurring transposition of the n — 1 
first roots, and ff again the sura of all the values of forms 
of py which arise from the recurring transposition of the 
n — 2 first roots ; consequently, also, p^ is the sum of the 
71— 1 .n— 2 values of forms of K^ which arise from the 
recurring transpositions of the n — 1 and of the n — 2 
first roots. Further, since p^^ is the sum of the n — 3 
values of forms of p^, which arise from the recurring 
transposition of the n— 3 first roots, .*. also j?''' is the 
sum of the 71— 1 .n— 2 .71— 3 values of forms of K, which 
arise from the recurring transpositions of the ti- 1, 7i— 2, 
and 71—3 first roots. If we proceed further in this way, 
we then find that the coefficient p'"^^^ is the sum of all 
the 71—1 .71— 2.71— 3. ...3. 2 values of forms of iiT, which 
arise from the recurring transpositions of the 7i~ 1, ti— 2, 
71—3 roots, and so on, lastly, of the two first roots, or, 
which is the same, that ^^"-^5 is the sum of all the 
1.2. 3. 4. ..71—1 values of forms of -ff, which arise from 
all the transpositions of the 7t— 1 first roots. 

10. In order, therefore, to find the coefficient p^'^^ 
we must in the first place solve the expression for K in 8 

{d/ + ax^' + a^x^'^ + o?x'^ + + a"-V"0 
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according to the powers of a. This solution, since 
«• = 1, «•+* = a, «•+* = a% &c. will then have the 
following form : 

g + r^a + g^/V + rV + + r*'a?-'; 

in which 5^ ?^^ 5^^^ S^"^ are certain functions of a/, 

j/', ti'^^^ '2?^'^» Now, if in these we transpose the roots 

j/, a/\ x'"y x^*~*^ in all possible ways, while o:^*^ 

retains its place, and then add the results together, we 
obtain an expression of the form 

XJ + XJfa + V'^o? + $/ o^ + ... + 2^V-«' 

which, since it is the value of p^""^^, is necessarily sym- 
metrical with reference to the roots a/, x^'^ x/^* a7^^ 

and . * • may be expressed rationally by the coefficients 
Ay By C &c. of the given equation. 

11. In order to find the coefficient q^*~^^ of the last 
equation in 6, in the expression S^+?^^a + S^^^a* + .- 

4.g(«y«-i) complete the n.n— l.n— 2 3 recurring 

transpositions of the n^l, n — 2, n^Sy and so on, first 
roots, exclusive of the two first ; then substitute a/ for x^^^ 
and again make the same transpositions. Now, if we 

multiply the sum of the n . n — 1 . n — 2. ..3 first 

results by the sum of the n .n — 1 .n— 2......S last, we 

then obtain a symmetrical function of x\ x'^y j/^^,...a:^"^, 
which will pve the value of y^*^^ expressed by the coeffi- 
cients Ay By C, &C. 

12. If we write the reduced equations in 5 backwards. 
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we have the followiog series : 

• •••••••••••• ••••- 

K^' - plT'-' + qK^ - rJS:-* + &c. = 

f - i^ = 0. 

Having found the coefficients j}^*~^^, j^"^^ by 10 and 11, 
then the solution of the first equation ^ves the coefficient 
p(»-4) Qf fj^Q second equation ; and by the foregoing 
chapter, we may hence immediately determine the values 
of q^'~*^ and r^""*^ by rational expressions, because p^^^\ 
^*^^ and r^*^^, are homogeneous functions. The coeffi- 
cients of the second equation are consequently fully 
determined, and its solution gives the coefficient p^*^^ 
of the third equation ; . * . also, as before, the coefficients 
j(»-5)^ ^(0-5)^ ^(«-6) . g^jj^ ^ijg solution of this last equation 

again gives the coefficient p^"^^ of the following equation. 
If we proceed further in this way, we at last find the 
coefficients p, 9, r, &c. of the equation for K. 

13. Let K', K', K'\ Kf"" K^'\\^ then^l 

roots of this equation ; corresponding to these, as we have 
assumed in 2, are those values of forms of K^f: 
(1234. ..n), which arise from the recurring transposition of 
the n — 1 first roots. Each of these values of K substituted 
in the equation f— 1?= 0, gives n values of <, consequently 
all together they give n . n— 1 values of t ; and these are : 
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\7jS:^ a\/K\ c?\/K^, a^'\/K' 

Vk^ «\A^ o?\/K'\ a^'\/K'f 

\/K''\ a\/K''^, a^\/K''\ a*-»\/li://^ 

and corresponding to these are the n . n — 1 values of 

forms of t =y.' (1234 w), which arise from the 

recurring transposition of all the n and n— 1 first roots. 
These numerical values of the fiinction t have such a 
relation to the values of forms of y.* (1234 n), that 

if we puty.* (1234 rC^^a^Sj K\ the remaining »— 2 

values of forms, which arise iromf: (1234 n) by 

the recurring transpositions of the n — 1 first roots, cor- 
respond to the numerical values a'\/jK^^, a^^/ K^^\ 

a^S/ K^^f a^SyX^"^^^. Now since we have assumed 

that t^x^ + axf' + o?x"f + o?j/^ + + a^'x^''\ we 

have •*. the following n equations: 

yJf + o^// 4. a V -f . . . + a-^^a^ + a^*a:^«> = a'sj K 



// 
/// 



14. If we multiply the n— 1 last equations by a, and 
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then add them to the first, we obtain, after dividing 
by w, 

arC-) == ^ 4- f^ (>yx/ +aX^^ 
n n 

and the remaining roots are all of the form 

aA 4- IsJk' + (SJk' •¥ d\/ K'^' + ... + 1\/k^^'^ 

in which a^ b, £, d, I denote certain functions of a. 

But since these roots must always remain the same, 
whatever primitive root we substitute for a, .'. amongst 

the remaining roots a:^, 3i/\ j/^^, x^""*^ there must at 

least be another, which has the form of the root x^"^ ; and 
since this is not possible, a must quite vanish from the 
value otx^"^ already found, and .• . a*"*"* = on = 1, conse- 
quently V = » — 1 . Therefore 

x = '^ + l{\/K'+\/K'^+\/K''''h ... -{-S/K^^'^y 
ti n 

is a root of the given equation, and the remaining ones 
may be determined from the equations in 13, when we 
substitute in them n — 1 for v. 

Remark. The solution which I have here given, has 
only this one fault, that we do not by its means obtain 
all the roots at once, but only one, and that the remaining 
ones must afterwards be sought by a very troublesome 
elimination. I shall .*. give another solution, which 
has not this faulty and in other respects also is perhaps 
preferable to the former one. For the sake of perspicuity 
I shall begin with an equation of the fifth degree. 
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SECTION CLXYII. 

Peob. Solve the general equatum of the fifth degree 
j^ ^ Jx^ + Br^ - Cx^ + Dx ^ E = 
so as to obtain all the roots at onoe. 

Solution 1. As in the preceding §, let<^— JT^Obe 
the equation fiir the recurring period of all the roots of 
the function 

t^zx" +ax^^ + o?x'" + c^x^"" + c^x"" 
then 

K^i?^ (xf ^ ax/' •\- a^xf'' '\' c?xf'' ^ o^sT)^ 
or also 

K^ {ax' + a^xf' + o?x/" + a^xf^ + x^ 

and K can have no other unequal values of forms, as we 
have already seen, but those which arise firom the 24 
transpositions of the four first roots. 

% Thus far all is the same, as in the foregoing solu- 
tion. But further, instead of forming the equation 

as heretofore, firom the recurring period of the four first 
roots, I shall now assume that it has the four following 
values of forms for roots : 

[axf + o?x^' + o?xf" + o^x/"" + x^^ 
\o?x/ + M' + ax/" + o^x'"' + xO» 
{p?3/ + ax" + o^x"' + o?x''' + a?0* 
{pt^x/ + o?x/' + o^x/" ^ ax/'' •\' x^^ 

the three last of which are obtained fi'om the first one, 
when in it we substitute successively a^, a^, a^ for a. 
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3. In these four values of K, 3/^ is always combinecl 
with another power of a, and .*. all the 24 unequal 
values of K may be derived from these, merely by per- 
muting the roots x^^ od'^ o(/^\ Thus, if the roots x{^^ x^y 
retain their places, and we merely permute the three first 
roots, then each of the above tft^ ^lues of forms gives 
five new ones, and consequently all together give the 24 
values of JST. 

^ 4. Since the coe£Gicients p, 9, r, «, are symmetrical 
functions of the four above-mentioned values of K^ . * . 
these functions undergo no change, either by the recurring 
transposition of all the roots, or by the substitution of a 
for ««, a^, a*; and consequently they can have no 
more unequal values than those which arise exclusively 
fi'om the transposition of the three first roots a/, x^^^ x^". 
Therefore these functions depend on equations of the 
sixth degree only. 

6. Consequently, if we put p ^f: (12345), then 

/: (12345), /; (23145), /; (31245), /: (21345), 

f: (13245), f: (32145), are the six values of forms 

o(p. NowUf we assume that the three values of forms 

/: (12345), /•• (23145), /; (31245), which arise 

from the recurring transposition of the three first roots, 

are given by the equation 

then the coefficients p\ 5/, r^, are such functions of a/, x/^, 
x/'\ x/^, x^^ as can only have the single value, which the 
substitution of x/ for x/^ pves. Therefore p* (and the 

3c 
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MUne obtftins of q[ dnd r^) has no' more Uneqdal Valii^s of 
fetttts than the two/^ : (12345),/^ : (21^45). There- 
fore f/ depends on an equation of the second 'dejpiee 
dnly. 




6. Let ''S 

be this equation ; then j/^, (('^ are symmetric fiiti^la^ns 
of a/, x^'i x% a/^, a;*', and consequently may be ex- 
^es^ rationally by the coefficieiits Aj 'B^CyD^ £ of 
the giv«n'€iqxiation. 

7. Wteii5t7'have the ihree^feUowing ieqtiafibns : 

jp/2 — jt/y + V^ = 0. . 

"the last pves the value of//, from wnich, by the fore- 
going chapter, the coe£Scients ^5 / may ^be determined. 
The solution: of the second equation again will give the 
<xyefficient p ; and from this again we m^ find the c^ffi- 
cients q, r, s. I^ow, by^solvingthe first eqtcation, -we 
bbtain four valued dfX, 

•8. Let K', 'K" K'", X''', be these fonr ValueB, we 
then have the Four Ibllbwiiig equatiittis (3) : 

(« x' + c?x" + «V" + c^i^ + af )» •= Rf 
ie^x' + *♦«" + ca"^ + «»i^ •+ ^ = iS'' 
(*V ^- .«r" + -<**^'' + -W^ + •^)» -= «K''' 

'>If 'we ^extract the 'fifth Moot firom -both tparts of tboie 



// 
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equations, we then have, including the equation xZ+x/' 
+ a/'' + 'xC + 3^ = J, , ' 

y+ x" -h 3/"+ ^+X''=jf 
ax" + «V + e^x^'^ + a*x!^ -+(</= \/K! 

o?3/ Jf ttx/' + a^x'" + a^x^ + a'' = V^A^'^ 

9. If we add.these equations together, we theniobttlitt^ 
since 1 +« + «« + «'+ a* = ^[1] = 

If we.iqultoly the second W «*» th^ third bvra^, the 
fourth by o^, the. fifth by a, and thei^, ad^. tljem to the 
firsts we obtain 

If we multiply the second by a^, the third by of, thd 
fourth by ^, the fifth by a*, and then add^btm'to'the 
first, we obtain * ' 

If we multiply the second by a^, the third by a*, the 
fourth by a, the fifth by a?^ and then add them to the 
first, we obtain :■■.•.'. 

Lastly, if we multiply the second by a, the thjird by af , 
the fourth by a?, the fifth by a\ and then add them to 
the first, we obtain 
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10. If we inspect the values of the roots a/, a/', x^^\ 
x^^f x^y as they have been here found, we shall imme- 
diately observe, that if in any one of the four last, we 
substitute successivdjr-'iht^, o^, a\ o?^ for a, we always 

obtain the other four. Therefore, all the roots of the 

. . . ^ 

given equation may t|p comprehended in the following 
expression : 

:r = H^ + °\/^' + o?\/Kf^->r a^K'''+ a*\/K^O 
when by a we suppose each root of the equation :r^ — 1 . 

11. I shall only further remark, that in this solution 
the root a must certainly vanish in the coefficients p^ q^ 
r, s. For, since the functions K', K'', K''\ X^% in 8 
are such, that in the substitution of a for o^, o^, a^, con- 
sequently for the remaining roots ft y, S, of the equa- 
tion x^—l =0, they merely change places ; . • . the 
coefficients p, q^ r, 5, as symmetrical functions of X^, 
Jif\ Kl'^i K!^^ must also remain the same in thiss sub- 
titution, and consequently must be symmetrical func- 
tions of a, ft y, 8; .'.5 by the fifth chapter, are 
rational. 



SECTION CLXVIII. 

Pros. Solve the general equation of the undetermined 
nth degree 

xT - Ax"^' + Bx"^ — CoT^ + &c. = 
in such a way, that all the roots may be obtained at once, 
and yet under the supposition that n is a prime number. 
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Solution 1. As in § CLXVI, let 

t = a/ Jf-ax"^ + c?j/^^ + a"-^x<"^ 



• • 



X = r = (j^ + oa/^ + aV+ +a'^V"y 

or, which is the same, 

The fiinction £, as we have abready seen in the above- 
named §, is then such, that it remains the same in the 
recurring transpositions of all the roots x^^ o/^, j/^^,...a7^% 
and consequently can have no more unequal values than 
those which arise from the transposition of the n— 1 first 
roots. 

% In order to find the 1 . 2 . 3 ...n — 1 values of forms 
of the function X, which arise from the transposition of 
the n— 1 first roots, we first substitute a^, a^, a^,...a*"* 
for a ; hence there arise the following n— 1 values : 

{ax^ + aV^ + aV^/ + ...... + a""*^^"-') + a:^«J)" 

{a?x^ 4- aV^ + aV^/ 4 + a'-V'-'^ + x^'^^Y 

(o^j/ 4- a6^// -I- aV^/ + + a»-V*-*^ + a:«'0" 

(a»-V + a""^a/^ + a'^a//^ + + ar^"-*> + a:^"^. 

Since in all these values of forms, because n is a prime 
number, the same powers of a occur, and in each the 
root a;^""*^ is combined with another power of a ; it is . • . 
evident, that we obtain all the values of Ky when in 
these n— 1 values, we permute the roots a/, cr^^, a/''^,,.. 
...x^"^^ in all possible ways, but let the root j:^*"*^ 
retain its place. Each of these values then gives (in- 
cluding the one under consideration) 1.2.3 .n— 2 
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values^ and consequently- all tog^Ue? g%y^ aU tb? ajjgve 
1.2. 3...n-«-l values of ^. 

S. Now if we assy me that the n-r-l values in 2 are 
the roots of the equaUon 

consequently, by the fifth chapter,^ the roo^ a must vanish 
in the coefficient sp, q^ Vy ^c. ao^ they . * . remain the same 
when p( is substituted for a^^ a^, a\ .%. a"~^ Hence, 
however, it necessarily follows, that thes^ coefficients can 
have no mor^ unequal values thaiji those which arise from 
the transposition of the n— 2 roots j/, x"y j/'^^,...a:^"'"'^. 

4. Since .*• the coeffioieii^ts,/?, ^, r, &c. have no ipore 
unequal values than those which arise from the trans- 
position of the n— 2 first roots ; consequently ^hese are 
similarly circumstanced with the coefficients mentioned 
in § CLXVI. Thus the equation of the 1.2.3... 
...n— 2th degree, on which the Coefficient j> depends, 
may, by the uhioh of ' tho^e of its values which arise 
from the recurring ' trarispoisition of the n— 2 first rodts, 
be reduced to an equation* 

whosQ coefficients |/, 5^, V> »c. only depend now on 
equations of the 1 . 2. 3...n ^ 3th de^^e. Further, the 
equatipn for p^, by uniting its values of forms, which 
aris^ from the recurring transposition of the n—S first 
roots, may be redi^ced (o an equation 

whose coe^ci^ts p^\ ^^, v^\ ^u. qply dppend o\x equa- 
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tions of the 1.2. 5...n — 4th degriee, dnd so oki, tiB We 
come to an equation of the second degree. 

5. Having determined the values of the coefficients 
Pj qy r, &c. by the solution of all these equations sue- 
cessrvety^ and- by means of A« ftiregoing cbapta*, theti 
the solution ^.the eqtiatioii. Jt*^* -^pK!^^ + &o. ::t:^i, 
gives w— 1 y^Jues of K^ which I shdl vdenote by K^y K''^ 
Kf^\...,..K^'''^\ The « — 2 vcauite in 8 «corl»spofid lo 
these values ; we . *. hav^, th^ foliqwing n — 1 equa- 
tions: 

{pa^ + aH'^ + + a"->x<"-'> + a:W)« = K! 

(^V + aV^ + + a-V-') + ifW)- = K'f 



i •.. 



6. Byjextracting the nth root th^e arjse the following 
equations^ ••---/'*. ; '. 

^:c< -h aV^ + «V// + + .a^(«> = \/jr// 



* 



If we multiply the second equation by a'^^ the third by 
a^% the fourth by a*~*, and so on, and then add them 
to the first, we get 

no/ = ^4 + drWK' + a'^WK'' + + a^/JP->\ 

If we multiply the second 1)y a!^, the third by a"^, the 



384 

fourth by a"~~^, and so on, and then add them to the first, 
we get 

In a similar way, we further find 

nx^'' = ^ + oC'-^'sJ K'-^-o^K^'-^- +a\/^«'^> 

&c. 
Lastly, if we add all the n equations together, we get 

nx^-^ = ^ + \Jk' + \Jk" + ... + \/x'^'-'>. 
It is readily seen, that we can derive the values of x-'y 

a/^^y x'^y 0?^"^ from the value of a/, by substituting 

in it a% a^, a*, «"(=!) successively for a, conse- 
quently by substituting for a all the roots of the equation 
J?"— 1 =0. We . • . have the following general expression 
for the roots of the given equation : 

X = i-( J + a\jK' + a^sjK^' + + a- V^^""''- 

Remabk. When n is a compound number, then 
indeed, for the reasons given in 1, § CXXXVII, this 
method is not applicable ; but for this case, I shall in the 
Third Part give a particular method, which has thi& 
advantage besides, that it is much shorter. 



T. C. HANSARD, PatenuMter-Row Presn. 



ERRATA. 



The author has in the original designated the sum of the roots of an 
equation, the sum of their squares, cubes, and in general the sum of 
their /c«th powers by the symbols [IL [2], [3] . . . . [/m], and has 
employed the crotchet for this particular purpose, instead oiih^parenr 
thesis. By a mistake in the printing, which was not discovered till it 
was too late to be corrected, the parenthesis has been used indiscri- 
minately for this and the usual purposes through the earlier part of the 
volume. This gives rise to a little confusion, the mere mention of 
which will be sufficient to prevent any obscurity which might otherwise 
have arisen. See, in particular, pages 5, 6, 14, 15, 16, 17? 19, 20, 21, 
22, 23, 24, 35, 36, 58, 66, 67, 69, 82, 83, 84, 85, 86, 87, 133, 134, where 
it will be most material to attend to this distinction. 

Page 5, line 6, for function, rctid symmetrical function. 

— — 11, -^- 3, 4, for of the m\h order, read taken m and m, 

— — 13, — 1 5, yhr letters, reat? roots. 

, . — 18 - - - ditto. 

21, ^ffor ^{B^»)read — (/J— «). 

— 22, — 23, y?w evolution, r«a</ development 

— 41, — 6, 7, for odd or even, read even or odd. 

— 49, — — 16, for number, read number of divisions. 

, 20, /or numbers of a different kind, read numbers of 

different kinds of things. 

— 57^ — • 18, The product in this line should be written thus i 

(+»*Kx(+m>'x(+mV. 
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Page 59, line 9, 10, for in each transformation are changed, read 

when transformed are unchanged. 

— 61, — 11, for the, reid this. 

— 68, — 14, for <•, read a^. 

— 99, — - 13, for Ben ^^^ ^tt* 

...» 106, 8, 9, for § 41 and 42, read § 40 and 41. 

«— 109, — 1, 2, y^r when the roots 'are transformed and permuted, 

read hy the substitution and permutation of the 
roots. ' 

1 13, -— 1, dele them. 

...» (30, — . 23, for quite as, read as. little. 

— — 132, — 6, ^r other, recu/ others. 

»». 133^ — 5^ The coefficient of the second term should be w. 

<— — 135, — 12, 13, for transformation, read substitution. 

143, -i— 23, for merely, read all. 

— — * 144, -^— 4, for other, read higher. 

149, — 3, The letttrs Ay JT, C, U, ought to have been^old 

English capitals. 

_.. 152, — 3, 4, The letters Ay B, C, V, E^ F should have been 

old English capitals. 

— i^ 209, — 10, for referred, read in reference. 

— — 226, — 4, dele try to. 
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